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L1-Adaptive Robust Control Design for a
Pressurized Water-type Nuclear Power Plant
Vineet Vajpayee*, Victor Becerra, Nils Bausch, Jiamei Deng, S. R. Shimjith, A. John Arul

Abstract—This work proposes adaptive control-based design
strategies to control a pressurized water (PWR) nuclear power
plant (NPP). An L1 -adaptive-based state feedback control technique is proposed using linear quadratic Gaussian control and
projection-based adaptation laws. The control scheme possesses
good robustness capabilities in handling disturbances and uncertainties. A Robust L1 -adaptive control technique is also proposed
by combining the L1 -adaptive control with the loop transfer
recovery (LTR) technology. The framework hence gives strengthened robust set-point tracking performance given the matched
and unmatched uncertainties and disturbances. The NPP model
employed in the current work is defined by five-inputs, fiveoutputs, and thirty-eight state variables. A linear model for
controller design is obtained by linearizing the nonlinear NPP
model at operating conditions. Various simulations are carried
out on subsystems of the NPP to verify the effectiveness of the
proposed scheme. Numerical and statistical measures are computed for quantitative analysis of the controllers’ performance.
Several classical control design techniques are also implemented,
and their performance is compared with the proposed adaptive
control techniques.
Index Terms—Mathematical Model, Nuclear Plant, Adaptive
Control, Robust Control, Optimal control, Pressurized Water
Reactor.

I. I NTRODUCTION
A nuclear power plant (NPP) is a complex constrained nonlinear system in which the plant parameters vary because of
fuel burn-up, reactivity feedbacks, and modelling uncertainties.
Parameters associated with reactor core, thermal-hydraulics,
control rod, and reactivity feedbacks fluctuate significantly
with operating conditions. These variations impose challenges
to the control design of an NPP. Noisy sensor measurements
and uncertain actuator outputs affect the controller design.
The control systems must proceed safely and promptly to
faster load variations to ascertain good performance. Broad
variations in load cycles can significantly upset system performance. Consequently, conventional controllers frequently fail
to deliver optimum performance. Therefore, it is imperative
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to investigate advanced control techniques which can impart
stability in an uncertain environment and strengthen the safety
and operability of an NPP.
Several control design techniques, for example, state feedback assisted control (SFAC) [1]–[6], H∞ control [7]–[10],
model predictive control (MPC) [11]–[16], sliding mode control (SMC) [17]–[24], and different soft computing techniquebased controls [25]–[31] have been proposed in the last two
decades to handle uncertainties and disturbances. In the earliest
work, the notion of an SFAC has been suggested to boost
the local stability of a conventional control by adding a
state-feedback compensation [1]. In the SFAC framework, the
linear quadratic Gaussian (LQG) technique has been integrated
with the loop transfer recovery (LTR) scheme to improve
temperature and power control during reactor parameters
variations [2]–[6]. To control reactor power with enhanced
robustness as compared to the conventional LQG control, H∞
based techniques have been suggested [7]–[10]. Robust MPC
techniques have been developed to handle various constraints
in an uncertain NPP system [11]–[16]. Robust control design
techniques using SMC are proposed to guarantee robustness
towards uncertainties coming from the input channel [17]–
[24]. The aforementioned model-based approaches require an
error-free mathematical representation of the NPP a priori
for an effective control design. Researchers have incorporated
robustness capabilities in the classical controllers through
soft-computing techniques. Neural network controllers [25],
emotional controllers [26], fuzzy logic controllers [27]–[30],
and genetic algorithms optimized controllers [31] have been
proposed for efficacious NPP control.
The response and the performance of an NPP differ significantly over its lifespan due to parameter variations, unmodelled dynamics, model-plant mismatch, mechanical vibrations,
fuel burn-up and refuelling operations, transmutation of structural materials, hydrogen production and diffusion, and wear
and tear of equipments. Thus, a constant gain control strategy
designed during the commissioning of an NPP may not be
suitable at a later operation stage, or it may even cause an
undesirable, unpredictable, or unstable response [32]. The necessity of a precise mathematical model becomes rigid, mostly
during retrofitting of advanced controllers in an aged NPP.
Thus, the control design should be adaptive to deal with these
issues effectively. Hence, it is compulsory to advance simple
adaptive strategies which can furnish closed-loop stability for
an NPP. In this regard, some adaptive control approaches
have been well investigated by nuclear engineering researchers
[33]–[43]. In the earliest work, Park and Miley proposed an
adaptive control approach to a simplified pressurized water
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reactor (PWR) [33]. Park and Cho applied an adaptive PID
technique by tuning the feedback gains online to deal with
unmodelled reactivity feedbacks in a PWR [34]. Na et al.
proposed a multivariable adaptive control algorithm to control
the axial flux shape in a PWR [36]. Adaptive controllers
combined with soft-computing techniques like online feedforward neural network controller [37], adaptive-fuzzy logic
controller [38] and particle swarm optimized adaptive-PID
controller [39] have been proposed for the power control
during the load-following mode of operation. Dong et al.
proposed adaptive control strategies for power-regulation using
dynamic output-feedback control [40] and adaptive PID-based
control [41], [42]. Recently, an adaptive feedback linearization
control using SMC has been proposed for power control in a
nuclear reactor [43].
Adaptive control methods require the adaptation scheme to
be fast, robust, and to guarantee closed-loop stability. Model
reference adaptive control (MRAC) is one of the well-known
adaptive control strategies with all these features. The MRAC
approach has been exercised to a simplified NPP system [35].
However, the main drawbacks of an MRAC are the occurrence
of high-frequency oscillations in the control signal, and the
reduced tolerance to time delays, both of which can make
the gain tuning difficult and can endanger the stability of the
system. To resolve these issues, an advanced version of MRAC
termed L1 -adaptive control was proposed by Hovakimyan
and Cao to resolve aviation control problems [44], [45]. The
architecture of L1 -adaptive control focuses on compensating
the low-frequency content of the uncertainties as opposed to
the entire frequency range compensated using MRAC. In this
paper, for the first time, an L1 -adaptive based state-feedback
control strategy is applied to the control of a PWR-type
NPP. An L1 -adaptive control controller comprises three parts,
state predictor, adaptation law, and control design. The state
predictor estimates the system states. The difference between
the measured states and the predicted states is used to estimate
the disturbance and update it periodically. The control design
is augmented with the adaptation estimates. A low-pass filter is
employed in the feedback loop to attenuate the high-frequency
elements in the control signal. Thus, the overall scheme provides the required transient performance for both the systems
signals, input and output, simultaneously. This paper also puts
forward a Robust L1 -adaptive control technique by combining
the L1 -adaptive control and the LQG/LTR approach. Thus,
the comprehensive structure has improved system performance
and enhanced robustness while achieving fast adaptation.
In the literature, the coupling effects among various subsystems are not considered during the design of respective
controllers. Besides, model equations of actuators and sensors
are also ignored. Practically, it is relevant to establish control
schemes for the entire NPP system. Nevertheless, a small
number of studies are available in the literature to control an
entire NPP [24], [42], [46], [47]. On the other hand, many
works assumed that all NPP state variables are accessible
for control design. In practice, various states are not directly
available for feedback, and a state estimator is entailed to
estimate the unmeasurable states. Here, state-feedback based
adaptive control techniques are proposed for the integrated

NPP model. The major contributions of the work are summarized as follows:
• L1 -adaptive control and Robust L1 -adaptive control techniques are formulated to enhance control performance
and robustness and improve set-point tracking in an
uncertain environment.
• Control of reactor core, steam generator, pressurizer,
and turbine are considered, in addition to load-following
operation in the MATLAB/Simulink environment.
• Comparison with other classical control schemes is performed for different control loops of a PWR.
The rest of the paper is arranged as follows: The PWR-type
nuclear power plant model is briefly summarized in section II.
The control design problem is formulated in section III. The
proposed control technique is presented in section IV. The
implementation of the proposed technique in the nuclear power
plant model and its effectiveness through simulation results
are given in section V. Conclusions are drawn in section VI
indicating the main contributions.
II. PWR N UCLEAR P OWER P LANT
A block diagram of the different interconnecting subsystems
of the PWR-type NPP [47] is shown in Fig. 1. To avoid
duplication of work here, a brief summary of the pressurizer
model is given. For a detailed description of the studied
NPP model, various model equations, plant parameters, and
steady-state values of different variables the readers are kindly
referred to [24], [48].
The reactor core of an NPP can be described using the point
kinetics model, in which the neutron concentration is coupled
with six-group of delayed neutrons. Ex-core detectors and their
logarithmic amplifiers are used to sense global power. The
model employs internal reactivity feedbacks that incorporate
variation in the temperature and pressure of fuel and coolant.
The actuator signal denotes the control rod movement, which
is related to the rod injected reactivity. Two coolant nodes
and one fuel node can suitably describe the thermal-hydraulics
model for heat transfer. Various piping and plenum relate the
heat transfer across different nodes using first-order differential
equations. Resistance temperature detectors are employed to
measure coolant temperatures at the inlet and outlet. A five
node configuration represents the steam generator model,
which encompasses nodes for primary, metal, and secondary
coolants. The turbine model constitutes high, intermediate, and
low-pressure turbines, in addition to moisture separator and
re-heater. It further includes a turbine-governor valve. The
pressurizer model has pressure and level equations.
A. Pressurizer Model
The pressurizer model given in [24], [48] can be represented
in a simplified form as
Qheat + ṁsur (pp N1p + N2p ) + ṁspr (pp N3p + N4p )
dpp
=
dt
pp D1p + D2p
(1)
dlw
dpp
= (lw N1w + N2w )
+ N3w ṁsur + N4w ṁspr
dt
dt
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where x(t) ∈ Rn is system state vector, u(t) ∈ Rm is control
input, y(t) ∈ Rl is output. These are given by

T
u(t) = δvrod δutg δQheat δ ṁspr δ ṁsur ,
(5)

T
y(t) = δilo δps δpp δlw δωtur ,

and x(t) = δPn δC1n δC2n δC3n δC4n δC5n δC6n δilo
δ i̇lo δρrod δTf δTc1 δTc2 δTrtd1 δTrtd2 δTrxu δThot δTsgi
δTsgu δTcold δTrxi δTp1 δTp2 δTm1 δTm2 δps δpp δlw
T
δPhp δ Ṗhp δPip δ Ṗip δPlp δ Ṗlp δ P̈lp δCtg δ Ċtg δωtur
where δ represents deviation from the steady state value.
A ∈ Rn×n is system matrix, Bm ∈ Rn×m is input matrix, and
C ∈ Rl×n is output matrix. The non-zero elements of these
matrices are given in Table I.
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B. Control Objective
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The given system can be represented as
Fig. 1: Block diagram of different interconnecting subsystems
of a PWR-type NPP.
“Reprinted from Nuclear Engineering and Design, 370, V
Vajpayee et al., Dynamic modelling, simulation, and control design of a pressurized water-type nuclear power plant,
110901, 2020, with permission from Elsevier.”
where, the intermediate variables are defined as
N1p
N4p
D1p
D2p

N1w
N3w

νs
hw̄
νw
=
; N2p =
; N3p =
;
Jp C1p
C1p
Jp C1p
hw̄
= hspr − hw +
;
C1p
K4p (mw + ms )
νs C2p
=
+
;
Jp
Jp C1p
Vw
hw̄ C2p
= mw K3p −
+
;
Jp
C1p

C4p0

(6)

where σ(t) = f (t, x(t), z(t)) contains process noise, modelling uncertainties, and external disturbances where z(t) ∈ Rp
represents internal unmodelled dynamics. The control input is
given by
u (t) = uc (t) + ua (t)
(7)

ẋ(t) = Am x(t) + Bm (ωua (t) + σ1 (t)) + Bu σ2 (t),
(2)



K2p
K2p l
C2p
1
=−
; N2w =
+
−1 ;
ds
d
C1p ds Ap C1p
!s
C1p − 1
1
1
; N4w = −
=
2
2 ;
d s Ap
C1p
ds Ap C1p
dw
dw
− 1; C2p = Ap (l − lw )
K2p + Ap lw K1p ;
ds
ds

pp0 N1p + N2p
=
(3)
pp0 D1p + D2p
= N3w + C3p0 (lw0 N1w + N2w ) .

where pp is pressurizer pressure and lw is pressurizer level.
The rest of the variables are defined in [24], [48].
III. P ROBLEM F ORMULATION
A. State Space Representation
The nonlinear system given in [24], [48] can be represented
in linear state-space form as
ẋ(t) = Ax(t) + Bm u(t),
y(t) = Cx(t)

y(t) = Cx(t)

where uc (t) and ua (t) represent the nominal control and
adaptive control, respectively. The system (6) can be represented as,

C1p =
C3p0

ẋ(t) = Ax(t) + Bm u(t) + σ(t),

(4)

(8)

where Am = A − Bm KcT ∈ Rn×n is state matrix. Kc is
state feedback control gain. Bm ∈ Rn×m is control input
matrix and Bu ∈ Rn×(n−m) is unmatched uncertainty input
T
matrix such that Bm
Bu = 0. C ∈ Rl×n is output matrix.
σ1 (t) ∈ Rm is matched disturbance, σ2 (t) ∈ R(n−m) is
unmatched disturbance, and ω ∈ Rm×m is the uncertain
system input gain matrix which denotes the cross coupling
among different inputs. It is assumed that Am is Hurwitz, and
the system (Am , Bm ) is controllable and system (Am , C) is
observable. The stability, controllability, and observability of
the employed nuclear reactor model has been analyzed in [47].
It is assumed that σ(t) and its partial derivatives are bounded
and stable and the system input gain is partially known.
Here, the control problem designs an adaptive statefeedback controller such that the output y(t) tracks the response of a desired system M (s) given by
M (s) = C (sI − Am )

−1

Bm Kg (s)

(9)

where s denotes the Laplace variable and Kg (s) is a feedforward prefilter.
IV. L1 -A DAPTIVE C ONTROL D ESIGN
The L1 -adaptive controller maintains the nominal performance and increases the robustness in an uncertain environment, by computing an appropriate control input as a reference
to the nominal controller of the plant. For the proposed
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TABLE I: Elements of System, Input, and Output Matrices
6
P

ρt0 −

βi

A(1,1+i) = βΛi , i = 1, 2, . . . 6
A(1,12) = αcΛPn0
A(1+i,1) = λi , i = 1, 2, . . . 6
A(9,1) = τ1 τK2lo
Pn0
A(11,1) = Hf
A(12,1) = Hc
A(12,21) = τ2r
A(13,12) = − τ1c + τ2r
1
A(14,14) = − τrtd
1
A(15,15) = − τrtd
1
A(16,16) = − τrxu
1
A(18,17) = τsgi
1
A(19,23) = τsgu
1
A(21,20) = τrxi
1
A(22,22) = − τ1p1 − τpm1
1
1
A(23,23) = − τp2 − τpm2
1
1
A(24,24) = − τmp1
− τms1
1
1
A(25,25) = − τmp2 − τms2

i=1

A(1,1) =
Λ
α P
A(1,11) = fΛ n0
α P
A(1,27) = pΛ n0
A(8,9) = 1
2)
A(9,9) = − (ττ11+τ
τ2
1
A(11,12) = τf
A(12,12) = − τ1c − τ2r
A(13,11) = τ1c
2
A(14,12) = τrtd
2
A(15,13) = τrtd
1
A(16,13) = τrxu
1
A(17,17) = − τhot
1
A(19,19) = − τsgu
1
A(20,20) = − τcold
1
A(22,18) = τp1
A(23,22) = τ1p2
1
A(24,22) = τmp1
1
A(25,23) = τmp2
A(26,24) =

A(27,17) =
A(27,20) =
A(27,23) =

A(26,25) =

ps0 (hss −cpf w Tf w )
Ks
!
2(V3 ϑ3 −V2 ϑ2 )
τr
C3p0
2 ϑ2 )
− (V3 ϑ3τ+V
c


ϑ6
ϑ5
C3p0 Vτ6sgi
− Vτ5hot


ϑ10
ϑ1
− Vτ10cold
C3p0 Vτ1rxi


ϑ8
9 ϑ9
8 ϑ8
C3p0 Vτsgu
− Vτ8p2
− τVpm2

A(27,1) = C3p0 Hc (V2 ϑ2 + V3 ϑ3 )


4 ϑ4
− 2Vτ3rϑ3
A(27,13) = C3p0 Vτrxu


ϑ7
ϑ6
A(27,18) = C3p0 Vτ7p1
− Vτ6sgi


ϑ1
A(27,21) = C3p0 2Vτ2rϑ2 − Vτ1rxi

A(28,1) = C4p0 Hc (V2 ϑ2 + V3 ϑ3 )


4 ϑ4
A(28,13) = C4p0 Vτrxu
− 2Vτ3rϑ3


ϑ6
ϑ7
− Vτ6sgi
A(28,18) = C4p0 Vτ7p1


ϑ1
A(28,21) = C4p0 2Vτ2rϑ2 − Vτ1rxi
A(28,24) =

ms2 Sms2 )
A(26,26) = − (Ums1 Sms1K+U
s
Ctg0 (hss −cpf w Tf w )
∂Tsat
∂ps −
Ks

Ums1 Sms1
Ks

A(26,36) = −
A(27,12) =

A(1,10) = PΛn0
A(1,13) = αcΛPn0
A(1+i,1+i) = −λi , i = 1, 2, . . . 6
A(9,8) = − τ11τ2
A(11,11) = − τ1f
A(12,11) = τ1c
A(13,1) = Hc
A(13,13) = − τ2r
1
A(14,21) = − τrtd
1
A(15,16) = − τrtd
1
A(17,16) = τhot
1
A(18,18) = − τsgi
1
A(20,19) = τcold
1
A(21,21) = − τrxi
1
A(22,24) = τpm1
1
A(23,25) = τpm2
1 ∂Tsat
A(24,26) = τms1
∂ps
1 ∂Tsat
A(25,26) = τms2
∂ps

C4p0 V7 ϑ7
τpm1

Ums2 Sms2
Ks

A(27,16) = C3p0

A(27,22) =

A(27,24) =

A(27,25) =

A(28,11) =

C4p0 (V2 ϑ2 +V3 ϑ3 )
τc

A(28,12) =

A(28,19) =
A(28,22) =
A(28,25) =





V5 ϑ5
4 ϑ4
− Vτrxu

 τhot
ϑ10
9 ϑ9
C3p0 Vτ10cold
− Vτsgu


ϑ7
ϑ8
7 ϑ7
− Vτ7p1
− τVpm1
C4p0 Vτ8p2
C4p0 V8 ϑ8
τpm2

A(28,17) =
A(28,20) =
A(28,23) =




V5 ϑ5
τhot

−

V4 ϑ4
τrxu




V10 ϑ10
9 ϑ9
− Vτsgu

 τcold
ϑ7
ϑ8
7 ϑ7
− Vτ7p1
− τVpm1
C3p0 Vτ8p2
C3p0 V8 ϑ8
τpm2
!
2(V3 ϑ3 −V2 ϑ2 )
τr
C4p0
2 ϑ2 )
− (V3 ϑ3τ+V
c


ϑ6
ϑ5
C4p0 Vτ6sgi
− Vτ5hot


ϑ10
ϑ1
− Vτ10cold
C4p0 Vτ1rxi


ϑ8
8 ϑ8
9 ϑ9
− Vτ8p2
− τVpm2
C4p0 Vτsgu

A(27,19) = C3p0

C3p0 V7 ϑ7
τpm1

A(28,16) = C4p0

C3p0 (V2 ϑ2 +V3 ϑ3 )
τc

A(27,11) =

A(29,30) = 1
Ctg0 Orv Fhp
C F (1+κhp )
− tg0 hp
τhp τip
!τhp
(Ums1 Sms1 +Ums2 Sms2 ) ∂Tsat
Ks
∂ps
C (h −c
T )
+ tg0 ssKspf w f w
O Fhp ps0
A(30,36) = rv
τhp τip
p F C (h −c w Tf w )(1+κhp )
− s0 hp tg0 ssKs τpf
hp
Orv
A(32,31) = − τhp
τip

A(30,26) =

A(30,24) =

Ums1 Sms1 Ctg0 Fhp (1+κhp )
τhp Ks

A(30,29) = −

Orv
τhp τip

Ums2 Sms2 Ctg0 Fhp (1+κhp )
τhp Ks

A(30,30) = −

A(31,32) = 1
A(32,32) =

A(30,25) =

(Orv +τip )
τhp τip

Orv Fip Ctg0
τhp τip ṁsor
O F ps0
A(32,36) = τhprvτipipṁsor
A(33,34) = 1
O Flp Ctg0
A(35,26) = rvṁsor
A(35,33) = − τhpOτrv
ip τlp


Orv τhp +τip
Orv Flp ps0
1
A(35,35) = −
+ τlp
A(35,36) = ṁsor
τhp τip
2
A(37,36) = −$tg
A(37,37) = −2ζtg $tg
A(38,31) = (2π)2 J 1I ω
A(38,33) = (2π)2 J 1I ω
tur tg tur0
tur tg tur0
pp0 N3p +N4p
Bm(28,5)
Bm(27,3) = pp0 D1p1 +D2p Bm(27,4) = pp0
B
=
C
3p0
m(27,5)
D1p +D2p

A(32,26) =

O τ +τ
− rvτhphpτip ip

A(34,35) = 1
O

(τ

+τ )+τip

hp
lp
A(35,34) = − rv τhp
τip τlp
A(36,37) = 1
A(38,29) = (2π)2 J 1I ω
tur tg

tur0

2
Bm(10,1) = G Bm(37,2) = $tg
Ktg
C(1,8) = 1
C(2,26) = 1
C(3,27) = 1
The value of all the remaining elements is zero

C(4,28) = 1

C(5,38) = 1

= C4p0
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where Kc denotes the optimal feedback gain. It is calculated
as
>
A> Pc + Pc A + C > QC − Pc Bm R−1 Bm
Pc = 0

(17)

and it is given by
Kc = R−1 B > Pc

State Predictor

(18)

where Pc denotes a symmetric positive semidefinite matrix.
Kv denotes the feed-forward gain and given as
Adaptation Law

Kv = R−1 B >

L1 Adaptive Controller

(19)

and s(t) is the auxiliary gain given as
Fig. 2: Block diagram of the L1 -adaptive controller.

>

−ṡ(t) = (A − BKc ) s(t) + C > Qr (t) , s (∞) = 0

technique, the total control law consists of nominal control and
the adaptive control. The nominal control is designed using a
state-feedback control approach and the adaptive control law
is designed using the projection-based adaptation strategy. The
block diagram of the L1 -adaptive control scheme is depicted
in Fig. 2.
A. Nominal Control Design
In this work, the nominal control is designed using an
LQG controller. The design of an LQG involves a Kalman
filter-based state estimator and an LQR-based state feedback
controller.
1) Kalman Filter: The Kalman filter estimates an optimal
state x̂(t) by minimizing the following error covariance:
n
o
T
J1 = lim E (x − x̂) (x − x̂)
(10)
t→∞

It is estimated by calculating the Kalman gain Kf as
T

−1

Kf = Pf C Θ

where Pf denotes a symmetric positive semidefinite matrix. It
is calculated as
APf + Pf AT + ΓΞΓT − Pf C T Θ−1 CPf = 0

(12)

n×m

where Γ ∈ R
is disturbance input matrix. Ξ and Θ are covariance of process noise and measurement noise, respectively.
The estimated states x̂(t) are defined as,
˙
x̂(t)
= Ax̂(t) + Bm u(t) + Kf (y(t) − C x̂(t)).

(13)

2) Linear Quadratic Regulator: An LQR-based control
input is designed to track the reference signal by optimizing
the cost function
J2 =

R∞ 

The control law for the system is implemented using the
estimated states and it is given as,
un (t) = −R−1 B > Pc x̂(t) + R−1 B > s(t)


>
(C x̂(t) − r(t)) Q (C x̂(t) − r(t)) + uc (t)> Ruc (t) dτ

0

(14)
where Q and R denote the positive semidefinite and positive
definite weighing matrices, respectively. The control law can
be implemented as,
un (t) = −Kc x̂(t) + Kv s(t)

(15)

un (t) = uc (t) + uf (t)

(16)

or,

(21)

B. Adaptive Control Design
The L1 -adaptive controller employs the adaptation estimates
to calculate a control input for the control system. The
adaptation rates are inversely proportional to the square of
the error norms. The control input is filtered to avoid highfrequencies in the control signals. It compensates the lowfrequency content of the uncertainties, as opposed to the
entire frequency range, thereby avoiding the oscillations in the
control input without reducing its tolerance to time delays.
1) Adaptation Law: For the system (8), the state predictor
is given by
x̂˙ a (t) = Am x̂a (t) + Bm (ω0 ua (t) + σ̂1 (t)) + Bu σ̂2 (t)
ŷ (t) = C x̂a (t)

(11)

(20)

(22)

where ω0 = Im . σ̂1 (t) and σ̂2 (t) are the estimates of
matched and unmatched disturbances, respectively. They can
be estimated by the projection-type adaptation law [44], [45]
as

T 
σ̂˙ 1 (t) = Υ Proj σ̂1 (t) , − x̃T (t) Pm Bm
(23)


T
σ̂˙ 2 (t) = Υ Proj σ̂2 (t) , − x̃T (t) Pm Bu
(24)
σ̂1 (0) = σ̂10

(25)

σ̂2 (0) = σ̂20

(26)

The projection operator Proj is defined as follows [49]:

v
if g (θ) < 0



T
v
Dif g (θ) ≥
E 0 and ∇g v ≤ 0
Proj (θ, v) =
(27)
∇g
∇g
v − k∇gk k∇kg , v g (θ) if g (θ) ≥ 0




and ∇g T v > 0
where ∇g is gradient of the convex function g defined as
g (θ) =

2
(εθ + 1) θT θ − θmax
2
εθ θmax

(28)

for a convex compact set with a smooth boundary given
by Ωc = { θ ∈ Rn | g (θ) ≤ e} , 0 ≤ e ≤ 1, with θmax is
the norm bound and εθ > 0 is the projection tolerance. Υ
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is the adaptation gain, x̃(t) = x̂a (t) − x̂(t) is prediction
error, and Pm is the solution of the algebraic Lyapunov
equation, ATm Pm + Pm Am = −Qm , for arbitrary symmetric
Qm = QTm > 0. The adaptation law ensures that the closedloop system is asymptotically stable by making x̃(t) → 0. The
disturbance estimates, σ̂1 (t) and σ̂2 (t), can be written as

 

σ̂1 (t)
σ̂1 (kTs )
=
; t ∈ [kTs , (k + 1) Ts ]
(29)
σ̂2 (t)
σ̂2 (kTs )
Eqs. (23–25) can be computed using (27) as [44],




σ̂1 (kTs )
I
0
=− m
B̄ −1 Φ (Ts ) µ(Ts )
σ̂2 (kTs )
0 In−m

(30)

Auxiliary
Gain Solver

r

Kg

Kv
K a D( s )


uf

ua

u


uc

xˆ  Axˆ  Bmu  K f  y  Cxˆ 

 Kc
xˆa  Am xˆa  Bm 0ua  ˆ1   Buˆ 2

ˆ  0ua  ˆ1  ˆ2

yˆ  Cxˆa



ˆ   Projˆ ,   x P B  
ˆ1   Proj ˆ1 ,   xT Pm Bm 

T

ˆ1 ,ˆ 2

2

Φ (Ts ) =
µ(Ts ) =

(31)

Am Ts
− In
A−1
m e
A m Ts
e
x̃(kTs )



The estimates are then employed to design the adaptive control
law. The main advantage of projection-type adaptation is that
they prevent parameter drift in adaptation schemes.
2) Control Law: The adaptive control law is given by
(34)

where η̂ (s) is an intermediate variable representing the
Laplace transform of η̂ (t). Ka and D(s) are the tuning
parameters and are selected such that the transfer function
F (s) is strictly proper stable for all possible ω and is given
by,
F (s) =

ωKa D (s)
; F (0) = Im
(Im + ωKa D (s))

For simplicity, one can choose D (s) =
a strictly proper F (s) of the form

Im
s

m

(35)

[44], which gives

Fig. 3: Implementation of L1 -adaptive algorithm.
diagonal elements with zero dc gain and diagonal element with
gain one. It is given by
−1
Kg = − CA−1
.
(43)
m Bm
The online implementation of the L1 -adaptive control scheme
is depicted in Fig. 3.
3) Stability: The design of Ka and D(s) need to ensure, for
the stability of the closed-loop system, that for a given ε0 there
exist εr > εin , such that the following L1 -norm condition is
satisfied [44], [50]:
kGm (s)kL1 + kGum (s)kL1 L0 < Φ

(36)

with the condition that the choice of Ka must ensure that
−ωKa is Hurwitz. η̂ (s) is given by,
η̂ (s) = ω0 ua (s) + η̂1 (s) + η̂2 (s)

(37)

η̂1 (s) = σ̂1 (s)

(38)

where,

(44)

−1

where εin = s (sI − Am )
ε0 and L0 is a ratio expressL1
ing a relative maximum rate of change in unmatched compared
to matched disturbances.
Gm (s) = Hxm (s) (Im − F (s))
−1
Hxm (s)F (s)Hm
(s)C

ωKa
F (s) =
sIm + ωKa

u

(32)
(33)

ua (s) = −Ka D (s) (η̂ (s) − rg (s))

2

x

T

T

where


B̄ = Bm Bu

y

PWR-NPP
Non-linear
Model

(45)


Gum (s) = In −
Hxum (s) (46)
εr − εin − kHxm (s)F (s)Kg (s)kL1 krkL∞
(47)
Φ=
L1 εr + B0
The condition (44) guarantees that if the control signal is
chosen according to (22), (30), and (34), then the controlled
system will follow the reference system (N. Hovakimyan and
C. Cao, pp. 140-154).

−1

Bm

(41)

−1

Bum

(42)

C. Robust L1 -Adaptive Control
A Robust L1 -adaptive control approach is proposed using
the concept of LTR. The involvement of a Kalman filter
weakens the stability and robustness, and affects the nominal
control performance. To resolve this, the LTR technique is
proposed, which modifies either the regulator gain or the
Kalman gain [51]. These gains are modified such that the
resulting loop transfer function (LTF) has guaranteed stability
margins. Here, the LTR at the input approach is implemented
in which the LQG return ratio is given by

The matched transmission zeros of Hm (s) are assumed to
−1
(s) is
be stable. The tuning parameters ensure that F (s)Hm
a proper stable transfer function. The feed-forward prefilter
Kg is chosen to decouple the signals such that M (s) has off-

Kf C(sI − A)−1 Bm
(48)
The design of LTR technology involves the selection of
suitable Q and R for the design of LQR and the selection

η̂2 (s) =

−1
Hm

(s) Hum (s) σ̂2 (s)

rg (s) = Kg r (s)

(39)
(40)

where r(s) is the Laplace transform of the reference signal.
The transfer function matrices Hm (s) and Hum (s) are defined
as Hm (s) = CHxm (s) and Hum (s) = CHxum (s), where
Hxm (s) = (sIn − Am )
Hxum (s) = (sIn − Am )

−1

Gltf (s) = Kc (sI − Am + Kf C)
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of Γ, Ξ and Θ as Γ = Bm , Ξ = qΞ and Θ = I. Then a
fictitious gain coefficient q is considered, which is gradually
increased such as q → ∞. Thus, the final LTF approximates
to the state-feedback LTF given by the LQR as
−1

lim Gltf (s) = Kc (sI − A)

q→∞

Bm

(49)

The proposed Robust L1 -adaptive control technique first
implements the nominal control using LQG/LTR and then
integrates it with the L1 -adaptive control scheme. Hence,
the integrated scheme has strong robustness ability due to
LQG/LTR and the adaptive features of L1 -adaptive control.

variables is given in Table III. During the testing of one
particular control loop of the plant model, all other control
loops operate in open-loop.
The following numerical measures are computed to analyze
the control performance. Firstly, the percentage root mean
squared error (PRMSE) is computed to find the tracking error.
Secondly, the total variation of input (TVI) and the L2 -norm
of input (L2 NI) are analyzed to compute the control action on
the input signals. These are given by,
v
u
N
u1 X
2
(yi − ri ) × 100%,
(53)
P RM SE = t
N i=1

V. R ESULTS AND D ISCUSSION
This section tests the performance of the proposed controllers under different operating conditions. The nonlinear
plant model is linearized at 100% full-power for controller
design. The control performance is then evaluated on the
nonlinear NPP model under parametric variations, matched,
and unmatched disturbances [13], [19]–[22], [37], [43]. These
disturbances usually emerge from several sources such as the
stochastic nature of neutron interaction, the fluctuations in
temperature and pressure, and the vibration of internal parts.
For instance, the thermal hydraulic parameters of a reactor
depend on the heat capacity of coolant (µc ), the mass flow rate
of coolant (Mc ), and the heat transfer coefficient (Ω) between
fuel and coolant which vary linearly with operating power
level as follows [37]:
80.79
(1 − fr ) Pn0
=
µc
17.77Pn + 54.02
µc
17.77Pn + 54.02
τc =
=
Ω
1.66Pn + 4.93
µc
17.77Pn + 54.02
τr =
=
Mc
28Pn + 74

Hc =

(50)

N
X

|(ui+1 − ui )|,

(54)

i=1

v
uN
uX
2
(ui ) ,
L2 N I = t

(55)

i=1

where yi and ri are measured output and reference output
signal at ith time instance. N is the total number of samples,
which is given by the ratio of simulation time with sampling
interval, here the sampling interval is taken as 1 ms. The TVI
calculates the total variation in the incremental control input. It
measures the smoothness of the control signal. L2 NI computes
the L2 -norm of the control input signal and measures the
control energy taken by the input in tracking a given set-point.
Ideally, smaller values of all three measures are desirable.
Moreover, in the case of disturbances, it is preferable that the
technique should maintain the tracking performance without
increasing the control efforts significantly.
A. Controller Tuning

The variation in parameters is considered as modelling uncertainties [37], [43]. In the literature, [20]–[22], [52]–[54],
sinusoidal and chirp type of signals are considered to test the
robustness of controllers and the same types have been adopted
here. Here, a chirp signal is taken as a matched disturbance
(σ1 (t)) and a sinusoidal signal is taken as an unmatched
disturbance (σ2 (t)). These are given by

σ1 (t) = σ11 sin 10−3 πt + 1.98 × 10−5 πt2
(51)
σ2 (t) = σ22 sin(0.1t)

TV I =

(52)

where the amplitudes σ11 and σ22 of the disturbances are
chosen such that they perturb the plant output by 5% from
its steady-state value. In the simulations, measurement noise
with a signal to noise ratio of 100 dB is also considered.
Four control loops are taken into account: reactor core power,
steam generator, pressurizer, and turbine speed. The control
performance of various classical techniques such as PID,
LQG, and LQG/LTR schemes are also compared with that of
the proposed scheme. Section V.B to V.E considers different
control loop configurations. The input and the output vectors
for every single-input-single-output control loop configuration
and the value of tuning parameters of the controllers are
illustrated in Table II. The definition of important model

The performance of different controllers is dependent on
the tuning parameters. First, the Kalman filter is designed to
estimate all the states of the NPP by selecting the measurement
noise covariance matrix (Θ) and the process noise covariance
matrices (Ξ). Their values are selected by calculating the
variance of innovations. The value of Ξ is varied for a fixed Θ
and the variance of innovation is computed. The values of Ξ
and Θ are selected such that there is no significant deviation
in the variance of innovations on addition decrement in Ξ
for a fixed value of Θ. Then, the LQG controller is designed
by selecting the values of Q and R such that the transient
response is acceptable with no or minimum oscillations. The
penalties on state and input are regulated by Q and R,
respectively. Generally, for quick reference tracking, large
values of Q are desired, whereas large values of R gives slow
reference tracking. The values of Q and R are tuned such that
the reference can be tracked quickly without any overshoot.
Hence, the state feedback gain Kc is computed so that the
state matrix Am describes the desired closed-loop dynamics.
In case of LTR technique, it is implemented by fixing Γ = Bm
and Θ = I and tuning the value of Ξ ← qΞ by gradually
increasing the recovery gain (q). The value of q is chosen using
the frequency response of the target feedback loop (TFL) such
that LTF approximates the ideal return ratio specified by the
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TABLE II: Tuning parameters for different control approaches
Case
A
B
C.1
C.2
C.3
D

Configuration
Input Output
vrod
ilo
utg
ps
Qheat
pp
ṁspr
pp
ṁsur
lw
utg
ωtur

Demand

PID

PID
Kp
Ki
5.295 × 10−2 9.079 × 10−3
4.700 × 10−1 1.003 × 10−1
1.099 × 107
6.343 × 106
2.936 × 105
1.695 × 105
1.276 × 103
7.367 × 102
6.430 × 102
8.426 × 100

LQG

LQG/LTR

L1AC

5

RL1AC

0.82

PID

LQG

Ξ
5 × 10−3 In
5 × 10−3 In
5 × 10−5 In
5 × 10−5 In
5 × 10−3 In
5 × 10−3 In

LQG/LTR

L1AC

LTR
q
1 × 109
1 × 109
1 × 1020
1 × 1015
1 × 1012
1 × 1012

Θ
1
1
1
1
1
1

Adaptive
Ka
100
100
100
100
100
100

RL1AC

4

1.2

3
0.8

1.1

1600

1800

2000

1

0.9

1.2

Control rod speed (mm/s)

Normalized power (per unit)

LQG
R
1 × 105
1 × 102
1 × 10−10
1 × 10−9
1 × 10−6
1 × 10−2

Q
1 × 10−3
5 × 10−2
1 × 100
5 × 10−3
1 × 100
1 × 101

2
1
0
-1
-2
-3

0.8

-4
1.16
300

500

0

700

500

-5

1000

1500

2000

0

2500

500

1000

(a) Normalized power.

2000

2500

(b) Control rod speed movement.
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1.1
Demand

1

0.52

0.9

0.5

PID

LQG

LQG/LTR

L1AC

PID

RL1AC

0.48

0.8

LQG

LQG/LTR

L1AC

RL1AC

0

Control rod speed (mm/s)

Normalized power (per unit)

1500

Time (s)

Time (s)

100

200

300

400

500

0.7
1.02

0.6

1
0.98

-10
0
4

-20
2
-20
0

-30

0.5

-2

-40
0.96

50

-40

0.4

100

150 800

1000

1200

1400

0.94
1100

0

500

1200

1000

Time (s)

(c) Normalized power.

1300

1500

0

500

1000

1500

Time (s)

(d) Control rod speed movement.

Fig. 4: Variation of signals during load-following mode of operation.

TABLE III: Model variables and their definition
Variable
vrod
ilo
Pn
utg
ps
Qheat
pp
ṁspr
ṁsur
lw
ωtur

Definition
Rod movement speed
Ex-core detector current
Normalized power
Input signal to the valve
Steam generator pressure
Rate of heat addition by heater
Pressurizer pressure
Mass spray flow rate
Mass surge flow rate
Pressurizer level
Turbine speed

TFL. The frequency response of the LTF matrix for different
values of q can be plotted to compare with that of the TFL.
In the case of adaptive controllers, the parameters Ka and
D(s) are selected to ensure that the transfer function F (s)
is stable. F (s) should ensure that only the frequencies in the
control channel bandwidth are allowed. The large bandwidth
of F (s) causes small design bounds and yields a system with
desired behaviour with small robustness margins. On the other
hand, a smaller bandwidth of F (s) causes better robustness
with reduced performance. Thus, there is a trade-off between
performance and robustness. Nevertheless, static feedback gain
can also be employed to achieve designs with the required
performance and sufficient robustness margins. Based on these
criteria, the values of different tuning parameters adopted for
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the simulations of each scheme have been determined and are
given in Table II.
B. Case A: Reactor Power Loop
For the reactor power loop, the input to the system is vrod
and the output from the system is ilo . The non-zero elements
of the input vector Bm , the output vector C, and the system
matrices A are given in Table I. The matched disturbance σ1 (t)
is in the rod speed and the unmatched disturbance σ2 (t) is in
the total reactivity. For the given matrices, the controller can
then be designed using the approach discussed in the previous
section.
1) Case A.1: A load-following transient is studied to analyze 5%/min ramp power variations [12] [36]. It is given as
follows:

1,
0 ≤ t ≤ 60




1
+
(t
−
60)0.05/60,
60
< t ≤ 300




1.2,
300
< t ≤ 760




 1.2 − (t − 760)0.05/60, 760 < t ≤ 1000
1000 < t ≤ 1360 (56)
Pnref = 1,


1
−
(t
−
1360)0.05/60,
1360 < t ≤ 1600




0.8,
1600
< t ≤ 1960




0.8
+
(t
−
1960)0.05/60,
1960
< t ≤ 2200



1,
2200 < t ≤ 2500
The performance of the proposed controllers is shown in Fig.
4a. The PID, LQG, and LQG/LTR controllers are inadequate
to dismiss the disturbances. The outputs of adaptive controllers
can follow the transient smoothly as anticipated given the
uncertainties and the disturbances. The Robust L1 -adaptive
control is found to give better set-point tracking than all other
techniques. The control signal variation of control rod speed is
shown in Fig. 4b. The high-frequency oscillations can be seen
in the control inputs of PID, LQG, and LQG/LTR controllers.
These oscillations may cause wear, tear, and saturation of
the actuators and may sometimes also lead to the violation
of input-output constraints. Furthermore, it will also affect
the time responses of actuators and sensors resulting in the
degraded performance over time. On the contrary, the response
of adaptive controllers is much-enhanced and independent
from disturbances and oscillations. The performances of PID,
LQG, LQG/LTR, L1 -adaptive control, and Robust L1 -adaptive
control approaches are numerically compared in Table IV.
Case A.1 compares the control performance using PRMSE,
TVI, and L2 NI for the aforementioned set point variation
in reactor power. PRMSE is computed using the reference
power and the measured power. It is found that the values
of PRMSE for the adaptive control approaches are lower
than those of the other approaches. The Robust L1 -adaptive
controller tracks the set-point more closely and with less
error than the L1 -adaptive controller. The control efforts are
calculated using the TVI and the L2 NI which are based on
the control rod speed. They are found to be lower for the
adaptive control approaches. The L1 -adaptive controller takes
lower control efforts than the Robust L1 -adaptive controller.
The performance of the PID controller is found to be better
than the LQG and the LQG/LTR with slightly more control
efforts and with overshoots and undershoots.

2) Case A.2: Another load-following transient is studied to
analyze the performance during an emergency operation. The
reference power value is decreased from 100% to 50% FP, to
simulate an emergency operation of 50% step load rejection.
The reactor power is then guided back to its initial power value
at 5%/min ramp. It is described as follows:

1.0,
0 ≤ t ≤ 50



0.5,
50 < t ≤ 500
ref
Pn =
(57)
0.5
+
(t
−
500)0.05/60,
500
< t ≤ 1100



1.0,
1100 < t ≤ 1500
The reason behind such a large transient is to test the widerange performance of the controllers. The performance of the
proposed controllers is depicted in Fig. 4c. The LQG/LTR
controller gives superior performance than that of the PID
and the LQG controller which give undershoot of 19% and
4%, respectively. Such large undershoot in case of the PID
controller is unacceptable. The L1 -adaptive control and the
Robust L1 -adaptive control are able to track the rapid 50%
load rejection dynamic avoiding any overshoot and are able to
reject the existing uncertainties and disturbances, out of which
the Robust L1 -adaptive control gives better set-point tracking.
The settling time of Robust L1 AC is around 126.4 s and that
of the L1 AC is around 155.8 s, which indicates that, in this
case, the Robust L1 AC is faster than the L1 AC. Moreover,
there is no overshoot as the responses are overdamped. The
control signal variation of control rod speed is shown in Fig.
4d. The controller signal varies sharply to follow the abrupt
load rejection dynamic. The control output of adaptive controllers does not contain any disturbances whereas the control
outputs of PID, LQG, and LQG/LTR controllers contain highfrequency disturbances. From case A.2 of Table IV, which
considers the above mentioned set point variation in the reactor
power, it can be noticed that the adaptive controllers pursue
the reference better than other controllers in terms of PRMSE
and with fewer control efforts and with less variation in control
signal as evident by L2 NI and TVI, respectively. The PRMSE
is computed using the referenced and the measured power. The
TVI and the L2 NI are computed using the control rod speed.
In practical applications, dynamic compensating networks are
employed to improve the response time characteristics of
actuators and sensors [55]. Smoothing filters and lag-filters
are usually employed to handle high-frequency components
[56].

C. Case B: Steam Generator Loop
For the steam generator loop, the input to the system is utg
and the output from the system is ps . The matched disturbance
is acting in the input signal to the turbine-governor valve and
the unmatched disturbance σ2 (t) is in the valve coefficient.
The secondary pressure is varied in the following manner:

7.285,
0 ≤ t ≤ 50




 7.285 + 10−3 (t − 50), 50 < t ≤ 150
150 < t ≤ 300 (58)
pref
= 7.385,
s


 7.385 − 10−3 (t − 300), 300 < t ≤ 400


7.285,
400 < t ≤ 500
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The performance of the proposed controllers in pursuing the
set-point variations is shown in Fig. 5a. It can be seen that the
adaptive controllers are able to follow the variation smoothly
during the presence of uncertainties and disturbances. On the
contrary, the PID, LQG, and LQG/LTR controllers are unable
to reject the disturbances. The control signal variation to the
turbine governor valve is shown in Fig. 5b. The PID, the LQG,
and the LQG/LTR controllers show low-frequency disturbance
components superimposed in the control signal whereas the
adaptive controllers give smooth variations. The control efforts
taken by adaptive controllers are noticed to be lower than that
taken by other approaches. It can be observed from Table IV
that the Robust L1 -adaptive controller follows the reference
with the minimum PRMSE whereas the L1 -adaptive controller
spends the minimum amount of control energy in terms of
L2 NI and produces fewer variations in the control signal
with regard to the TVI. The PRMSE is computed using the
referenced and the measured steam generator pressure. The
TVI and the L2 NI are computed using the input signal to
the control valve. Figs. 5c and 5d show the behaviour of
reactor power and pressurizer pressure during the set-point
variation in a steam generator in the presence of disturbances.
Thus, it can be concluded that the presence of disturbances
affect all the states in case of PID, LQG, and LQG/LTR
whereas the adaptive controllers are suitably able to discard the
disturbances from all the states and give the desired response,
which is essential for the safe operation of an NPP. Similarly,
the behaviour of other states can be plotted and analyzed.
D. Case C: Pressurizer Loop
In the pressurizer loop, the matched and unmatched disturbances are in the input signal and the surge flow, respectively.
1) Case C.1: Pressure Control by Heater: For the pressure
control by heater loop, the input to the system is Qheat and
the output from the system is pp . The reference pressurizer
pressure is varied in the following way:

0 ≤ t ≤ 100
 15.41,
−3
15.41
+
10
(t
−
100),
100
< t ≤ 200 (59)
pref
=
p

15.51,
200 < t ≤ 500
The performance of the proposed controllers is shown in
Fig. 6a. It can be seen that the adaptive controllers are able
to follow the variation evenly given the uncertainties and
the disturbances. On the other hand, the PID, the LQG,
and the LQG/LTR controllers are inadequate to handle the
uncertainties and the disturbances. The PID controller tried
to reject the disturbance but was unable to completely reject
it. The rate of heat addition control signal is shown in Fig.
6b. The low-frequency disturbance components are found in
the controller inputs of PID, LQG, and LQG/LTR controllers.
The PID controller gives a better response than the LQG
and the LQG/LTR schemes. However, the control input of
PID contains a large overshoot and undershoot. The adaptive controllers are found to take significantly lesser control
efforts than the PID, the LQG, and the LQG/LTR schemes.
The Robust L1 -adaptive controller tracks the reference with
minimum PRMSE, whereas the L1 -adaptive controller spends

minimum control energy and produces less variation in the
control signal. The PRMSE is computed using the referenced
and the measured pressurizer pressure. The TVI and the L2 NI
are computed using the rate of heat addition.
2) Case C.2: Pressure Control by Spray: For the pressure
control by spray loop, the input to the system is ṁspr and
the output from the system is pp . The reference pressurizer
pressure is varied in the following way:

0 ≤ t ≤ 100
 15.41,
−3
15.41
−
10
(t
−
100),
100
< t ≤ 200 (60)
pref
=
p

15.31,
200 < t ≤ 500
The performance of the various controllers in pursuing the
reference is depicted in Fig. 6c. It is observed that the LQG
and the LQG/LTR controllers are not sufficient to handle the
uncertainties and the disturbances present in the system. The
PID controller tracks the set-point superimposed with lowfrequency variations. The adaptive controllers can discard the
disturbances and smoothly track the reference variation. The
rate of spray flow control signal is shown in Fig. 6d. The
control input of the LQG and the LQG/LTR controllers contain
low-frequency disturbance components. The PID control input
also contains a small amount of low-frequency components
and produces large overshoot and undershoot. The adaptive
controllers are found to spend significantly lesser control energies than the other controllers. The Robust L1 -adaptive controller follows the reference with minimum PRMSE, whereas
the L1 -adaptive controller spends minimum control energy and
produces less variation in the control signal. The PRMSE is
computed using the referenced and the measured pressurizer
pressure. The TVI and the L2 NI are computed using the rate
of spray flow.
3) Case C.3: Level Control: For the pressure level control
loop, the input to the system is ṁsur and the output from the
system is lw . The reference pressurizer water level is varied
in the following manner:

28.06,
0 ≤ t ≤ 100




 28.06 − 0.05(t − 100), 100 < t ≤ 150
ref
150 < t ≤ 300 (61)
lw
= 25.56,


25.56
+
0.05(t
−
300),
300
< t ≤ 350



28.06,
350 < t ≤ 500
The performance of the proposed controllers in tracking the
set-point are shown in Fig. 6e. The L1 -adaptive and the
Robust L1 -adaptive controllers are able to follow the reference
dynamics steadily given the uncertainties and the disturbances,
in contrast the other controllers are incompetent to handle the
uncertainties and the disturbances. The control signal to the
chemical volume and control system (CVCS) is illustrated in
Fig. 6f. The LQG and the LQG/LTR contain low-frequency
disturbance components, whereas the PID controller contains
a small amount of low-frequency components. The Robust
L1 -adaptive controller follows the reference with minimum
PRMSE, whereas the L1 -adaptive controller spends minimum
control energy with less variation in the control signal. The
PRMSE is computed using the referenced and the measured
pressurizer level. The TVI and the L2 NI are computed using
the control signal to the CVCS.
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Fig. 5: Variation of signals during a set-point change in the steam generator pressure.

E. Case D: Turbine Speed Loop
For the turbine speed loop, the input to the system is utg and
the output from the system is ωtur . The matched disturbance is
acting in the input signal to the turbine governor valve and the
unmatched disturbance σ2 (t) is in the valve coefficient. The
reference power from the generator is varied in the following
manner:

0 ≤ t ≤ 200
 1,
ref
Pdem
= 1 + (t − 200)0.05/60, 200 < t ≤ 260 (62)

1.05,
260 < t ≤ 1000
The performance of various controllers for pursuing the reference variation in the demand is illustrated in Fig. 7a. The PID,
the LQG, and the LQG/LTR controllers follow the dynamics
with superimposed disturbances. The adaptive controllers give
better set-point tracking and they are able to handle system
uncertainties and disturbances. The control signal variation to
turbine governor valve is shown in Fig. 7b. It can be noticed
that the control output of PID makes larger excursions than
other controllers. From Table IV, it is clear that the PID
control follows the reference with minimum error, though,
it spends maximum control energy. In addition, the PID
controller gives an overshoot of 1.2%. The L1 -adaptive and
the Robust L1 -adaptive controllers gave similar responses and
spends minimum similar control energies. The Robust L1 -

adaptive controller produces slightly less error than the L1 adaptive, which spends comparatively less control energy. In
this case, the PRMSE is computed using the referenced and
the measured mechanical power. The TVI and the L2 NI are
computed using the control signal to the turbine governor
valve.
F. Case E: Load-Following Mode of Operation
A case study for the load-following mode of operation in the
presence of a large amount of disturbance and measurement
noise has been performed. The amplitude of disturbances σ11
and σ22 are selected such that they perturb the plant output by
15% from its steady-state value. A random noise with a mean
value of zero and a standard derivation of 10−3 is considered
as the measurement noise. The generator demand is varied in
the following manner: Initially, for 200 s, the power is kept
at 1 per unit (pu); then, it is varied at 10%/min in 60 s to
0.9 pu; held at 0.9 pu for 940 s; then, it is changed to 1 pu
in 60 s at the same rate and, held at 1 pu for the rest of the
time span. The performance of various controller in tracking
the demand power is depicted in Fig. 8a. The Kalman filter
employed in case of state-feedback controllers can estimate
the states well enough given the measurement noise. Thus,
the output of state-feedback controllers can track the setpoint variation. The adaptive controllers can suitably reject the
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Fig. 6: Variation of signals during a set-point change in the pressurizer.

disturbance. The PID, the LQG, and the LQG/LTR controllers
pursue the dynamics with superimposed disturbances on the
output signal. The variation of turbine speed signal is shown
in Fig. 8b. It can be noticed from Table IV that the value of
control measures for the adaptive control schemes are lower
than those of the other techniques. In this case, the PRMSE is
computed using the referenced and the measured mechanical
power. The TVI and the L2 NI are computed using the control
signal to the turbine governor valve. Adaptive controllers can

handle the large disturbance signal without compromising
the performance. The adaptive controllers take the minimum
control effort in terms of L2 NI and give a smooth control
output as evaluated by TVI. Overall, the L1 -adaptive controller
tracks the demand with minimum PRMSE, whereas the Robust
L1 -adaptive takes minimum control effort.

G. Statistical Measures
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Fig. 7: Variation of signals during a demand power change from generator.
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Fig. 8: Variation of signals during load-following mode of operation.

1) Coefficient of Variation: The tracking performance of
different controllers is further compared by computing the
coefficient of variation (CV) for the residuals which is given
by the ratio of the standard deviation of the residuals to the
mean of the residuals
σe
CV =
(63)
µe
where e = y − r represents residual. σe and µe represent
standard deviation and mean of residual, respectively. For each
case, the residuals are calculated using the reference signal
and the measured signal obtained from the sensor output.
The measured sensor signals are in proportion to the sensed
physical quantity. Due to randomness in an uncertain environment, the variable y will not be exactly equal to variable r
and the residual will have a non-zero mean value. Here, the
purpose of the CV is to test the efficacy of the controller in
making the sensor output track the reference signal. To test the
controller in the presence of random noise, a random process
noise with a signal to noise ratio of 60 dB is added through
the input channel, in addition to the considered disturbances,
uncertainties, and measurement noise. To present statistically
valid argument, 10 simulation runs have been carried out

for each case, and the value of the CV has been calculated.
Table V shows the mean-value of the CV of different control
approaches for 10 runs. The mean-value of the residuals (µe )
is never zero and usually lies in the range of 10−2 to 10−4 . It
can be noticed that the value of CV is lower for the adaptive
control approaches. Thus, the adaptive controllers give a better
set-point tracking than the classical controllers (PID, LQG,
LQG/LTR) in an uncertain environment.
2) Kolmogorov-Smirnov Test: The Kolmogorov-Smirnov
(K-S) test [57] is a nonparametric hypothesis test that evaluates
the difference between the cumulative density functions of the
distributions of the two sample data vectors over the range in
each data set. Here, the K-S test is performed to check the
consistency of the distribution of the values of PRMSE, TVI,
and L2 NI with normal distribution. Each data-set is formed
of the 10 values obtained for 10 simulation runs. It has been
found in all the cases that the values of PRMSE, TVI, and
L2 NI are normally distributed at 5% significance level.
3) t-test: The performance of various controllers is compared in a statistical manner using t-tests, which allow to
establish that the performance of one control approach is
significantly better, under one particular measure, than the

14

TABLE IV: Performance comparison of control approaches
Case

A.1

A.2

B

C.1

C.2

C.3

D

E

Technique
PID
LQG
LQG/LTR
L1 AC
Robust L1
PID
LQG
LQG/LTR
L1 AC
Robust L1
PID
LQG
LQG/LTR
L1
Robust L1
PID
LQG
LQG/LTR
L1
Robust L1
PID
LQG
LQG/LTR
L1
Robust L1
PID
LQG
LQG/LTR
L1 AC
Robust L1
PID
LQG
LQG/LTR
L1 AC
Robust L1
PID
LQG
LQG/LTR
L1 AC
Robust L1

PRMSE
1.200 × 100
1.253 × 100
2.795 × 100
1.110 × 100
1.109 × 100
3.354 × 100
3.715 × 100
7.139 × 100
2.474 × 100
2.373 × 100
4.491 × 10−1
5.366 × 10−1
6.583 × 10−1
2.081 × 10−1
1.695 × 10−1
4.330 × 10−2
4.504 × 10−1
4.497 × 10−1
1.145 × 10−1
3.610 × 10−2
9.710 × 10−2
1.881 × 10−1
1.916 × 10−1
8.780 × 10−2
5.110 × 10−2
3.718 × 100
3.526 × 101
3.517 × 101
2.517 × 100
1.865 × 100
9.703 × 10−1
1.927 × 100
1.269 × 100
1.394 × 100
1.391 × 100
3.119 × 100
2.488 × 100
2.413 × 100
2.352 × 10−1
2.377 × 100

TVI
2.530 × 10−1
2.503 × 10−1
2.494 × 10−1
2.384 × 10−2
2.401 × 10−2
1.704 × 10−1
1.532 × 10−1
1.244 × 10−1
7.750 × 10−2
8.630 × 10−2
1.117 × 10−1
1.270 × 10−1
1.280 × 10−1
1.097 × 10−1
1.130 × 10−1
4.571 × 101
6.695 × 101
6.773 × 101
2.558 × 101
2.587 × 101
1.129 × 103
1.173 × 103
1.174 × 103
6.767 × 102
6.841 × 102
5.113 × 102
6.514 × 102
6.554 × 102
2.984 × 102
3.020 × 102
6.333 × 10−1
4.287 × 10−1
4.766 × 10−1
1.215 × 10−1
1.216 × 10−1
2.893 × 101
2.435 × 101
2.633 × 101
3.596 × 100
8.401 × 10−1

L2 N I
2.499 × 100
2.370 × 100
2.248 × 100
2.123 × 100
2.147 × 100
6.266 × 100
5.377 × 100
4.912 × 100
4.145 × 100
4.943 × 100
2.089 × 101
2.092 × 101
2.053 × 101
2.009 × 101
2.117 × 101
4.033 × 103
4.134 × 103
4.154 × 103
3.954 × 103
3.998 × 103
1.071 × 105
1.059 × 105
1.055 × 105
1.026 × 105
1.067 × 105
2.321 × 104
2.789 × 104
2.785 × 104
2.289 × 104
2.317 × 104
1.079 × 102
9.129 × 101
9.557 × 101
8.727 × 101
8.728 × 101
2.507 × 102
2.363 × 102
2.380 × 102
2.188 × 102
1.928 × 102

TABLE V: Coefficient of variation of control approaches
Case
A.1
A.2
B
C.1
C.2
C.3
D

PID
16.231
4.615
32.731
15.234
16.102
15.867
80.034

LQG
16.987
4.507
10.724
6.237
5.346
5.023
4.346

LQG/LTR
27.507
5.394
6.874
5.031
7.376
5.315
4.112

L1 AC
7.252
3.864
5.112
1.301
1.346
2.025
1.995

Robust L1
8.211
3.757
3.989
2.508
1.982
1.898
2.024

performance of a different control approach. The t-test has
been performed at a 5% significance level using the PRMSE,
TVI, and L2 NI values computed after 10 simulation runs.
It is employed to compute the 95% confidence around the
mean value and the t-statistic. The mean-value and standard

deviation are calculated from the 10 means from the simulation
runs. The standard deviation is the sample standard deviation
denoted by s. The mean-value (µ), confidence interval (ci), and
standard deviation (s) for PRMSE, TVI, and L2 NI are given
in Tables VI, VII, and VIII, respectively. The mean values
of PRMSE/TVI/L2 N I for different control approaches are
analysed to evaluate their statistical significance. The Robust
L1 AC is proposed to incorporate the robustness properties
of the LQG/LTR controller and the adaptive features of
L1 -adaptive control. From the simulations, it has also been
observed that the Robust L1 AC gives a lower tracking error as
compared to the L1 AC with lower control energy. However,
both techniques have similar statistical performances. It can
be observed from the confidence interval that the L1 AC and
Robust L1 AC are statistically indistinguishable from each
other, and statistically better than any of PID, LQG, and
LQG/LTR, at the 95% confidence level. The confidence interval of the difference of the mean of L1 AC and Robust
L1 AC includes 0, which suggests that there is no significant
difference between the means of L1 AC and Robust L1 AC.
On the contrary, the confidence interval of the difference of
the means of adaptive techniques and classical techniques do
not contain 0, which indicates that there is a statistically significant difference between the means of adaptive techniques
and classical techniques. Thus, it can be concluded that the
adaptive controllers significantly improve the performance in
an uncertain environment.
VI. C ONCLUSIONS
PWR-type NPPs are complex nonlinear systems with high
uncertainties. For the safety, stability, and efficiency of their
operation, it is imperative to advance adaptive control-based
techniques. The current work formulates state feedback-based
adaptive control design strategies for the control of a PWRtype NPP. The proposed L1 -adaptive control formulates the
nominal control using the LQG technique, and the adaptive
control is designed using the projection-based adaptation law.
The Robust L1 -adaptive control technique combines the L1 adaptive control with the LTR technique to propose an adaptive state feedback control strategy. The control framework
provides enhanced performance with improved robustness
as demonstrated by simulations. The proposed architecture
can track the reference better than other schemes given the
matched and unmatched uncertainties and disturbances. The
proposed adaptive controllers guarantee robustness with fast
adaptation by decoupling the adaptation and the robustness.
They further guarantee transient performance without employing gain-scheduling, or high-gain feedback, or the assumption
of persistency of excitation. The efficacy of the methodologies
has been analyzed using simulations on various subsystems
of the NPP. The adaptive controllers have shown uniform
and smooth transient performance given different disturbances
affecting both the matched and the unmatched channel. The
control inputs do not contain high-frequencies despite large
adaptation and are found to be well in the low-frequency range.
Nevertheless, in the case of real plants, it is recommended
to analyse the impact of the control algorithm on actuator
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TABLE VI: Mean value, confidence interval, and standard deviation based on the t-test for the PRMSE
Case

A.1

A.2

B

C.1

C.2

C.3

D

µ
ci
s
µ
ci
s
µ
ci
s
µ
ci
s
µ
ci
s
µ
ci
s
µ
ci
s

PID
1.3955
(1.1373, 1.6536)
0.354
3.4885
(2.8932, 4.0837)
0.8163
0.6300
(0.3352, 0.9247)
0.4042
0.1390
(0.0164, 0.2615)
0.1681
0.2601
(0.1864, 0.3335)
0.1008
3.7420
(3.6676, 3.8163)
0.1020
2.0010
(1.8477, 2.1542)
0.2102

LQG
1.4485
(1.1122, 1.7847)
0.4611
3.8320
(3.2389, 4.4250)
0.8133
0.7080
(0.2549, 1.1610)
0.6213
0.6710
(0.5510, 0.7909)
0.1645
0.2760
(0.1844, 0.3675)
0.1256
35.293
(35.223, 35.3625)
0.0954
2.2140
(2.0612, 2.3667)
0.2095

LQG/LTR
2.9940
(2.3344, 3.6535)
0.9045
7.2355
(6.8043, 7.6666)
0.5913
0.8700
(0.3075, 1.4324)
0.7713
0.6530
(0.5275, 0.7784)
0.1721
0.2690
(0.1798, 0.3581)
0.1223
35.199
(35.134, 35.2634)
0.0884
1.7440
(1.5931, 1.8948)
0.2068

L1 AC
1.1120
(1.0901, 1.1338)
0.0300
2.3960
(2.2935, 2.4984)
0.1405
0.1720
(0.1202, 0.2237)
0.0709
0.1060
(0.0299, 0.1820)
0.1043
0.1140
(0.0491, 0.1788)
0.0889
2.5230
(2.4984, 2.5475)
0.0337
1.1460
(1.0730, 1.2189)
0.1001

Robust L1
1.1100
(1.1027, 1.1172)
0.0100
2.4920
(2.4125, 2.5714)
0.1090
0.2070
(0.1924, 0.2215)
0.0200
0.0740
(0.0026, 0.1453)
0.0978
0.1030
(0.0354, 0.1705)
0.0926
2.3980
(2.2454, 2.5505)
0.2092
1.2323
(1.1493, 1.3146)
0.1134

TABLE VII: Mean value, confidence interval, and standard deviation based on the t-test for the TVI
Case

A.1

A.2

B

C.1

C.2

C.3

D

µ
ci
s
µ
ci
s
µ
ci
s
µ
ci
s
µ
ci
s
µ
ci
s
µ
ci
s

PID
0.3580
(0.1421, 0.5738)
0.2960
0.5610
(0.1650, 0.9569)
0.5430
0.2660
(0.1084, 0.4235)
0.2160
48.728
(48.480, 48.975)
0.3400
1129.050
(1128.9, 1129.1)
0.1730
511.335
(511.23, 511.43)
0.1330
0.814
(0.3596, 1.2683)
0.6230

LQG
0.3350
(0.1206, 0.5493)
0.2940
0.5150
(0.1197, 0.9102)
0.5420
0.2250
(0.1090, 0.3409)
0.1590
69.966
(69.718, 70.213)
0.3400
1173.150
(1173.0, 1173.2)
0.1680
651.255
(651.16, 651.34)
0.1200
0.457
(0.1901, 0.7238)
0.3660

LQG/LTR
0.3340
(0.1196, 0.5483)
0.2940
0.4850
(0.0912, 0.8787)
0.5400
0.2160
(0.1088, 0.3231)
0.1470
72.747
(72.564, 72.929)
0.2500
1174.550
(1174.4, 1174.6)
0.1950
655.455
(655.35, 655.55)
0.1310
0.541
(0.3852, 0.6967)
0.2136

performance on actual applications as the control signal can
potentially stress the control rod and control valve over time
if it contains high frequency noise.
A detailed statistical analysis has been carried out to
compare the control performances of different schemes by
computing coefficient of variation, the Kolmogorov-Smirnov

L1 AC
0.0660
(0.0269, 0.1050)
0.0535
0.0620
(0.0094, 0.1145)
0.0720
0.1080
(0.1043, 0.1116)
0.0050
23.598
(23.493, 23.702)
0.1429
676.650
(676.45, 676.84)
0.2730
298.125
(297.94, 298.30)
0.2410
0.170
(0.1047, 0.2352)
0.0895

Robust L1
0.0750
(0.0432, 0.1067)
0.0435
0.0820
(0.0311, 0.1329)
0.0698
0.1150
(0.0754, 0.1545)
0.0542
28.883
(28.785, 28.980)
0.1333
684.050
(683.87, 684.22)
0.2370
302.365
(302.15, 302.57)
0.2900
0.087
(0.0294, 0.1445)
0.0789

test, and the t-test. It has been observed that the coefficient
of variation is lower for the adaptive control schemes, which
makes them preferable for set-point tracking over the classical controllers. Control measures such as PRSME, TVI,
and L2 N I are compared to test the performance of various
controllers using t-tests. It has been found that the adaptive
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TABLE VIII: Mean value, confidence interval, and standard deviation based on the t-test for the L2 N I
Case

A.1

A.2

B

C.1

C.2

C.3

D

µ
ci
s
µ
ci
s
µ
ci
s
µ
ci
s
µ
ci
s
µ
ci
s
µ
ci
s

PID
2.699
(2.5298, 2.8681)
0.2320
6.560
(6.2179, 6.9020)
0.4690
22.138
(22.046, 22.229)
0.1251
4033.45
(4033.1, 4033.7)
0.4721
107122.0
(107121.8, 107122.2)
0.2401
23228.35
(23228.2, 23228.4)
0.1920
119.056
(118.89, 119.21)
0.2150

LQG
2.470
(2.3095, 2.6304)
0.2200
5.629
(5.3219, 5.9360)
0.4210
22.140
(22.044, 22.233)
0.1279
4134.75
(4134.4, 4135.0)
0.4512
105975.0
(105974.8, 105975.2)
0.2510
27901.40
(27901.2, 27901.5)
0.2302
92.493
(92.275, 92.710)
0.2980

LQG/LTR
2.43
(2.2921, 2.5678)
0.1890
4.430
(4.1550, 4.7049)
0.3770
21.784
(21.693, 21.874)
0.1243
4154.65
(4154.2, 4155.0)
0.4911
105527.0
(105526.8, 105527.2)
0.2400
27867.25
(27867.0, 27867.4)
0.2410
96.611
(96.400, 96.821)
0.2880

controllers produce low tracking errors, thereby are able to
follow the desired set-point in a better way than the classical
controllers. Additionally, the adaptive controllers take lower
control energies and produce smaller variations in the control
signal. It has also been found that the Robust L1 AC gives
better set-point tracking than the L1 AC with lower control
efforts. However, both techniques have similar statistical performances. The Robust L1 AC is also found to have a lower
settling time than that of the L1 AC, making the Robust L1 AC
faster than the L1 AC when tracking a step change in the setpoint.
The simple architecture of the adaptive controller allows
their integration with other existing state-feedback controllers
as a control routine performing on digital control system
platforms. Before implementing the proposed controller in
a real power plant, the required certifications needed to be
obtained. Lengthy but crucial steps such as verification and
validation (V&V) are critical for the life-cycle analysis of
real-time safety-critical systems [58]. The control scheme is
verified and validated to examine the development of hardware
and software and to ensure desired performance and functionality. Following the relevant standards, these steps are usually
performed on simulators before administering in real NPPs
[59]. The important steps during V&V of control software
are the specification of system requirements and computer
system and integration and testing, software design, validation
and commissioning test, system handover, acceptance, and
maintenance [59].
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