Estimation of the average of arbitrary unknown phase delays
with Heisenberg-scaling precision
Danilo Triggiania and Vincenzo Tammaa,b
a

b

School of Mathematics and Physics, University of Portsmouth, Portsmouth PO1 3QL, UK
Institute of Cosmology and Gravitation, University of Portsmouth, Portsmouth PO1 3FX, UK
ABSTRACT

We show an estimation scheme which reaches the Heisenberg-scaling sensitivity in the estimation of the average
of the optical phases along the two arms of a Mach-Zehnder interferometer, by using a single squeezed vacuum
state and homodyne detection at a single output port. We show that, in order to achieve this quantum advantage,
it is required only a classical prior knowledge about the two phases, namely obtainable with a classical estimation
strategy with shot-noise limited precision.
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1. INTRODUCTION
1

In the early works by Caves and Bondurant and Shapiro,2 it has been shown that it is possible to surpass the
classical limits in the estimation of physical properties, such as optical phases, refraction indices, temperatures
and lengths, employing squeezed states of light.3–6 In particular, the uncertainty δϕ in the estimation of a relative
phase ϕ can reach a faster scaling in the mean number of photons N than the one achievable classically,2, 7 namely
δϕ ∝

1
,
N

(1)

with an improvement of N −1/2 in the scaling. The scaling of the uncertainty in Eq. (1) is often referred to
as the Heisenberg scaling,7 because of heuristic arguments which relate it with the Heisenberg uncertainty
principle.8 Moreover, it has been recently shown that this scaling is the ultimate limit in the precision for
the estimation of a phase,9 hence justifying the name of “Heisenberg limit” with which it is typically referred.
Since these initial works, much effort has been put by the scientific community to conceive quantum estimation
schemes able to overcome the classical scaling and achieve the more efficient Heisenberg limit, giving birth to
a new field of research called quantum metrology.7, 10–18 Within the framework of single parameter estimation,
remarkable results have been recently found, such as schemes that only require a classical knowledge on the
unknown parameter to optimize the network and achieve the Heisenberg scaling,19, 20 or that do not require any
adaptation of the network altogether.21
However, the estimation of a single phase is only the first step towards more complex and applicationoriented estimation schemes. For example, in some cases we may be interested in the simultaneous estimation
of multiple unknown parameters – e.g. a phase and the losses of a channel, or the components of the angular
momentum.14, 22–24 In multi-parameter metrology, one of the main arguments becomes whether it is possible
to gain any (quantum) advantage in the simultaneous estimation of such parameters, compared to a sequential
strategy in which the parameters are measured one at the time. Toward this direction, distributed quantum
metrology studies schemes in which we are interested in measuring a certain function or linear combination
of multiple parameters, each one locally affecting a single node of a given optical network.25–33 In particular,
metrological protocols based on Gaussian states and on the squeezing of light have the advantage of employing
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Figure 1. Diagram of the estimation scheme described in Section 2. A squeezed vacuum state is injected in the first input
port of a Mach-Zehnder interferometer. This setup reaches the Heisenberg scaling in the estimation sensitivity of the
average of two unknown phases ϕ↑,↓ . This enhanced level of precision can be achieved with only a preliminary classical
knowledge ϕ↑/↓,cl of the values of the unknown phases, and thus estimating ϕ̄cl ≡ ϕ↑cl + ϕ↓cl , with shot-noise scaling
precision with classical estimation strategies. Homodyne detection is performed at only the first output port, with the
local oscillator phase tuned according to condition (8).

probes which are relatively easy to produce and more robust against decoherence compared to probes in entangled
states.
In this work we present a scheme based on the use of a Mach-Zehnder interferometer which allows us to
estimate the sum of two arbitrary unknown phases in the the two arms of the interferometer (see Figure 1),
differently from most interferometric setup which are typically sensitive only to the relative phase between the
two arms of the network.34 We will show that, by employing a single squeezed vacuum state and a single
homodyne detector, it is possible to reach Heisenberg-scaling sensitivity in the estimation of the sum of the
phases, requiring only a prior information about the values of the two phases achievable with classical resources.
The feasibility of this scheme, due to the use of squeezed states and homodyne detection, is further reinforced
by the possibility to reach such a quantum-enhanced precision in the regime of large samples through maximumlikelihood estimation methods.18, 35, 36 We refer to Ref.32 for the demonstration of Heisenberg limited estimation
of functions of an arbitrary number of parameters beyond the case addressed here of the sum of two phases.

2. SETUP
We here consider a 2-channel network Ûϕ for the estimation of the average phase
ϕ̄ =

ϕ↑ + ϕ↓
2

(2)

of the values of the unknown phase delays ϕ = (ϕ↑ , ϕ↓ ) at the upper and lower arms of a Mach-Zehnder
interferometer respectively, as depicted in Figure 1. Differently from typical interferometric applications of the
Mach-Zehnder employing states with a fixed number of photons, in which only information on the relative
phase ϕ↑ − ϕ↓ between the two paths can be detected, we show that employing the squeezing of a single-mode
squeezed-vacuum Gaussian state as metrological resource, and homodyne measurements at only a single output
port, the unknown average value ϕ̄ in Eq. (2) can be estimated with Heisenberg scaling precision. This requires
↑,↓
only a classical prior knowledge ϕcl
on the values of the two phase shifts ϕ↑,↓ , i.e. whose estimation error
↑,↓
↑,↓
↑,↓
δϕ = ϕ − ϕcl reaches the shot-noise scaling. In particular, our scheme employs a single squeezed-vacuum
state with an average number N = sinh2 r of photons injected in the first input port of the Mach-Zehnder
interferometer, where r is the squeezing parameter of the probe, and homodyne detections at the first output
channel allow us to to measure the quadrature field x̂θ , where θ is the phase of the homodyne local oscillator.
The network is described by a unitary operator Ûϕ which depends smoothly on the two phases ϕ = (ϕ↑ , ϕ↓ ),
whose action on the M bosonic annihilation operators âi , for i = 1, . . . , M , is given by the unitary matrix Uϕ

such that
Ûϕ† âi Ûϕ =

M
X
(Uϕ )ij âj .

(3)

j=1

With reference to Figure 1, we can write the matrices representing the action of a balanced beam-splitter and
the unknown phase-shifts at each arm of the Mach-Zehnder as
!


↑
1
1 1
eiϕ
0
↑
↓
,
UPS (ϕ , ϕ ) =
,
(4)
UBS = √
↓
0
eiϕ
2 −1 1
respectively. We then add to the upper (lower) inner arm of the Mach-Zehnder interferometer an additional
phase-shift with value −ϕ↑cl (−ϕ↓cl ) corresponding, apart from the sign, to the classical prior estimate of the
unknown phase ϕ↑ (ϕ↓ ). Finally, we add the phase delay ϕ̄cl ≡ (ϕ↑cl + ϕ↓cl )/2 at the upper output port of the
Mach-Zehnder interferometer, where ϕ̄cl is thus the classical estimate of the unknown average ϕ̄ to be estimated
at the Heisenberg scaling precision. Hence, the overall network Ûϕ depicted in Figure 1 is represented by the
matrix
!
ϕ↑cl + ϕ↓cl
†
UPS (−ϕ↑cl , −ϕ↓cl )UPS (ϕ↑ , ϕ↓ )UBS
, 0 UBS
Uϕ = UPS
2
!
↑
↓
δϕ↑ −δϕ↓
cos( δϕ −δϕ
)
i
sin(
)
2
2
= exp (iϕ̄)
,
(5)
↑
↓
↑
↓
i sin( δϕ −δϕ
) cos( δϕ −δϕ
)
2
2
↑,↓
where δϕ↑,↓ = ϕ↑,↓√− ϕcl
is the error in the prior classical estimation of the unknown parameter ϕ↑,↓ , which
is thus of order 1/ N . Since the probe is injected in the first input port of the Mach-Zehnder interferometer,
and homodyne detections are performed only at the first output port, we easily see from Eq. (3) that the only
relevant transition amplitude is the matrix element

(Uϕ )11 = exp (iϕ̄) cos(

δϕ↑ − δϕ↓
)
2

(6)

We will now show that the Heisenberg scaling can be achieved in the estimation of the average ϕ̄ = (ϕ↑ +ϕ↓ )/2
2
of the two unknown phases. In fact, we can easily expand the transition probability |(Uϕ )11 | = cos2 ( 21 (δϕ↑ −
↓
δϕ )) starting from the expression in Eq. (6) in powers of N , obtaining
 ↑
2
δϕ − δϕ↓
2
|(Uϕ )11 | = 1 −
+ O(δϕ4 )
2

2
1 k↑ − k↓
=1−
+ O(N −2 )
N
2
`
(7)
∼1− ,
N
where the terms O(δϕ4 ) and O(N −2 ) are of order
N −2 or lower and can be for this reason neglected, we assumed
√
↑,↓
↑,↓
without loss of generality that δϕ ∼ k / N , with k ↑,↓ real constants independent of N , and introduced the
term ` = (k ↑ −k ↓ )2 /4. Thus, exploiting results demonstrated in Ref.,32 the expansion of the probability transition
shown in Equation (7), together with the minimum resolution requirement for the tuning of the local oscillator
phase θ
π
k
θ = ϕ̄ + + ,
k 6= 0
(8)
2
N
with k an arbitrary real constant, guarantee Heisenberg scaling sensitivity in the estimation of the overall phase
ϕ̄ acquired by the probe after ν iterations of the measurement, with a precision32
δ (ϕ̄) =

1
1
p
,
ν 2 2%(k, `)N

(9)

with

%(k, `) =

8k
1 + 16k 2 + 4`

2
(10)

and ` and k introduced in Eqs. (7) and (8) respectively. The error in the estimation shown in Eq. (9) can be
practically achieved in the regime of large samples (large ν) through maximum-likelihood estimation methods.32

3. CONCLUSIONS
We have presented a scheme for the estimation at the Heisenberg limit of the average of two unknown phases
along the two paths of a Mach-Zehnder interferometer. Since it only employs a single-mode squeezed vacuum
state and a homodyne detector at a single output port, this estimation scheme results feasible for experimental
applications. No restriction is imposed on the values of the two phases, which can thus be left completely
arbitrary. Remarkably, we have shown that, to carry out the estimation, it is only required a classical prior
knowledge of the values of the two phases, obtainable with a standard coarse estimation with shot-noise scaling
precision.
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