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We investigate the purely spatial Lagrangian coordinate transformation from the Lagrangian to the basic
Eulerian frame. We demonstrate three techniques for extracting the relativistic displacement field from a
given solution in the Lagrangian frame. These techniques are (a) from defining a local set of Eulerian
coordinates embedded into the Lagrangian frame; (b) from performing a specific gauge transformation; and
(c) from a fully nonperturbative approach based on the Arnowitt-Deser-Misner (ADM) split. The latter
approach shows that this decomposition is not tied to a specific perturbative formulation for the solution of
the Einstein equations. Rather, it can be defined at the level of the nonperturbative coordinate change from
the Lagrangian to the Eulerian description. Studying such different techniques is useful because it allows us
to compare and develop further the various approximation techniques available in the Lagrangian
formulation. We find that one has to solve the gravitational wave equation in the relativistic analysis,
otherwise the corresponding Newtonian limit will necessarily contain spurious nonpropagating tensor
artifacts at second order in the Eulerian frame. We also derive the magnetic part of the Weyl tensor in the
Lagrangian frame, and find that it is not only excited by gravitational waves but also by tensor perturbations
which are induced through the nonlinear frame dragging. We apply our findings to calculate for the first
time the relativistic displacement field, up to second order, for a ΛCDM Universe in the presence of a local
primordial non-Gaussian component. Finally, we also comment on recent claims about whether mass
conservation in the Lagrangian frame is violated.
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I. INTRODUCTION
Newtonian perturbation theory has been quite successful
in describing the (mildly) nonlinear regime of cosmological
structure formation. Its basic idea is to describe the cold
dark matter (CDM) distribution of the Universe as an
irrotational and pressureless fluid; inside the Newtonian
regime the fluid evolution is governed by the Euler-Poisson
system. Perhaps the most well-known approach is dubbed
(Newtonian) Eulerian perturbation theory (NEPT) [1],
where the Euler-Poisson system is solved with a perturbation Ansatz for the density and velocity fields. An alternative way to solve the Euler-Poisson system is to
transform it to Lagrangian space, where the observer
follows the gravitationally induced displacement of a
given fluid element. This approach has only a single
“perturbation parameter” which is the said displacement
(field), and the approach is called Lagrangian perturbation
theory (NLPT) [2–9]. Depending on the specific application, either the Eulerian or Lagrangian picture could be
favorable, although the Lagrangian approach contains
always more nonlinear information, and the Lagrangian
series is expected to have better convergence properties,
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i.e., the Lagrangian solution remains significantly longer
time analytic as compared to the Eulerian solution [8].1
In the past 20 years it has become very fruitful to apply the
Eulerian and Lagrangian approach also to general relativity
(GR) [10–18]. In contrast to the displacement field in the
Newtonian theory, its relativistic counterpart is generally
not only spatial but also contains a timelike part [19]. Indeed,
GR allows for an infinite class of 4-displacements, and
each displacement is associated with a given Eulerian
frame [16–18] (see below for a definition of Eulerian frame).
The Eulerian frame to choose is the one in which the actual
physical quantities (the observer wants to describe) can be
most easily interpreted. So the choice of the Eulerian frame
fixes the 4-displacement and vice versa, whereas the
Lagrangian frame is uniquely identified with a synchronous/comoving coordinate system [19]. The (relativistic)
Eulerian frame, on the other hand, can be identified with any
gauge or local coordinate system where the spatial gauge
coordinate can be identified with a Eulerian field coordinate,
1

That only NLPT breaks down at shell crossing but not NEPT
is an unfortunate and common misunderstanding. Both NLPT
and NEPT are fluid descriptions based on the Euler-Poisson
system, so both NLPT and NEPT break down when fluid particle
trajectories begin to intersect, simply because the single-stream
approximation breaks down.
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xðt; qÞ ¼ q þ Fðt; qÞ, where x is the said Eulerian field
coordinate in that gauge, q the Lagrangian label (i.e., the
spatial coordinate in the synchronous/comoving gauge),
and F the Lagrangian displacement [18]. Speaking in the
language of gauge transformations, we can define a specific
Eulerian frame in a two-stage process. First, starting from
the unique Lagrangian frame, any Eulerian frame can be
obtained with a spatial gauge transformation which
removes the longitudinal and transverse part from the
spatial Lagrangian metric. Roughly speaking, the displacement field F carries this longitudinal and transverse
information away from the spatial Lagrangian metric;
as a consequence, the Newtonian part of the density and
velocity agrees with the findings in NEPT. Second, a
specific Eulerian frame is obtained when fixing the
temporal gauge condition between the Lagrangian and
the Eulerian frame. Needless to say, this also fixes the
time component of the 4-displacement field.
Thus, relativistic Eulerian frames differ in general from
each other because of the different used temporal gauge
conditions. Consequently, in order to get the closest
possible correspondence to Newtonian cosmology, it is
often preferential to fix the 4-displacement field to be only
of spatial nature, i.e., to use the (unique) Eulerian frame
where the time displacement is vanishing [17]. A very
important example where a 3-displacement is preferred are
cosmological N-body simulations. They usually require the
validity of the Newtonian theory and thus also assume an
overall cosmological time (i.e., no time displacement).
Certainly, we know from GR that there is no universal
time, and consequently the Newtonian theory is nothing but
an approximation of the complete relativistic theory. On the
other hand, developing fully relativistic N-body simulations seems to be hopeless in the following years, so the
recent folklore is rather to modify existing Newtonian
simulations, and to include relativistic corrections in a
qualitative way there (e.g., by demanding relativistic initial
conditions as in [16–18]).2
In this paper, we study the basic Eulerian frame in detail,
i.e., the one where the temporal component of the
4-displacement is zero (and one obtains the Newtonian
part of the Eulerian density field). To obtain the resulting
3-displacement we shall use three different ways—not only
to clarify the connection to recent/past investigations in the
literature, but also to obtain a deeper physical understanding. Since the temporal gauge condition is in these
three approaches identical, we arrive at a unique Eulerian
frame, which we call the basic Eulerian frame. We try to
keep the technical level in the main text to a minimum, and
refer the interested reader to the rich Appendix, especially
Appendix A where we give essential tools to extract the
displacement field from a given 3-metric at arbitrary
2

See however recent attempts to conduct quasirelativistic
N-body simulations in the weak-field limit [20].

perturbative order. In the main text, we specifically focus
on the generation and evolution of secondary tensor
perturbations (for the inclusion of primordial tensor perturbations, see Appendix B). Crucially, if the dynamical
evolution of the tensor perturbations is not accounted for,
spurious tensor artifacts occur in the Newtonian limit at
second order. On the other hand, including the dynamical
evolution of the tensors in the analysis, some second-order
tensor perturbations (∝ a2 ) which seem to be of
“Newtonian origin” cancel out, and only pure gravitational
waves and nondynamical relativistic tensor perturbations
(∝ a) survive. Transforming the Lagrangian metric to the
Poisson gauge, which is another Eulerian frame, also this
relativistic tensor contribution cancels out; in the tensor
sector of the Poisson gauge, all that is left are (primary and)
secondary gravitational waves (see Appendix C).
This paper is organized as follows. In Sec. II we introduce
some useful notations and report the solutions for the
Lagrangian frame. Section III is devoted to the calculation
of the displacement field in the three aforementioned
approaches. In particular, Sec. III A deals with the calculation in a local Eulerian coordinate system (i.e., it is
embedded in the synchronous/comoving coordinate system), in III B we use a specific gauge transformation to
obtain the displacement field in terms of the spatial gauge
generator of that transformation, and in III C we describe the
nonperturbative approach which relies on the ArnowittDeser-Misner (ADM) decomposition [21]. In Sec. IV we
derive the magnetic part of the Weyl tensor to verify that our
solutions are fully relativistic, and to show that it is excited
by tensor perturbations and vector perturbations, where the
latter is commonly referred to the frame dragging (see
Refs. [18,22]). In Sec. V we comment on recent claims about
whether mass conservation in the Lagrangian frame is
violated. All former sections are restricted to an Einstein–
de Sitter Universe (EdS; a matter dominated Universe with
vanishing cosmological constant and no global curvature),
for simplicity. Then, in Sec. VI, we generalize our findings to
a ΛCDM Universe with a primordial component of local
non-Gaussianity. We conclude in Sec. VII.
We wish to summarize some essential results briefly at
this stage. At initial time, where the impact of the
cosmological constant Λ should have negligible impact,
it is often sufficient to restrict to an EdS Universe. Then,
with the use of the nonlinear initial conditions (60), we find
the following 3-displacement and density contrast3
3
As usual, aðtÞ is the cosmological scale factor as a function of
cosmic time, and f NL denotes a primordial contribution of local
non-Gaussianity. Furthermore, we denote φ as the Gaussian
initial potential given at some time t0 , μ2 ¼ ½ð∇φÞ2 − φjab φjab =2
−2
is the second-order kernel from NLPT, C ¼ 3∇−2
q ∇q μ2 =2 þ
−2
ja
−2
2
jb
∇q Φja Φ =2 and Ra ¼ ∇q ðΦja ∇q Φ − Φjab Φ − 2∂ a ∇−2
q μ2 Þ
are kernels with purely relativistic origin, where ∇−2
is the
q
inverse of the spatially flat Laplacian.
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2
3


3 2 2
5
2
δðt; qÞ ¼ − at0 ∇q φ − 3at0 f NL − φ∇2q φ
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3
5
2
þ
a2 t40 ð∇2q φÞ2 þ φjab φjab ;
2
7
7

ð2Þ

where q are the Lagrangian coordinates. For the magnetic
part of the 4-Weyl tensor in a synchronous-comoving
coordinate system, H μν , we find that only its following
space-space components are nonvanishing,
Hms ðt; qÞ ¼ εðm

ab


a _ waves
π~
2 bsÞja


pﬃﬃﬃ
2 φ − φ φjc  ; ð3Þ
þ 4 at0 ∇−2
½φ
∇
jasÞ
jb
jac jbsÞ
q
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ds2 ¼ −dt2 þ a2 ðtÞγ ab ðt; qÞdqa dqb ;

ð4Þ

where t is the proper time of the fluid element, and aðtÞ
is the cosmological scale factor (i.e., we assume cosmological perturbations on an Friedmann-LemaîtreRobertson-Walker (FLRW) background). The spatial
coordinate q is constant in time, hence it labels the initial
position of a fluid element. This defines the
Lagrangian frame.
Before deriving the Lagrangian displacement field (see
the following sections), we introduce the relativistic solution in a synchronous/comoving coordinate system. Here
we only review and not explicitly rederive the well-known
solutions for an irrotational dust model; explicit derivations
can be found in e.g. [15–18,23,24]. Here and in Secs. III
and IV we assume the linear initial conditions. In a gradient
expansion [25], the linear initial conditions are equivalent
to the following initial seed metric:


10
ð1Þ
kab ðqÞ ¼ δab 1 þ Φðt0 ; qÞ ;
ð5Þ
3

II. LAGRANGIAN FRAME: DEFINITIONS
AND SOLUTIONS

where Φðt0 ; qÞ is the primordial potential, here just a
Gaussian random field for simplicity, given at some initial
time t0 . For notational simplicity, we shall suppress its
dependence in the following when there is no confusion.
Note that we choose the above linear initial conditions to
clarify the connection with the former literature (e.g.,
[15,23,24]). In Sec. VI, when we include primordial
non-Gaussianity in a ΛCDM Universe, we shall use nonlinear initial conditions, which are more commonly used in
recent investigations (e.g., [26–28]).
Using the linear initial conditions (5), it is straightforward to obtain the relativistic solution for the synchronous/
comoving metric by the use of standard perturbation theory
[24] or by the gradient expansion technique [16]. For
example, by the use of the gradient expansion technique,
one calculates the (non)linear response of Einstein’s equations by the use of the seed metric (5), thus approximating
the synchronous/comoving metric in an increasing number
of (two) spatial gradients, order by order. The resulting
Lagrangian solution up to second order (i.e., approximating
up to four spatial gradients), for an EdS Universe, is



10
ð1Þ
2
γ ab ðt; qÞ ¼ kab þ 3aðtÞt0 Φjab 1 − Φ − 5Φja Φjb
3

5
þ δab Φjc Φjc
6
 2


3 3 2 4
2
−
a ðtÞt0 4Φjab ∇q Φ − 2δab μ2
2 7
 2
3 19 2 4
jc
þ
a ðtÞt0 Φjac Φjb þ π ab ;
ð6Þ
2
7

We begin with the definition of the comoving/
synchronous line element which is

where we have ignored first-order vector and firstorder tensor perturbations, and we have defined

where the first term denotes secondary gravitational waves
(i.e., induced through first-order scalar perturbations), and
the round bracketed term arises through the nonlinear frame
dragging.
Index notation: We use greek letters α; β; … to indicate
space-time indices, latin letters i; j; …; to indicate any
spatial coordinates, and a; b; …; for spatial Lagrangian
coordinates. We denote qa as the Lagrangian coordinate,
which labels the initial position of a given fluid element.
The Eulerian coordinate is xi . A comma “ ;i ” denotes a
partial differentiation with respect to (w.r.t.) any spatial
coordinate xi , whereas a slash “ja ” denotes a partial
differentiation w.r.t. the Lagrangian coordinate qa .
Summation over repeated indices is assumed. If not
otherwise stated, indices are raised and lowered with the
Kronecker delta. Dots denote partial derivatives w.r.t.
cosmic time. We set c ¼ 1. Furthermore, in case of possible
confusion, we label quantities with an L or E to indicate
whether they are Lagrangian or Eulerian, respectively.
Sometimes, for notational simplicity, we write 1=∇2
instead of ∇−2 ¼ Δ−1 for the inverse of the spatially flat
Laplacian. Terms decorated with the inverse Laplacian are
thus understood to be formal solutions of the Laplace
operator.
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jcd

μ2 ≔1=2½ð∇ ΦÞ −Φjcd Φ Þ. For an EdS Universe we have
aðtÞ ¼ ðt=t0 Þ2=3 . Formally departing from the gradient
expansion technique and instead insisting on the standard
perturbation theory, we evaluate the time evolution of the
ð2Þ
traceless and divergenceless tensor π ab ≡ π ab (which
includes secondary gravitational waves and nonpropagating tensor perturbations) by solving the wave equation
2
1
27
π̈ ab þ π_ ab − 2 ∇2q π ab ¼ t40 ∇2q S ab ;
t
14
a

π ab . To make this (for the second-order Newtonian terms)
explicit, we can use Eq. (8) and rewrite our metric (6) to



10
ð1Þ
γ ab ðt; qÞ ¼ kab þ 3aðtÞt20 Φjab 1 − Φ
3

5
− 5Φja Φjb þ δab Φjc Φjc
6
 2


3 6 2 4 ∂ a∂ b
a ðtÞt0
−
μ
−
S
2
ab
2 7
∇2q
 2
3
jc
þ
a2 ðtÞt40 Φjac Φjb þ π ab :
2

ð7Þ

where we have defined the traceless and divergenceless
source term (the “tensor part”)
S ab ðqÞ ¼

∂ a∂ b
jc
μ2 þ δab μ2 − 2ðΦjab ∇2q Φ − Φjac Φjb Þ;
2
∇q

½∂ a S ab ¼ S aa ¼ 0:

ð8Þ

The solution of the wave equation (7) can be derived by the
use of Green’s method and is found to be [24]
π ab ðt; qÞ ¼ −

27 2 4
a t S ðqÞ − 6at20 ∇−2
~ ab ðt; qÞ;
q S ab ðqÞ þ π
14 0 ab
ð9Þ
ð2Þ

where π~ ab ≡ π~ ab ¼ π~ const
~ waves
includes a constant
ab þ π
ab
const
−2
−2
term, π~ ab ∝ ∇q ∇q S ab , and another one which denotes
gravitational waves, π~ waves
ab ; its explicit form is not needed
here, but see for example Eq. (4.38) in [24]. Note again that
π ab contains only tensor perturbations, but only π~ ab are
truly gravitational waves.
It is generally impossible to derive the wave equation (7)
within the gradient expansion technique at any order, since
the term ∇2q π ab (but also the source term on the rhs) is
always of higher order compared to π ab . Explicitly, at
leading order in a spatial gradient expansion, we obtain
from the tracefree part of Einstein’s equations
π̈ ab þ 2t π_ ab ≃ 0. As a consequence, no gravitational waves
are generated at any order in the gradient expansion, and the
time evolution of generic tensor perturbations differs from
the one as obtained from (7). Thus, the gradient expansion
fails in predicting the tensor perturbations inside the
horizon since it is indeed a long-wavelength approximation. As a necessary consequence, the gradient expansion
technique and standard perturbation theory generally disagree in the tensor sector. Since we are mainly interested on
scales close to the horizon, we choose to evaluate the time
evolution of the tensor perturbations not with the gradient
expansion technique but with standard perturbation theory.
Thus, after having derived Eq. (6), e.g., by the use of the
gradient expansion, we obtain the time evolution of the
tensor perturbations by plugging this solution into the ij
component of Einstein’s equations, see Appendix B.
Note that the metric (6) contains intrinsic tensor perturbations even if we neglect the pure tensor perturbations

ð10Þ

Here, notice the occurrence of the intrinsic tensor perturbation ∝ a2 S ab , which originates from the second-order
“Newtonian” terms in (6). [Of course, also the nonlinear
terms in the first line of (10) excite tensor perturbations,
which we shall derive below.] Again, the excitation of these
nonpropagating tensor perturbations arises because of the
nonlinear terms in γ̄ ab ≡ γ ab − π ab . Although it is well
known that nonlinear terms excite tensor perturbations
[29,30], it is less understood what happens with these
nonpropagating tensor perturbations when transformed to a
Eulerian frame. In particular, the Newtonian limit of GR
would be spoiled if there are surviving tensor perturbations.
As we shall see, the nonpropagating tensor perturbations
disappear in a certain Eulerian frame entirely (namely in the
Poisson gauge), but only if we solve for the gravitational
waves according to the evolution equation (7). Since it is
impossible to derive such an evolution equation within the
gradient expansion technique, Newtonian tensor perturbations survive and thus spoil the Newtonian limit in any
frame. Thus, it is impossible to arrive at the Newtonian
limit in the tensor sector within the gradient expansion
technique.
We shall get more insight about tensor perturbations by
transforming the Lagrangian solution (6) to a local Eulerian
coordinate system, i.e., by choosing a convenient (a triad)
decomposition, see the following section. Before doing so,
we calculate the density for the metric (6)
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1Þ
det½kab 
3
δðt; qÞ ≃
− 1 ≃ − at20 ∇2q Φ
2
det½γ ab 

  2
5
10
3
þ 3at20 Φja Φja þ Φ∇2q Φ þ
a2 t40 FL2 ðqÞ;
4
3
2
ð11Þ
where we have neglected an initial density perturbation δ0
[see Eq. (64) and the related footnote 10 later in the text]

123503-4

FL2 ðqÞ



5 2 2 2
jab
:
¼ ð∇q ΦÞ þ Φjab Φ
7
7

ð12Þ

RELATIVISTIC LAGRANGIAN DISPLACEMENT FIELD …

PHYSICAL REVIEW D 90, 123503 (2014)

FIG. 1 (color online). Simplistic sketch of the infinitesimal 3-displacement field dFi (denoted as a green arrow) in the local Eulerian
coordinates (lhs; see Sec. III A) and in the Eulerian gauge (rhs, see Sec. III B). The final space-time positions of the fluid element (green
dot) are in both cases the same. On the lhs, we construct local Eulerian coordinates and obtain the final position of the fluid element on
the spacelike hypersurface Σtþdt as the superposition of qi þ dFi , where qi is the initial position of the fluid element (red dot) on Σt . On
the rhs, we perform a coordinate/gauge transformation [30] from the synchronous gauge to the Eulerian gauge. Since this transformation
is Lagrangian, the position xi of the fluid element on Σtþdt has been already displaced/shifted by dFi ¼ −wi =adt. The above can be also
interpreted as the active (lhs) and passive (rhs) approach of a specific gauge transformation, however we prefer to see the lhs as a result of
a specific tensor decomposition of the synchronous/comoving metric, as applied through Eq. (14).

The first term on the rhs in (11) denotes the density in the
Zel’dovich approximation, the term proportional to the
round brackets denotes relativistic corrections which are
suppressed on small scales and late times, and the square
bracketed term is proportional to the second-order density
field in NLPT. Equation (11) agrees with Eq. (4.39) in
Ref. [24], where their growth function has to be replaced
according to τ2 =6 → 3=2at20 , and their φ is our −Φ.
III. LAGRANGIAN DISPLACEMENT FIELD
Although not directly apparent, the above metric (6)
contains the Lagrangian solution together with its
Lagrangian displacement. In this section, we describe three
different approaches to obtain the unique 3-displacement
field derived:
(i) III A: in a local Eulerian coordinate system;
(ii) III B: from a specific Eulerian gauge transformation;
(iii) III C: by the use of the ADM formalism.
In Fig. 1 we show a simplistic sketch that compares the first
two approaches. They are both perturbative. The third
approach is the nonperturbative generalization of the
second approach.
Having three different techniques to obtain the identical
(perturbative) result might seem to be superfluous. Our
motivation to present them all is to demonstrate that we
obtain a consistent picture of relativistic Lagrangian perturbation theory. Moreover, the following section also
clarifies different approaches which were already used in
the literature, and, where possible, we further develop these
used techniques.
Let us briefly make an important technical comment. To
obtain the displacement field (and other perturbations), we
formally expand the perturbations up to second order
according to
T ¼ T ð1Þ þ T ð2Þ þ    ;

ð13Þ

where T denotes an arbitrary scalar, vector or tensor
quantity. We thus do not approximate such quantities in
a series of spatial gradients but by conventional techniques
of standard perturbation theory [16,30].
A. Perturbative displacement field in
local Eulerian coordinates
Here we obtain the displacement field not by performing
a coordinate transformation but simply by decomposing the
synchronous/comoving metric, i.e., the Lagrangian frame,
in a convenient way. We develop a Lagrangian frame theory
where the synchronous-comoving metric γ is written as
γ ¼ Gij J i ⊗ J j , where Gij is by definition not δij . We
comment on J i below. Our approach is fairly similar to the
one of Refs. [13,14], however in our approach the coframe
is not the only dynamical variable, because our Gij contains
the dynamical information of the scalar and tensor part of γ.
The spatial metric γ ab of the synchronous slicing of
Eq. (4) contains scalar, vector and tensor components,
which account in total for six physical degrees of freedom.
We find it very convenient to decompose γ ab as
γ ab ¼ Gij J i a J j b ;

ð14Þ

Gij ¼ δij ð1 − 2BÞ þ χ ij ;

ð15Þ

J i a ¼ δia þ Fi ja ;

ð16Þ

where B and χ ij is a scalar and tensor perturbation,
respectively, and Fi will contain scalar and vector perturbations. The tensor χ ij is traceless and divergenceless, and
if χ ij is dynamical, it can be associated with gravitational
waves. We comment on the scalar B below. The Jacobian
element J i a describes the inhomogeneous deformation of
the spatial volume element, caused by the gravitational
evolution of a fluid element on an FLRW background, and
Fi is defined as the spatial Lagrangian displacement field of
the spatial coordinate transformation,
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where q are the Lagrangian coordinates of the synchronous/
comoving line element (4), and x is the spatial field of the
local Eulerian coordinate system. We require scalar initial
conditions, and it is because of that the scalar B is always
nonzero in GR, i.e., it contains at least a space-dependent
contribution, which is associated with some initial conditions of the scalar type, allocated from primordial
physics. More generally, as we shall see B can (and will)
contain also time-dependent contributions. These contributions arise from nonlinearities inherent in GR, and they
imply generally the loss of a universal time.
To obtain the displacement field of the metric (6) within
the above decomposition, we use the expressions (14)–(16)
up to second order. The relation for the 3-metric is thus up
to second order:
γ ab ðt; qÞ ≃ δab ½1 − 2Bðt; qÞ þ χ ab
þ 2FðajbÞ ½1 − 2Bðt; qÞ þ FðcjaÞ Fðc jbÞ :

ð18Þ

Equating this Ansatz for the 3-metric with the solution (6),
we can derive the relativistic displacement field Fa , the
scalar B as well as the tensor χ ab. To do so we have to
decompose the above tensor equation into a scalar,
solenoidal, transverse and tensor contribution. Solving
these contributions separately at a given perturbative order,
we obtain (1) from its divergenceless part the transverse
part of the displacement field; (2) from its solenoidal part
we obtain the longitudinal part of the displacement field;
(3) from its scalar part we obtain the scalar B. Having then
derived all contributions but the tensor ones, it is simple to
(4) extract the tensor parts by subtraction. We explain in
Appendix A in detail how such a decomposition works.
Here we only state the results from such a decomposition
for the local Eulerian coordinates in the synchronous
metric. We find
ds2 ¼ −dt2 þ a2 ðtÞ½δij ð1 − 2BÞ þ χ ij 
× ½δi a þ Fi ja ½δj b þ Fj jb dqa dqb ;

3
1 −2
−2 L
ja
C ¼ ∇−2
q ∇q μ2 þ ∇q Φja Φ ;
2
2


∂a L
−2
2
jb
Ra ¼ ∇q Φja ∇q Φ − Φjab Φ − 2 2 μ2 :
∇q

ð17Þ

The first term on the rhs in Eq. (20) is the Lagrangian
displacement field in the Zel’dovich approximation [2],
the second term is its second-order improvement [1].
Both terms are Newtonian and purely longitudinal. The
bracketed term in Eq. (20) is of purely relativistic
origin, including both longitudinal and transverse contributions, respectively. The relativistic transverse contribution can be directly associated with a frame-dragging vector
potential [18].4
As mentioned in Sec. II, the scalar space-space perturbation B contains the (linear) initial seed [the first term on
the rhs in Eq. (21)], but also contains time-dependent terms
which deform the spatial volume (“volume dilation”) of the
fluid element
during
the gravitational evolution. In fact, the
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
factor 1 − 2B can be absorbed in the background scale
~ ~t; qÞ,5 which effectively manifests in a
factor aðtÞ → að
temporal gauge transformation t → ~tðt; qÞ; keeping aside
the tensor perturbations for a moment, the resulting
3-metric is spatially flat (i.e., we arrive at the spatially flat
gauge), but the time coordinate is not the one from the
synchronous gauge anymore. Needless to say, such a
temporal gauge transformation does not change the resulting density contrast δðt; qÞ, if its temporal coordinate is
interpreted as a function of the distorted time ~tðt; qÞ.
Now we comment on the tensor perturbation χ ab ,
Eq. (22). It contains two contributions, one being the
gravitational waves and another tensor perturbation which
is not propagating in space. Note the partial cancellation of
the nonpropagating tensor perturbations in γ ab [cf. the
terms proportional to a2 and a in Eqs. (9) and (22)]. As
mentioned above, this partial cancellation is due to the
inherent tensor part in the tensor γ̄ ab ≡ γ ab − π ab, i.e., in the
3-metric γ ab without the pure tensor perturbation π ab ,
which we wish to report here explicitly:

ð19Þ
γ̄ Tab ≡ γ Tab − π ab ¼

with the solutions
 2
3 2
3 3 2 4 ∂a L
at
μ
Fa ðt; qÞ ¼ at0 Φja −
2
2 7 0 ∇2q 2
þ 5at20 ðCja − ∂ a Φ2 þ Ra Þ;

ð20Þ



5
5 2
1
−2 L
jl
Bðt; qÞ ¼ − Φ þ at0 ∇q μ2 − Φjl Φ ; ð21Þ
3
2
2
χ ij ¼ π~ ij − at20 ∇−2
q S ij ;
where we have defined

ð22Þ

ð23Þ

27 2 4
a t S þ 5at20 ∇−2
q S ij ;
14 0 ij

ð24Þ

where γ̄ Tab means the transverse traceless part of γ̄ ab (so we
have π Tab ≡ π ab by definition). The crucial point about
these tensor perturbations in (24) is that they arise through
(the scalar, vector, tensor decomposition of) the nonlinear
terms. Contrary to true gravitational waves, these tensor
perturbations are not propagating in space as is the case for
4

Although not directly apparent, the kernel C and the
transverse vector Ra, Eqs. (23), are identical with Eqs. (29)
and (30) in [18].
5
This space-dependent scale factor illustrates the locally
inhomogeneous expansion.
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Rather, these tensor perturbations are “artifacts,”
excited because of the tensorial character of Einstein’s
equations. In the Lagrangian frame, the first tensor
perturbation on the rhs in (24) cancels exactly out with
the one from π ab , whereas for the second term only the
prefactor changes [cf. Eq. (22)]. As we shall show
explicitly in Appendix C, when we transform the
Lagrangian solution (6) to the Poisson gauge, these
artifacts disappear entirely such that the divergenceless
and traceless part of the 3-metric in the Poisson gauge is
just χ Poisson
¼ π~ waves
ij
ab .

synchronous-shear gauge. Also in Ref. [18], it has been
shown that this gauge reproduces at leading order the
Newtonian equations of motion.6
To obtain the displacement field and the perturbations in
the Eulerian gauge, we require the invariance of the
Lagrangian and Eulerian line element which reads in that
case (i.e., the time coordinates are identical)

B. Perturbative displacement field from a
specific gauge transformation

Truncating up to second order, the resulting constraints
between the Lagrangian metric (6) and the Eulerian metric
(25) are

Here we show that one can obtain the identical displacement field as above by a conceptionally different
procedure, i.e., here we indeed perform a change of the
coordinate system. This is possible if the latter coordinate
system can be identified with a Eulerian frame. We stick
with the same solution γ ab as above, Eq. (6), and transform
the Lagrangian solution to the Eulerian gauge where we
define the latter with

gμν ðt; qÞ ¼

∂xμ~ ∂xν~
g ðt; xÞ:
∂qμ ∂qν μ~ ν~

γ Lab ðt; qÞ ≃ δab ½1 − 2BE ðt; xÞ þ 2FLðajbÞ ðt; qÞð1 − 2BE Þ
þ FLcja FLjb jc þ δia δjb χ Eij ;
∂Fc
∂FLa ðt; qÞ
þ a2 FLcja L
∂t
∂t
þ awEa ðτ; xÞ þ awlE FLlja ;

þ a2 ðtÞGEij ðt; xÞdxi dxj ;
−1 ≃ −1 − 2AE ðt; xÞ þ 2awEl

∥
i E
i E
½G⊥
ij ¼ Gij ¼ χ i ¼ ∂ χ ij ¼ 0;

 
t
x ðt; qÞ ¼ q þ F ðt; qÞ; with x ¼
;
x
 
 
t
0
μ
μ
; and F ¼
:
q ¼
q
F
μ

μ

∂FlL
∂FL ∂FlL
þ a2 l
;
∂t
∂t ∂t

ð29Þ

ð30Þ

ð25Þ

and with the coordinate transformation which is in that
specific case
μ

ð28Þ

0 ≃ a2 ½1 − 2BE 

ds2 ¼ −½1 þ 2AE ðt; xÞdt2 þ 2aðtÞwEi ðt; xÞdtdxi
GEij ¼ δij ½1 − 2BE ðt; xÞ þ χ Eij ðt; xÞ;

ð27Þ

μ

ð26Þ

Note that this is a purely spatial coordinate transformation,
such that the time coordinate t in both coordinate systems is
formally identical. We shall see, however, that the Eulerian
metric will contain a perturbation in its dt2 component
anyway (here at second order), i.e., A ≠ 0 in general. This
is however nothing but the time dilation known from
special relativity due to the fluid’s velocity, i.e., the dt2
component in the Eulerian metric is the proper time. Also
note that w contains in this gauge not only a transverse but
also a longitudinal part. Roughly speaking, the above
coordinate transformation shifts/pushes the longitudinal
and transverse parts of the space-space component to the
space-time component w of the metric. The Eulerian gauge
has been independently introduced in Refs. [27] and [18];
in the latter it has been (misleadingly) labelled as the

where we have suppressed some dependences when there
is no confusion. One should evaluate the above in an
identical coordinate system, e.g., BE ðt; xÞ ¼ BE ðt; q þ FÞ≃
BL ðt; qÞ þ BLja Fa þ   ;7 needless to say, when Eulerian
[Lagrangian] quantities are derived, the Eulerian
[Lagrangian] spatial dependence is needed. Note also that
all spatial derivatives in (28)–(30) are Lagrangian except
the ones inherent in BE , wEl and χ Eij , but such derivatives
are easily transformed to Eulerian ones according to
∂=∂qa ¼ J i a ∂=∂ xi , when needed.
Solving these constraints with the same techniques as
above (see also [18]), we obtain for the spatial gauge
generator, i.e., the 3-displacement field up to second order:
6

Note that we have removed the residual gauge freedom in the
above defined Eulerian gauge by explicitly setting the time gauge
generator in the coordinate transformation (26) to zero. Generally,
the time gauge generator in the Eulerian gauge is a temporal
constant LðqÞ. In Ref. [31], the temporal displacement has been
chosen [LðqÞ ≠ 0] such that the resulting Eulerian gauge yields
exactly the Newtonian fluid density at leading order. Such a
temporal displacement however complicates the physical interpretation.
7
When we expand the spatial dependences out, we implicitly
assume small 3-displacements F. That our findings from this
section hold also for arbitrary large displacements follows from
the nonperturbative treatment in Sec. III C.
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 2
3 2
3 3 2 4 ∂a L
L
at
Fa ðt; qÞ ¼ at0 Φja ðqÞ −
μ
2
2 7 0 ∇2q 2
þ 5at20 ðCja − ∂ a Φ2 þ Ra Þ:

ð31Þ

This agrees exactly with our findings in Sec. III A, where
we calculated the displacement field in a local Eulerian
coordinate system, embedded into the synchronous/
comoving metric (4). For the components in the Eulerian
line element (25) we obtain
1
Aðt; xÞ ¼ − at20 Φ;l Φ;l ;
2



5
5 2 −2 E 1
;l
Bðt; xÞ ¼ − ΦðxÞ þ at0 ∇x μ2 þ Φ;l Φ ;
3
2
2


5 2 10
10
awi ðt; xÞ ¼ −SN
tΦ
tC
− tRi ;
þ
∂
−
i
;i
3
3
3

ð32Þ



3
5
10
δðt; xÞ ¼ − at20 ∇2x Φ þ 3at20 Φ;l Φ;l þ Φ∇2x Φ
2
4
3
 2
3
þ
a2 t40 F2 ðxÞ;
ð37Þ
2
where F2 is the second-order kernel from NEPT,


5 2 2
2
2
;l
;lm
:
F2 ðxÞ ¼ ð∇x ΦÞ þ Φ;l ∇x Φ þ Φ;lm Φ
7
7

ð33Þ
ð34Þ

E
χ Eij ¼ π~ Eij − at20 ∇−2
~ Lab ðt;qÞ ¼ J i a J j b π~ Eij ðt;xÞ;
x S ij ; with π

ð35Þ
where S Eij as in Eq. (8) but with dependences and
derivatives w.r.t. the Eulerian coordinate x, J i a is as
defined in Eq. (16), and
3
SN ¼ ΦðxÞt − t4=3
t5=3 ∇−2
x G2 ðxÞ;
2 0
3
4
G2 ¼ ð∇2x ΦÞ2 þ Φ;l ∇2x Φ;l þ Φ;lm Φ;lm :
7
7

find that wi ¼ −Gij uj , with ui ¼ a∂Fi =∂t. (Again, note
that we lower and raise indices with the Kronecker delta.)
From the above, it is also easy to derive the corresponding density contrast in the Eulerian gauge. It reads
[cf. Eq. (11)]

ð36Þ

G2 is the well-known second-order EdS kernel for the
velocity field at second order in Newtonian perturbation
theory [1]. To calculate Eq. (34), recall that the Lagrangian
time derivative does not commute with the Eulerian spatial
derivative.
The interpretation of these results is as follows. Since the
observer in the Eulerian frame is not comoving with the
fluid element, he/she experiences a different time because
of the time dilation. Actually, −2A is nothing but the linear
peculiar velocity squared. The scalar B consists of the
initial condition (here only the linear factor of −5Φ=3) but
also experiences a time-dependent and fully relativistic
corrections [all other terms on the rhs in (33)]. It is because
of these relativistic corrections that we cannot define
anymore a global time coordinate, as demanded in
Newtonian physics.
SN is the potential of the peculiar velocity auN ≔ ∇x SN
from Newtonian perturbation theory up to second order
[32]. In fact, awi [see Eq. (34)] contains the information
about the velocity field, thus includes the relativistic
GR
contributions uGR
to ui ≡ uN
i
i þ ui . Additionally, as we
shall see in the following section, awi does not only contain
information about the velocity field, but also contains the
perturbations from the spatial metric Gij . Specifically, we

ð38Þ

Observe the occurrence of the middle term in the last
expression, whereas this term is “missing” in the
Lagrangian counterpart, cf. Eq. (12). This a well-known
effect in Newtonian perturbation theory [1], simply stating
that the Lagrangian and Eulerian mass density are fundamentally different quantities. Despite recent claims [33,34],
“the mass conservation” is not violated. For a discussion,
see Sec. V.
C. Nonperturbative displacement field
from the ADM decomposition
In the ADM decomposition, the space-time continuum is
split into spatial hypersurfaces Σt of constant time t, where
individual spatial hypersurfaces are separated by the lapse
function N . The function N i allows to shift within such a
spacelike slice. The line element in the ADM formalism is
[9,21]
ds2 ¼ −N 2 dt2 þ Gij ðadxi þ N i dtÞðadxj þ N j dtÞ; ð39Þ
with Gij ≔ δij ð1 − 2BÞ þ χ ij as defined in Eq. (16). Recall
that Gij is generally coordinate dependent. Since we are
modeling irrotational dust, we can set immediately N ≔ 1
in the metric (39). We then have

 

Ni
Nj
i
j
ds ¼ −dt þ Gij ðt; x Þa dx þ
dt a dx þ
dt
a
a
2

2

i

ð40Þ


∂xi
Ni
i
a
dt þ
dt
¼ −dt þ Gij ðt; x Þa J a dq þ
∂t
a


∂xj
Nj
j
b
× a J b dq þ
dt þ
dt :
ð41Þ
∂t
a
2

i

In the last line we have used the total differential of the
coordinate transformation (17)
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dxi ¼ J i a dqa þ

∂x
dt:
∂t
i

ð42Þ

Comparing Eq. (41) with Eq. (4) which we repeat here for
convenience,
ds2 ¼ −dt2 þ Gij ðt; qa ÞaJ i a aJ j b dqa dqb ;

ð43Þ

we realize that we can identify the Lagrangian frame if we
set in the line element (41)
Ni
∂xi
≔−
;
a
∂t

GLab ðt; qÞ ¼ J i a J j b GEij ðt; xÞ:

ð44Þ

The last expression implies BE ðt; xi ðqa ÞÞ ¼ BL ðt; qa Þ and
χ Lab ¼ J i a J j b χ Eij . So the spatial dependences are easily
transformed with the use of the spatial transformation (17).
Moreover, the spatial dependences of BE ðt; xi ðqa ÞÞ and
BL ðt; qa Þ are dynamically related: Suppose that at initial
time both Lagrangian and Eulerian frames overlap in their
spatial position, i.e., BE ðt; xi ðqa ÞÞjt¼t0 ¼ BL ðt0 ; xi Þjx¼q .
Then the shift/displacement is just zero at initial time.
After some finite time of gravitational evolution, the fluid
element will have some finite coordinate velocity in the
Eulerian frame (i.e., a nonvanishing shift). In the
Lagrangian frame, since the observer is comoving with
the fluid element, the shift is always zero.
Using the relations (44) in Eq. (40), we obtain the
Eulerian description with the line element:




∂xi
∂xj
E
ds ¼ − 1 − Gij a
a
dt2
∂t
∂t


∂xi
E
− 2Gij a
dtadxj þ GEij adxi adxj :
∂t
2

ð45Þ

Using the coordinate transformation (17), we can
even reexpress the Eulerian metric in terms of the
3-displacement field Fi




∂Fi ðt; xÞ
∂Fj ðt; xÞ
a E
dt2
ds2 ¼ − 1 − GEij a E
∂t
∂t


∂Fi
− 2GEij a E dtadxj þ GEij adxi adxj ;
ð46Þ
∂t
depends now on the Eulerian x, and its
where
Lagrangian derivatives have to be transformed to the
Eulerian counterpart, e.g., for a Lagrangian derivative of
any Sðt; qÞ we have simply S ja ðt; qÞ ¼ J l a S ;l ðt; x − FÞ. If
we are only interested at second-order results, these transformations only matter for first-order quantities, and the
dependence and derivatives of intrinsically second-order
terms can just be replaced.
FiE
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Note that Eq. (45) has been derived without any
assumptions about the displacement field Fi ; in fact, the
displacement field can take arbitrary large values. Our
result is fully nonperturbative, and applies for any cosmological model which assumes an FLRW background. It is
also valid for general growth functions.
Relation (46) tells us that, if one has a Lagrangian
description with a synchronous metric solution of the
decomposed form (16), one can immediately obtain the
counterpart in the Eulerian description.
We can also directly apply our findings to obtain fully
nonperturbative relations for A, B and wi in the case of our
cosmological model from Sec. III B. Comparing the individual elements in (25) and (46) we have



∂Fi ðt; xÞ
∂Fj ðt; xÞ
1
AE ðt; xÞ ¼ − GEij a E
a E
;
2
∂t
∂t

ð47Þ

BE ðt; xðqÞÞ ¼ BL ðt; qÞ;
χ Lij ðt; xðqÞÞ ¼ J i a J j b χ Eij ðt; qÞ;

wEi ðt; xÞ

¼

−GEij


∂FjE
a
:
∂t

ð48Þ
ð49Þ

This is one of our main results. The square bracketed terms
in the above expressions originate from the nonperturbative
peculiar velocity of the fluid element, evaluated at its
Eulerian position.
It is straightforward to verify the above expressions by
the use of our second-order results for F and BL from
Sec. III A, see Eqs. (20) and (21), respectively, however one
should keep in mind to transform not only the spatial
dependence but also the spatial derivatives. As explained
thoroughly above, this is however trivial when the solution
of the displacement field is known.
Note explicitly that our reported results also hold with
the inclusion of tensor perturbations. Whenever tensor
perturbations occur at a given order, the tensor perturbations at the higher order will contain spurious elements
coming from the spatial coordinate transformation, dictated
by the right relation in (48). (In our case, since the tensor
perturbations are second order, this will influence the thirdorder tensors and beyond.) Thus, tensor perturbations are
not gauge invariant beyond leading order [24,30].
IV. MAGNETIC PART OF THE WEYL TENSOR
Having derived the above relations, it is reasonable to
ask whether our calculations are fully relativistic. Here we
show that our results do indeed excite the magnetic part of
the Weyl tensor, as long as tensor perturbations are included
in the analysis. For convenience, we shall restrict the
following derivations to the Lagrangian frame.
The Weyl tensor Cαβγδ is defined to be the traceless part
of the Riemann tensor
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R
g g :
3 μ½κ νλ
ð50Þ

Hms


pﬃﬃﬃ −2
jc
2
þ 4 at0 ∇q ½φjasÞ ∇ φjb − φjac φjbsÞ  :

We define the magnetic part of the Weyl tensor as [35]
Hμν ¼

pﬃﬃﬃﬃﬃﬃ
−g κ λ
u u εαβκðμ Caβ νÞλ ;
2

ð51Þ

where uμ is the 4-velocity, εα1 ðNÞα2 ðNÞαN ðNÞ is the
N-dimensional Levi-Civita symbol, with αi ðNÞ ¼
0; 1; …; N, and g ¼ det½gμν . Here, the gμν ’s are the secondorder metric coefficients in the Lagrangian frame, see
Eq. (6). In the following, we shall report our results for
the decomposition (19)–(22), but we have also checked that
we arrive at the same result if we had instead chosen Eq. (6)
as the starting point.
In the Lagrangian frame, we have u0 ¼ 1 and ui ¼ 0, so
the above expression for Hμν simplifies dramatically, and
we find the only nonvanishing (spatial) components
Hms ðt; qÞ ¼

pﬃﬃﬃﬃﬃﬃ
−g
ε
Cab sÞ0 ;
2 ab0ðm

ð52Þ

where the “0” indicates a time derivative with respect to t.
Plugging in the decomposed form of the synchronous
metric [cf. Eq. (19)], and truncate the expressions up to
second order, we first obtain
Hms

pﬃﬃﬃﬃﬃﬃ
−g
¼
fεðm ab ð_χ bsÞja − 2Bja F_ bjsÞ Þ
2a2
jc
þ εðm ab ∂ sÞ ½F_ bja − Fajc F_ g;
b

ð53Þ

where F, B and χ bs can be found in Eqs. (20)–(22). On the
rhs of the above expression, the square-bracketed terms
combined with the Levi-Civita symbol are called the
Cauchy invariants, and state that the “Newtonian part”
of the fluid velocity is irrotational [7,8]. Thus, the very term
is only nonzero for (antisymmetric) non-Newtonian contributions (or if the fluid velocity is rotational); the square
bracketed term yields a term ∝ Ra which can be interpreted
as a source of the frame dragging [for the definition of Ra ,
see Eq. (23)]. Also, the round bracketed term in (53)
consists of non-Newtonian contributions only, so we are
left with the purely relativistic expression
pﬃﬃﬃﬃﬃﬃ ab 
−g
Hms ¼
χ_ bsÞja
εðm
2a2


c
2 ∂ c∂
ð54Þ
þ 5Hat0
Φja ΦjbsÞ þ ∂ sÞ Rbja ;
∇2
where we have expanded the last term with a ∇2 Δ−1 ¼1,
_
and Ra is given in Eq. (23). Since the above is already
pﬃﬃﬃﬃﬃﬃ
second order, we can approximate −g ≃ a3 . Then, our
final result up to second order is


ab a
π_~ waves
¼ εðm
2 bsÞja

ð55Þ

This holds both for linear and nonlinear initial conditions
with primordial non-Gaussianity (see Sec. VI), i.e., with the
initial conditions given in (5) or (60). As it can be seen from
the above, Hms is excited through tensor contributions, see
Eq. (22); the first originates from the gravitational waves
and the second one is due to nonpropagating postNewtonian tensor perturbations.8
References [10,11] have also calculated Hms in the
synchronous/comoving gauge, however their results do
not agree with ours. We speculate that our results disagree,
because the authors have not solved the wave equation (7)
by the use of Green’s method but approximately solved the
wave equation in two separate regimes, i.e., inside and
outside of the horizon. As a consequence of this approximative treatment in [10,11], gravitational waves are discarded and tensor artifacts are excited (i.e., tensor
perturbations which are nonpropagating and generally of
Newtonian and post-Newtonian origin, see the related
discussion in Sec. III A). In fact, the gravitational waves
they claim to have found are not gravitational waves but
indeed nonpropagating tensor perturbations of Newtonian
origin. Thus, despite the fact that the authors have used
standard perturbation theory to arrive at their Hms, they
obtain an approximative result on large scales which
corresponds to the long-wavelength approximation [see
the related discussion after Eq. (9)].
V. IS MASS CONSERVATION VIOLATED IN THE
LAGRANGIAN FRAME?
Here we wish to comment on recent claims that the mass
conservation in the Lagrangian frame is violated [33,34].
The authors give essentially two arguments for that claim.
A. The missing “dipole term” in the density
First, the authors of [33,34] claim that in the synchronous/comoving gauge (the “B gauge” in [34]), mass
conservation is violated at second order because the density
contrast does not have a “dipole term.” From subtracting
the second-order kernels for the density, see our Eqs. (12)
and (38), we can extract that dipole term
FE2 − FL2 ¼ Φ;l ∇2x Φ;l . This term is however well understood as it is not tied to a general relativistic description, but
already appears at the Newtonian level [1]; the dipole term
appears when relating the Lagrangian mass density,
8
For an EdS Universe, the Newtonian limit of our expression
(52) has been recently given in Ref. [13], see their Eq. (83).
Unfortunately, their expression contains a typo. In their notation,
1
c
δab ϵikl f ajk ðf_ bjjl − f_ bjm hm
their Eq. (83) should read Hij ¼ − 2J
;c f jjl Þ.
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E

δ ðt; qÞ, to the Eulerian mass density, δ ðt; xÞ. Then,
expanding the explicit coordinate dependence up to second
order, we have
δE ðt; xÞ ¼ δE ðt; q þ FÞ ¼ δL ðt; qÞ þ Fa δLja þ    ;
ðxðt; qÞ ¼ q þ Fðt; qÞÞ;

of all Lagrangian fluid elements. Our arguments are not
tied to a given perturbative description, neither it is to
cosmology in specific, but rather are a concept of general
fluid mechanics.
Related to the above, the authors of [34] state that
the (Newtonian) second order density contrast in the
Lagrangian frame does not vanish on average, while the
one in the Eulerian frame does. This argument is however
flawed by the fact that they calculate the very averages of
the Lagrangian and Eulerian density in a hypothetically
identical Fourier space, and this is by construction wrong.
Explicitly, the nonlocal relations between the Lagrangian
and Eulerian densities in their real and their Fourier
spaces are

ð56Þ

where the second-order part of the last combination on the
rhs is, apart from a time coefficient, the said dipole term.
Physically, the Lagrangian and Eulerian mass densities are
fundamentally different quantities. The Lagrangian mass
density describes the change of (mass per) volume of a
given fluid element with Lagrangian label q. The Eulerian
mass density, however, is a field that describes the change

δL ðt; qÞ ¼

δE ðt; xÞ ¼

Z

Z

d3 k −ik·q ~ L
e
δ ðt; kÞ
ð2πÞ3

δ~ L ðt; kÞ ¼

↔

↕
d3 k −ik·x ~ E
e
δ ðt; kÞ
ð2πÞ3

Crucially, the Fourier conjugated variable of the Eulerian
[Lagrangian] Fourier space is the Eulerian x [Lagrangian
q], and the Fourier spaces are related via the displacement
field in a nonlinear fashion. Indeed, when properly taking
the different Fourier spaces into account, also the Lagrangian density leads to a vanishing average, as it should (see,
e.g., [6,36,37]). In conclusion, the vanishing of the dipole
term in the Lagrangian picture does not violate “the” mass
conservation, because the Eulerian and Lagrangians densities are physically not equivalent, so there is no unique
mass conservation to satisfy. Of course, there is a common
mutual agreement on the fact that one should be careful
whether the Lagrangian and Eulerian quantity is needed in
a given scenario, e.g., in case of calculating matter polyspectra we have to stick with the Eulerian mass density field
[33,34].
B. On gauge artifacts in the
synchronous/comoving coordinates
Second, the authors of [34] state that the relativistic
perturbation scheme in the synchronous comoving coordinates does not resemble the Lagrangian perturbation
theory. Their argument is that there is an integration
constant which does not have any counterpart in
(Newtonian) LPT. In our language, their statement can
be rephrased to the relation of the spatial coordinates
xðt; qÞ ¼ q þ Fðt; qÞ þ cðqÞ;

δ~ E ðt; kÞ ¼

↔

ð58Þ

Z

Z

d3 qeik·q δL ðt; qÞ;
↕
d3 xeik·x δE ðt; xÞ:

ð57Þ

where cðqÞ is the said scale-dependent integration constant,
and x are the Eulerian coordinates and q the Lagrangian
spatial labels. In principle, such an integration constant
does not only arise in the general relativistic description,
but also in Newtonian Lagrangian perturbation theory [6];
it simply states that the Lagrangian and Eulerian frame are
initially not coinciding in their (spatial) positions, and this
displacement induces an initial density perturbation. In fact,
in this paper we deliberately neglected this initial density
perturbation δ0 , since one could in principle demand initial
conditions for the general growth functions DðtÞ, EðtÞ, etc.
such that δ0 ¼ 0 is initially guaranteed (for the inclusion of
δ0 ≠ 0, see [17]).9
Besides the two shortcomings reported here, the authors
of [33,34] neglect the inherent nonlinear constraints from
GR, which become important on large scales. We refer the
interested reader to Appendix D, where we derive these
nonlinear constraints for the density field in a leading-order
approximation (in spatial gradients).
VI. RESULTS FOR ΛLCDM WITH PRIMORDIAL
NON-GAUSSIANITY
Here we generalize our findings from above to the case of
a ΛCDM Universe with primordial non-Gaussianity. We
9

In GR, one can however not neglect the initial metric
perturbation kij in the density, since this would imply that our
space-time would be flat at any time.
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begin with the Lagrangian frame. Since the calculational
steps and the physical interpretations are exactly the same as
before, we only point out the subtleties in the initial
conditions used in this section, and then state the final results.
A. Lagrangian frame
We take for the primordial potential
Φ ¼ φ þ f NL φ2 ;

ð59Þ

where φ is a Gaussian random field, and f NL denotes a
constant component of primordial non-Gaussianity (PNG).
Additionally, to consistently include primordial nonGaussianity, we demand nonlinear initial conditions. We
thus demand for the initial seed metric the nonlinear
expression [27,28]




10
10
50 2
kab ¼ δab exp
Φ ¼ δab 1 þ Φ þ Φ þ … ;
3
3
9
ð60Þ
where we neglect spatial gradients which should not play
any role in the long-wavelength limit. Explicitly, these
initial conditions are identical with (5) only at the linear
level. We find up to second order [17,24,26]
ds2 ¼ −dt2 þ γ ab ðt; qÞaðtÞdqa aðtÞdqb ;

we immediately obtain the density contrast for ΛCDM in
the Lagrangian frame10
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
det½kab 
δL ðt; qÞ ¼ ð1 þ δ0 Þ
−1
ð64Þ
det½γ ab 
δ0 ¼0
3
≃ − DðtÞ∇2q φ − 3DðtÞ
2





5
5
2
ja
φ φ
× f NL − φ∇q φ þ f NL þ
3
12 ja
 2
3 1
þ
ð½D2 ðtÞ − EðtÞð∇2q φÞ2
2 2
þ ½D2 ðtÞ þ EðtÞφjab φjab Þ:

Again, this result holds for ΛCDM with primordial nonGaussianity, and even includes decaying modes. In
Ref. [27] the above has been calculated within the same
cosmology, but they neglected the decaying modes. Our
result agrees with their result if we restrict our expressions
to the fastest growing modes.
It is also straightforward to obtain the displacement field
Fa and the scalar perturbation B in that case. Since the
derivation is exactly the same as explained in Sec. III A, we
just state the final result for the decomposition:
ds2 ¼ −dt2 þ a2 ðtÞ½δij ð1 − 2BÞ þ χ ij 

ð61Þ

× ½δi a þ Fi ja ½δj b þ Fj jb dqa dqb ;

with


γ ab ðt;qÞ ¼ kab þ 3DðtÞ φjab ð1 þ 2f NL φÞ



5
5
jc
þ 2f NL − φja φjb þ δab φjc φ
3
6
 2
3
þ
EðtÞ½4φjab ∇2q φ − 2δab μ2 
2
 2
3
jc
þ
½D2 ðtÞ − 4EðtÞφjac φjb þ π ΛCDM
;
ab
2

ð66Þ

which are
 2
3
∂
EðtÞ a2 μ2
2
2
∇q


3
5
þ DðtÞ f NL − ∂ a φ2 þ 5DðtÞðCja þ Ra Þ; ð67Þ
2
3

3
FLa ðt;qÞ ¼ DðtÞφja þ

ð62Þ

where aðtÞ is now the cosmological scale factor for ΛCDM,
is the solution of the wave equation (here we
and π ΛCDM
ab
neglect linear tensor modes)
̈π ΛCDM
þ 3Hπ_ ΛCDM
−
ab
ab

ð65Þ

1 2 ΛCDM
9E
∇q π ab
¼ − 2 ∇2q S ab ; ð63Þ
2a
a2

where H is the Hubble parameter for ΛCDM. We shall give
more details about Eq. (63) in Appendix B, where we also
include linear tensor modes. For details about the ΛCDM
growth functions D and E we refer the reader to the same
Appendix, but their limits in an EdS Universe for their
fastest growing modes are D → at20 and E → −3=7a2 t40 .
Note however that D and E generally contain also decaying
modes which have to be fixed by appropriate initial
conditions (see also Ref. [17]). From the solution (62)

 


5
1
þ f NL φ2
B ðt; qÞ ¼ − φðqÞ þ
3
2


5
1
ja ;
þ DðtÞ ∇−2
φ
μ
−
φ
q 2
2
2 ja
L

9
ΛCDM
χ Lab ðt; qÞ ¼ − EðtÞS ab þ 5DðtÞ∇−2
:
q S ab þ π ab
2

ð68Þ
ð69Þ

These results are new, and they clearly show how the PNG
component affects the displacement field but also the
space-space scalar perturbation B, where the latter takes
the general relativistic volume dilation into account. The
10

Although one could require that the growth functions vanish
at initial time, we should nonetheless include δ0 since the double
time derivatives of the growth functions can generally yield
nonzero contributions to δ0 , due to the equivalence principle [18].
We set it here to zero only for simplicity.
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tensor perturbations are unaffected by PNG up to second order.

section denote our final result related with the displacement field.

B. Local Eulerian frame

VII. CONCLUSIONS

With our findings from Sec. III C we can easily transform the quantities (67) and (68) to the local Eulerian
frame. Using the nonperturbative results (47)–(49), we
obtain “up to second order”

We have derived relativistic solutions for the Lagrangian
(3-)displacement field with vanishing time displacement
for an irrotational dust component up to second order in
standard perturbation theory (i.e., not the gradient expansion technique), for both an EdS and ΛCDM Universe,
including a primordial component of local nonGaussianity. Generally, GR allows for four-dimensional
displacements, so the three approaches we consider here
are the only ones that deliver a purely spatial Lagrangian
displacement. Needless to say, in all three approaches we
arrive at the same 3-displacement, in which the bulk part is
governed by Newtonian Lagrangian perturbation theory,
but the derived 3-displacement contains also some relativistic corrections which should become important on large
scales. Since the temporal gauge condition of the fourdisplacement is in these three approaches identical (i.e., we
demand a vanishing time-displacement), we also arrive at a
physically equivalent Eulerian frame, which we call the
fundamental Eulerian frame.
Our starting point is in all three approaches the relativistic
solution in a synchronous/comoving coordinate system,
which we identify to be the Lagrangian frame. The corresponding synchronous/comoving metric can be obtained by
the use of the gradient expansion technique or standard
perturbation theory (SPT), but to solve for the time evolution
of the tensor perturbations within the horizon, we have to
rely on approximation techniques which deliver the gravitational wave equation [see the related discussion after
Eq. (9)], otherwise the corresponding Newtonian limit
contains spurious nonpropagating tensor modes. Since the
gradient expansion technique is not able to produce such a
wave equation, it is also impossible to derive the Newtonian
limit in the tensor sector within the gradient expansion
technique. To account for the tensor perturbations, we have
solved the gravitational wave equation, Eq. (9), in accordance with SPT, and thus have formally departed from the
gradient expansion technique.
In the first of the aforementioned approaches, we
formally do not change the coordinate system to arrive
at the displacement field, but instead split the synchronous
metric in a convenient way (see the line element below). In
the second approach, we perform a Eulerian gauge transformation from the Lagrangian to a Eulerian frame, where
the displacement field acts as the spatial gauge generator.
The third approach is based on the ADM approach, and can
be viewed as the nonperturbative generalization of the
second approach.
Having obtained a relativistic Eulerian/Lagrangian correspondence, we have also derived the accompanied
Newtonian part and the relativistic corrections. To avoid
confusion in the following discussion about the relativistic

9
AE ðt; xÞ ¼ − H2 D2 f 2D ðtÞφ;l φ;l ;
8



5
1
E
2
þ f NL φ
B ðt; xÞ ¼ − φðxÞ þ
3
2


5
1
;l
þ DðtÞ ∇−2
;
φ
μ
þ
φ
q 2
2
2 ;l

ð70Þ

ð71Þ

9
E
E
χ Eij ðt; xÞ ¼ − EðtÞS Eij þ 5DðtÞ∇−2
x S ij þ π ij ; ð72Þ
2


3
10
E
wi ðt; xÞ ¼ − HDfD ðtÞφ;i 1 þ φ
2
3
 2
3
∂
−
H i2 GΛCDM
ðt; xÞ
2
∇x 2


3
5
− HDf D ðtÞ f NL − ∂ i φ2
2
3
− 5HDf D ðtÞðC;i þ Ri Þ;

ð73Þ

where H ≔ aH, where H is the Hubble parameter, and

 2
D ðtÞ
ΛCDM
2
;l
f D ðtÞ∇x ðφ;l φ Þ − 2EðtÞf E ðtÞμ2 ;
ðt; xÞ ≔
G2
2
ð74Þ
and we have defined the structure growth rate
f X ðtÞ ¼ d ln X=d ln a, with X∋fD; Eg, such that
∂ t X ¼ Hf X X. Note that for an EdS Universe we have
f D → 1, f E → 2, H → 2=ð3tÞ [1], and GΛCDM
→ G2 a2 t40 ,
2
where G2 is given in Eq. (36).
For the Eulerian density we obtain


3
5
E
2
δ ðt;xÞ ¼ − DðtÞ∇x φðxÞ − 3DðtÞ f NL − φ∇2x φ
2
3

  2

5
3
þ f NL þ
φ φ;l þ
FΛCDM
ðt; xÞ; ð75Þ
2
12 ;l
2
with
1
FΛCDM
ðt; xÞ ≔ ð½D2 ðtÞ − EðtÞð∇2x φÞ2 þ 2D2 ðtÞφ;l ∇2x φ;l
2
2
þ ½D2 ðtÞ þ EðtÞφ;lm φ;lm Þ:
ð76Þ
→ F2 a2 t40 , where
In the EdS limit the above yields FΛCDM
2
F2 is given in Eq. (38). The expressions derived in this
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corrections, we stick to the first of the three aforementioned
approaches, where the synchronous/comoving line element
is split according to
ds2 ¼ −dt2 þ a2 ðtÞγ ab ðt; qÞdqa dqb
¼ −dt2 þ a2 ðtÞ½δij ð1 − 2BÞ þ χ ij 
× ½δi a þ Fi ja ½δj b þ Fj jb dqa dqb :

ð77Þ

The purely scalar perturbation (B) of the relativistic
corrections leads to a spatial volume dilation, which
consequently leads to a small change of the mass density.
The longitudinal part F∥a contains the Newtonian and
relativistic part of the longitudinal displacement field
(Fa ¼ F∥a þ F⊥
a ). The vector part of the relativistic corrections, which results from scalar induced perturbations at
second order, can be easily interpreted in the Lagrangian
formalism as being a transverse component in the displacement field F⊥
a ; it leads to a relative frame dragging
between the Lagrangian and Eulerian frame. We have also
discussed in detail the secondary induced tensor perturbations at second order, which we can group into three
distinct kinds, namely,
(1) gravitational waves,
(2) relativistic nonpropagating tensor perturbations, and
(3) nonrelativistic nonpropagating tensor perturbations.
The latter actually cancel entirely out in the Eulerian frame,
when we solve the gravitational wave equation (7) by the
use of Green’s method. Since these nonrelativistic nonpropagating tensor perturbations vanish when we properly
account for the time evolution of the tensors, we consider
them to be rather tensor artifacts than true “Newtonian
tensor perturbations.” If we do not solve for the gravitational waves, these tensor artifacts survive and flaw the
Newtonian limit at second order (the Newtonian limit
should obviously not include any tensor contributions at
any order). The tensor perturbations of the second kind
cancel only partially out in the synchronous/comoving
coordinate system (and also in the Eulerian gauge). The
[partial] cancellation of tensor perturbations of the second
[third] kind occurs, since we obtain tensor perturbations
from two distinct sources, i.e.,
(i) the synchronous/comoving 3-metric, γ ab , contains
tensor perturbations coming from the solution of the
gravitational wave equation (π ab );
(ii) however and crucially, even without π ab , the metric
γ ab contains intrinsic tensor perturbations excited
through nonlinear terms.
The latter tensor perturbations arise simply because one has
to decompose γ ab into scalar, vector and tensor perturbations (in Appendix A we describe how such a decomposition works at any order), and since the metric contains
nonlinear features, it therefore also excites tensor perturbations. We have shown that the tensor perturbations of the
second kind are related with the frame dragging. Not only

to prove that, but also to show that our solutions are of
relativistic origin, we have calculated the magnetic part of
the Weyl tensor and find that it is sourced by the tensor
perturbations of the first and of the second kind. Using our
formalism, we then showed that the nonpropagating tensor
perturbations of the second kind disappear when we
transform our results to the Poisson gauge (see
Appendix C). Thus, the only tensor perturbations which
survive in the Poisson gauge are related to actual gravitational waves.11 This feature underpins the assertion that the
Poisson gauge is generally a preferred Eulerian frame (see
e.g., [17]). However, when applied, e.g., to provide
relativistic initial conditions in (Newtonian) N-body simulations, we believe that the 3-displacement we have
derived here is more suitable than the 4-displacement field
related with the Poisson gauge, simply because in the case
of the Eulerian gauge we only have to displace the particles
in their spatial position. Nonetheless, we have given the
coordinate conditions which relate the Poisson gauge and
the Eulerian gauge [see Eq. (C16) in Appendix C].
Note that all reported GR corrections should be fairly
suppressed at most scales of interest w.r.t. the respective
Newtonian contributions, but they can become important
on large scales, especially when one includes the biasing
and the gravitational evolution in redshift space in the
analysis [38].
Recently, there has been claims that the mass conservation in the Lagrangian frame is violated, and we have
attributed Sec. V to give clarifying arguments why this
claim seems to be flawed. First and foremost, there is no
unique concept of mass conservation simply because the
Eulerian and Lagrangian mass density are different quantities by construction. The Lagrangian mass density indicates the (mass per) volume of a given fluid element with
Lagrangian label q, whereas the Eulerian density is a field
that describes the whole density map, i.e., it includes the
mass conservation of all (Lagrangian) fluid elements. When
properly taking this fact into account, e.g., transforming the
Lagrangian density to the Fourier space of the conjugated
Eulerian space, the mass is indeed conserved.
Finally, we wish to comment on our choice of initial
conditions. To make connections with results known from
the earlier literature, we have deliberately used in the
beginning Secs. II and III linear initial conditions equivð1Þ
alent to the linear seed metric kab ¼ δab ð1 þ 10
3 ΦÞ, whereas
in Secs. IV and VI we have used the nonlinear initial
conditions kab ¼ δab exp ð10
3 ΦÞ instead for our calculations.
The use of the linear initial conditions is rather historically
motivated, and one should use the nonlinear initial conditions, since the latter are believed to be provided by
11

Starting from a different formalism, the disappearance of
these nonpropagating tensor perturbations has been also noted in
Ref. [24].
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inflation. Nonetheless, all final results reported here are
given for linear as well as nonlinear initial conditions.

In this paper, we are only interested in the Newtonian limit
of Δ−1 , and leave a fully relativistic treatment of Δ−1 for a
future investigation.
Equipped with the above operators, it is straightforward
to calculate the various contributions from a given tensor
iteratively, i.e., we first have to find the leading order
solution for such a decomposition and then recursively
include the next-to-leading-order corrections. All corrections are superimposed on the lower order perturbations,
where the latter are superimposed on the FLRW background. This means that the lower order perturbations of
some field will generally affect its higher order counterpart
(e.g., the second-order solution for T ∥ is sourced by its firstorder solution).
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1. Example: Decomposition as in Sec. III A

APPENDIX A: GENERALIZED
HELMHOLTZ-HODGE DECOMPOSITION
Here we give some useful relations which are needed to
disentangle the various physical contributions in the synchronous metric. The decomposition valid for any tensor
T ij is useful [40],


δij
δij 2 ∥
T
T ij ¼ Q̂ þ ∂ i ∂ j − ∇ T̂ þ 2T̂ ⊥
ðA1Þ
ði;jÞ þ T̂ ij ;
3
3
where Q̂ is the trace of T ij ; T̂ ⊥
i is a divergence-free vector;
and for the transverse traceless tensor, we have
∂ j T̂ Tij ¼ δij T Tij ¼ 0. It is then straightforward to define
the corresponding projection operators:
3
1
T̂ ∥ ¼ Δ−1 Δ−1 ∂ i ∂ j T ij − Δ−1 Q̂;
2
2
−1 kli j l
εkli T̂ ⊥
i;l ¼ Δ ε ∂ ∂ T ij ;

ðA2aÞ
ðA2bÞ

where εkli is the Levi-Civita symbol, and Δ−1 is the inverse
Laplacian. Having derived Q̂, T̂ ∥ , and T̂ ⊥
i , one can derive
the tensor contributions by trivial subtraction:


δij
δij
ðA2cÞ
T̂ Tij ¼ T ij − Q̂ − ∂ i ∂ j − ∇2 T̂ ∥ − 2T̂ ⊥
ði;jÞ :
3
3
For vector fields, a similar decomposition as the one above
is well known, the so-called Helmholtz-Hodge decomposition. Its validity follows from the Helmholtz theorem of
vector calculus. That the tensor decomposition (A1) is valid
at any order follows by generalizing the Helmholtz theorem
to tensor fields, so we call the above decomposition the
generalized Helmholtz-Hodge decomposition.
Note that the (generalized) Helmholtz-Hodge decomposition involves the nonlocal operation Δ−1 . In Newtonian
theory, the treatment of Δ−1 is trivial when the boundary
conditions are known. Certainly, Δ−1 can be generalized to
be valid on (pseudo-)Riemannian manifolds, but the
boundary conditions will not be space periodic anymore.

For demonstrational purposes we apply the above
definitions to the calculation of Sec. III A. There, we
demand up to second order that
γ ab ðt; qÞ ¼ δab ½1 − 2Bðt; qÞ þ χ ab þ 2FðajbÞ ½1 − 2Bðt; qÞ
þ FðcjaÞ Fðc jbÞ ;

ðA3Þ

where the displacement can be decomposed into a longitudinal and transverse contribution, i.e., Fa ¼ F∥ja þ F⊥
a,
bc
with F⊥
a ¼ εa Acjb . Again, the lhs of (A3) is given by
solving the relativistic constraints and equations of motion,
and we want to derive the quantities from the rhs in terms of
that solution. Here, we choose γ ab from (6).
First, to find the longitudinal and transverse parts of the
displacement field, we apply the operators (A2a)–(A2c) to
Eq. (A3). We find
1
∥jl
F∥ ¼ ð3Δ−1 Δ−1 ∂ a ∂ b − δab Δ−1 Þ½γ ab þ 4F∥jab B − F∥jal Fjb ;
4
ðA4Þ
;np
−1 −1
F⊥
¼ Δ−1 γ an ;n − Δ−1 Δ−1 γ pn;a ;pn ;
a ¼ 2Δ Δ γ ½an;p

ðA5Þ
which then yields iteratively (20). Note that these and the
following relations hold only for the used cosmology,
ð1Þ
ð1Þ
where at first order F⊥
¼ χ ab ¼ 0. These simplifications
a
can be easily rectified, if needed. Having the longitudinal
and transverse parts of the displacement field, the trace of
Eq. (A3) yields iteratively B, and then it remains to derive
the tensor contribution from γ ab . We thus have
B¼

1 1 ab
1
1
jlm
− δ γ ab þ ð1 − 2BÞ∇2 F∥ þ F∥jlm F∥ ;
2 6
3
6

ðA6Þ
∥jl

χ ab ¼ γ ab − δab ð1 − 2BÞ − 2FðajbÞ ð1 − 2BÞ − F∥jal Fjb :
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It is worthwhile to stretch out the derivation of the second-order solution of F∥ð2Þ . We have, step by step,

 a b
 2
 2

1
∂ ∂
δab
3 12 2 4
3 12 2 4
jc
3 2 −
a t0 Φjab ∇2 Φ þ
a t0 Φjac Φjb
−20at20 Φjab Φ − 15at20 Φja Φjb −
4
2
7
2
7
Δ
Δ
 a b


 2

ab
a
1
∂ ∂
δ
3
6 −1
2
2
2 4 9
−1 ∂ ∂ a
2
2
jlm
¼
3 2 −
Δ
a t0
½5at0 Φja Φjb − 10∂ a ∂ b Φ  −
½ð∇ ΦÞ − ðΦjlm Φ Þ − Δ μ2
4
2
14
7
Δ
Δ
Δ
 2
3 3 2 4 −1
¼ 5at20 C − 5at20 Φ2 −
a t Δ μ2 :
ðA8Þ
2 7 0

F∥ð2Þ ¼

From the second to the third line we have used the identity
Δ−1 ∂ a ∂ a Fðt; qÞ ¼ Fðt; qÞ twice (for some arbitrary test
function F), whose validity in the Newtonian limit can be
proven in Fourier space, μ2 ¼ 1=2½ð∇2q ΦÞ2 − Φjcd Φjcd Þ,
and C ¼ 3=2Δ−1 Δ−1 μ2 þ 1=2Δ−1 Φja Φja .
APPENDIX B: GRAVITATIONAL WAVE
EQUATION

_ ij þ ΘΘij þ 1 ðΘk Θl − ΘΘÞδij þ Rij − 1 δij R − 1 Λδij ¼ 0;
Θ
4 l k
4
2
ðB3Þ
where Θ ¼ Θaa , and R ¼ gab Rab ðgab Þ. Then, we obtain at
first and second order respectively

Here we derive the gravitational wave equation in a
ΛCDM Universe. We choose linear initial conditions
[Eq. (5)] and begin with the 3-metric,
 




10
10
gab ¼ a2 δab 1 þ Φ þ 3D Φjab 1 − Φ
3
3



5
9
∂ a∂ b
jc
− 5Φja Φjb þ δab Φjc Φ − E S ab − 2 μ2
6
2
∇q

9
ð1Þ
ð2Þ
þ D2 Φjc jb Φjac þ π ab þ π ab ;
ðB1Þ
4

̈π ð2Þi j þ 3Hπ_ ð2Þi j −

ðB2Þ

and derive the ij component of the Einstein equations in the
ADM approach [13],

ðB4Þ

1 2 ð2Þi
9E
∇q π j ¼ − 2 ∇2q S i j − Ξð2Þi j ;
2a
a2
ðB5Þ

_
where H ¼ a=a,
and the ΛCDM time coefficients obey the
partial differential equations,

where we have used Eqs. (6) and (8). In the following we
ð1Þ
are interested in solutions for the tensor perturbations π ab
ð2Þ
and π ab . We therefore define the expansion tensor (which
is, up to a sign, identical to the extrinsic curvature) as
Θij ¼ −gik g_ kj ;

1 2 ð1Þi
∇q π j ¼ 0;
a2

π̈ ð1Þi j þ 3Hπ_ ð1Þi j −

1
1
ä
þ H2 − Λ ¼ 0;
2
a 2

ðB6Þ

̈ þ 3HD
_ − 10 1 ¼ 0;
D
9 a2

ðB7Þ

_ 2 þ 10 D ¼ 0;
̈ þ 3HE_ þ 1 D
E
2
9 a2

ðB8Þ

and we have defined

1 a ð1Þbi
1
1
1
ð1Þ
ð1Þ
ð1Þ
ð1Þ
∂ π
∂ a π jb − 2 ∂ a π ð1Þbi ∂ b π ja þ δi j π_ ð1Þba π_ ab − 2 δi j ∇2q π ð1Þcb π bc
8
a2
a
2a
10
5
5
_ π_ ð1Þi j ∇2q Φ − 3D
_ π_ ð1Þai Φjaj þ 3 D
_ π_ ð1Þa j Φji ja
þ 2 Φ∇2q π ð1Þi j þ 2 Φja ∂ a π ð1Þi j − 2 Φja ∂ j π ð1Þi a − 3D
2
3a
a
3a
3D
10
10
3D
D
ð1Þ
− 2 Φjia ∇2q π aj − 2 Φja jj π ð1Þi a þ 2 ∇2q Φπ ð1Þi j − 2 ∂ j π ð1Þai ∇2q Φja þ 3 2 Φjab ∂ a ∂ b π ð1Þi j
a
3a
3a
a
a
3D jab
3D
3D
3D
3D
ð1Þ
− 2 Φ ∂ j ∂ a π ð1Þi b þ 2 ∂ a π ð1Þi j ∇2q Φja þ 2 ∂ i π ð1Þba Φjjab − 2 δi j ∂ a π ð1Þcb Φjabc − 2 δi j Φjab ∇2q π ab
a
2a
a
4a
2a
3 i ð1Þba _
5 i ;ab ð1Þ
3 i a ð1Þcb
1 i a ð1Þcb
ð1Þ
ð1Þ
þ δ j π_
∂ a π bc þ 2 δ j ∂ π
∂ b π ac :
DΦ;ba − 2 δ j Φ π ab − 2 δ j ∂ π
4
3a
8a
4a
ð1Þ

Ξð2Þi j ≔ − π_ ð1Þai π_ ja þ
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ð2Þ

When linear tensor modes are absent, we have Ξ ¼ 0. Also
note that Eq. (B6) is a combination of the two Friedmann
eqnarrays. Equations (B7) and (B8) are actually the evolution
eqnarrays for the first-order and second-order time coefficients; they agree with the integrated versions in Ref. [17].

L̄jða w̄bÞ
L̄ja L̄jb
þ2
2
a
a


4L̄ðt; qÞ 2L̄2 8B̄ L̄
þ δab 1 − 2B̄ðτ; xÞ þ
þ 2 −
3t
3t
9t


4L̄
þ 2F̄ðajbÞ ðt; qÞ 1 − 2B̄ þ
3t

γ ab ðt; qÞ≃ −

APPENDIX C: RESULTS IN
THE POISSON GAUGE

þ F̄lja F̄ljb þ χ Pab ðτ; xÞ;

In this section we revisit the Lagrangian transformation
to the Poisson gauge [18], and discuss in detail what
happens with the tensor perturbations. For simplicity, we
restrict here again to an EdS Universe. We transform the
solution γ ab from the Lagrangian frame, Eq. (6), to the
Poisson gauge, where the latter is associated with a
(preferred) Eulerian frame. Some of the results below have
been already reported in Refs. [18,24], but we wish to
specifically focus on the transformation of the tensor
perturbations. Here we restrict to an EdS Universe, for
simplicity.
We transform the Lagrangian solution with coordinates
ðt; qÞ,
ds2 ¼ gμν ðt; qÞdqμ dqν ¼ −dt2 þ a2 ðtÞγ ab ðt; qÞdqa dqb ;
ðC1Þ
to the Poisson gauge with coordinates ðτ̄; x̄Þ and corresponding metric (τ is not the conformal time)
2

μ~



∂ L̄
L̄ja
0≃ − 1 þ 2Ā þ
∂t


4L̄ ∂ F̄a ðt; qÞ
∂ F̄l
þ a2 F̄lja
þ a2 ðtÞ 1 − 2B̄ þ
3t
∂t
∂t


2L̄ ∂ L̄
þ
þ aw̄l F̄lja ;
þ aðtÞw̄a ðτ; xÞ 1 þ
3t
∂t

þ 2aw̄l

x̄μ ðt; qÞ ¼ qμ þ F̄μ ðt; qÞ;

ðC2Þ

where the results for B, Fa and χ ab are given in Eqs. (20)–
(22). The solutions for the 4-displacement are then straightforward to obtain. They are
3
jc
L̄ðt; qÞ ¼ ΦðqÞt þ t5=3 t4=3
0 Φjc Φ
4
9
7 2
−2
− t5=3 t4=3
0 ∇q μ2 − tΦ þ 4tC;
7
6

ðC3Þ

F̄a ðt; qÞ ¼ Fa ðt; qÞ þ at20 ðCja þ Ra Þ;

with
 
t
q ¼
;
q
μ

ðC8Þ

i

where Ā and B̄ are scalar perturbations, w̄i is a divergenceless vector perturbation, and χ Pij is a divergenceless and
traceless tensor perturbation. The two coordinate systems
are related by the Lagrangian coordinate transformation,

 
τ̄
;
x̄ ¼
x̄

ðC7Þ

γ ab ðt; qÞ ¼ δab ½1 − 2Bðt; qÞ þ χ ab ðt; qÞ
þ 2FðajbÞ ½1 − 2Bðt; qÞ þ Fcja Fc jb ;

þ a2 f½1 − 2B̄Þδij þ χ Pij gdxi dxj ;

μ

∂ F̄l
∂ F̄ ∂ F̄l
þ a2 l
:
∂t
∂t ∂t

Now, we can dramatically simplify the calculational steps,
since we have already decomposed γ ab in the local Eulerian
coordinates (see Sec. III A), which we repeat here for
convenience:

ds ¼ gμ~ ν~ ðτ; xÞdx dx

¼ −½1 þ 2Ādτ þ 2aw̄i dτdx

ðC6Þ

 2
∂ L̄ðt; qÞ
∂ L̄
∂ L̄
− 4Ā
−
−1≃ − 1 − 2Āðτ; xÞ − 2
∂t
∂t
∂t

ν~

2

ðC5Þ

 
L̄
F̄ ¼
:
F̄
μ

ðC4Þ

Note that we deliberately have chosen the coordinates ðτ̄; x̄Þ
instead of ðt; xÞ to account for the coordinate system in the
Poisson gauge, i.e., these coordinates are not equivalent to
the one from the Eulerian gauge in Sec. III A. To derive
ðτ̄; x̄Þ and the perturbations in the Poisson gauge, we
require the following constraints for the space-space part,
the space-time part and the time-time part of the metrics,
which read respectively

ðC9Þ
ðC10Þ

and for the metric perturbations in the Poisson gauge, we
find
Āðτ; xÞ ≃ ϕN − 4C;

with
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8
B̄ðτ; xÞ ≃ ϕN þ C;
3
1=3 2=3
w̄i ðτ; xÞ ¼ −4τ t0 Ri ;

ðC11Þ

~ ij ;
χ Pij ðτ; xÞ ¼ χ ij þ at20 ∇−2
q S ij ≡ π

ðC12Þ
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3 2 −2 5
Φ Φ
ϕN ðτ; xÞ ¼ −ΦðxÞ þ at0 ∇x
þ Φjl Φjlmm
2
7 jll jmm

2
ðC13Þ
þ Φjlm Φjlm :
7
Having derived the above, it is actually easy to understand
where the additional terms in F̄a and χ Pab arise in comparison with Fa and χ ab . These additional terms arise
because of the first term on the rhs in Eq. (C5), which is
(obviously not apparent in the local Eulerian coordinate
system and) induced through space-time mixing,
−

L̄ja L̄jb
¼ −at20 Φja Φjb :
a2

ðC14Þ

9DðtÞ
γ ab ¼ kab þ
ðR̂kab − 4R̂ab Þ
20


10
9DðtÞ
≡ exp
Φ δab þ
3
20

 

10
× R̂δab − 4 exp − Φ R̂ab ;
3

where the nonlinear seed is kab ¼ δab expf10=3Φg, and
R̂ ¼ kab R̂ab ðkab Þ. The density contrast is then up to two
spatial gradients:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
det kab
δðt; qÞ ¼
−1
det γ ab
ðδ0 ≃0Þ

1
≡ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ − 1
9DðtÞ
det ½δab þ 20 ðR̂δab − 4 expf− 10
3 ΦgR̂ab Þ

Applying the operators to extract the solenoidal, transverse,
and the traceless/divergenceless part (see Sec. A), which we
respectively denote with the superscripts ∥, ⊥ and T, we
find

1
≃ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ − 1
1 − 9DðtÞ
20 R̂

½−at20 Φja Φjb ∥ ¼ −at20 C;

≃

½−at20 Φja Φjb ⊥ ¼ −at20 R;
½−at20 Φja Φjb T ¼ −at20 ∇−2
q S ab :

τ̄ðt; qÞ ¼ t þ L̄ðt; qÞ;
x̄ðt; qÞ ¼ xðt; qÞ þ aðtÞt20 ½∇CðqÞ þ RðqÞ:

ðC16Þ

Note that the above relation is only valid up to second
order, e.g., we have approximated aðτ̄Þ ≃ aðtÞ since the
scale factor is decorated with terms which are already
second order.
APPENDIX D: NONLINEAR INITIAL
CONSTRAINTS FOR THE DENSITY UP TO TWO
SPATIAL GRADIENTS
In this Appendix we are interested in the fully nonlinear
constraints at large scales, as predicted in GR. Here, our
perturbation analysis differs from the one in the rest of this
paper, since we assume that on large scales terms decorated
with spatial gradients are generally small. Explicitly, we
resum all terms in powers of the primordial potential but
keep only terms up to two spatial gradients. Here, we also
restrict to scalar perturbations only, although similar considerations should hold for vector and tensor perturbations.
From the gradient expansion, we have up to two spatial
gradients [16]

9DðtÞ
R̂
40




10
3 2
5
≡ −DðtÞ exp − Φ
∇q Φ þ Φjl Φjl :
3
2
4

ðC15Þ

This explains the additional terms in F̄∥ , F̄⊥
a and in χ̄ ab , and
we are able to state the relation between the Poissonian
coordinates ðτ̄; x̄Þ and the one from the local Eulerian
coordinate system, ðt; xÞ, which is

ðD1Þ

ðD2Þ

The last line is a very powerful result, since it can be used to
estimate the inherent nonlinearities in general relativity at
any order on superhorizon scales [28]. On large scales,
velocity terms ∝ ∇q Φ do not survive, such that the above
reduces to


10
50
500 3
δsuper-horizon ðt;qÞ≃δð1Þ ðt;qÞ 1− Φþ Φ2 −
Φ þ ;
3
9
81
3
δð1Þ ðt;qÞ ≔ − DðtÞ∇2q Φ:
ðD3Þ
2
Comparing this with the predictions from a cosmology with
local-type primordial non-Gausianity with the large-scale
contributions [28]
δsuper-horizon ðt; qÞ
≃ δð1Þ ðt; qÞ½1 þ 2f NL Φ þ 3gNL Φ2 þ 4hNL Φ3 þ   ;
ðD4Þ
we can easily read off the inherent local nonlinearities from
GR on large scales:
5
f GR
NL ¼ − ;
3

gGR
NL ¼

50
;
27

hGR
NL ¼ −

125
:
81

ðD5Þ

This result is in agreement with the findings in Ref. [28].
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