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Abstract
This work presents a numerical study of the simulation of bi-phasic flow for a bubble rising in the viscous liquid.
A 2D model is employed via Smoothed Particle Hydrodynamics (SPH). The liquid/bubble capillary interaction must
be taken into account, implementing adequate properties of density, viscosity, and surface tension at the interface.
Likewise, the simulation results are evaluated with numerical and experimental measurements from the literature in
terms of terminal bubble morphology. These results are characterized by the variation of the dynamic parameters,
such as the Reynold number (Re≤ 50), Eötvös number (Eo≤200), density ratio (Φ ≤ 1000), SPH resolution size
(∆x ≤ 1/500), and the ratio between cavity width and the bubble diameter (β ≤ 8). Consequently, it is explored the
independence of sidewalls on a single bubble rising, these results display different shapes and vortex regimes between
the circular, ellipsoidal, and cap morphologies. Furthermore, The behavior of the bubble deformations during the high
or low influence of sidewall is shown throughout cases with lateral instabilities, such as tails, break-up, and satellite
bubble formation. Finally, It is demonstrated that the bi-phase SPH algorithm is robust enough, providing qualitative
and quantitative information about global typical characteristics of a single rising bubble.
Keywords: Bubble morphology, Bubble rising, Bi-phase flow, SPH

1. Introduction
Bubbling flows are important for many industrial (engineering) and natural (biology) processes, as the interaction
of a buoyant bubble within a viscous liquid that plays a key role in several applications, such as the oil/petroleum
refining, the nuclear industry, steam generation in thermal plants, fluidization (filtration and separation particles), the
brewing industry, microfluidic devices, etc. [1, 2, 3]. Thus, the topological changes of the bubble in the upward path
(wake, tails and break-up) [4, 5] could control the interfacial area, improving the transfer of heat and mass during the
rising movement, e.g., as in the columns of bubbles in chemical and biological reactors with gas. However, the current
mechanisms of bubble interactions are not well understood [6, 7]. In order to find the main factors that affect these
mechanisms in bubbling flows, it is necessary to analyze the flow patterns around a single rising bubble.
The rise of a bubble in a viscous liquid is a very complicated non-linear, and non-stationary hydrodynamical
process. This is usually accompanied by a significant deformation of the bubble, indicating the interaction between
aerodynamic drag and gravitational forces in fluids with the variation of parameters such as viscosity and surface
tension [8, 9]. The deformations of bubble domains cause different characteristics of flow patterns around the bubble
and the liquid surrounding [10, 11], where several experimental studios discussed that problem [12, 13]. Thereby,
studies include the rise of a bubble in an immiscible and viscous liquid [14, 15]. Meantime, approximated theoretical
solutions were obtained for low or high Reynolds numbers (viscosity term) for mesh methods implementation, such
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as the investigations of M. Sussman et al. [16, 17], J. Hua et al. [18, 19], L. Amaya-Bower and L. Taehu [20], I
Chakraborty et al. [21] and A. Zhang et al. [22], which inspired this work.
This article presents the results of a computational study that provides new ideas about the phenomena involved
in bubble dynamics, for the implementation of the SPH mesh-free method [23, 24]. The experimental observations
are compared to the simulation results, in which the physical mechanisms can be explained for a wide diversity
related terms such as viscosity, density, finite cavity size, and precision of the mesh-free method. Therefore, this
work is an attempt to explore moderate conditions for a complete model of problems in the evolution of bubble
deformation, taking into account the surface tension force, as well as the viscosity and density of the fluid inside
the bubble. A mesh-free method with Lagrangian formalism and simulations of problems with interaction at various
scales, phases, and fluid-structure is the SPH method [25, 26]. Currently, the simulation for rising bubbles with
SPH uses the Navier-Stokes equations, associated with the CSF methodology [27, 28]. Hence, the SPH and CSF are
employed to successfully calculate the morphological exchange of the liquid and bubble interface [29, 30].
This exploration seeks to contribute fundamentally to the evolution of an effective algorithm for the phenomena
involved in the bubble rising through a viscous liquid, based on the classic weakly compressible 2D SPH, modified for
multiple fluid problems without adding parameters that considerably increase the computational cost. Here, the main
problem is to provide an adequate reinterpretation of SPH for a variety of parameters in bubbles and fluids. Hence,
works by Español and Revenga [31], and Bonet and Lok [32] for an elegant formulation without density dependence,
and the subsequent refinement studied by Hu and Adami [33, 28], Grenier et al. [34] and Shadloo et al. [35] for an
SPH in multiphase problems with high density (gas-liquid) ratio, and the real capillary interface (surface tension)
approach are an inspiration in the SPH methodology proposed.
Recently, Zhang et al. [36, 37], Rezavand et al. [38], Krimi et al. [39] and Q. Yang et al. [40] carried out more
complete studies on bubble rising problems using the SPH method. These publications are presented as reference
and validation cases for bubbles problems, in specific situations, where slight variations are made in the viscosity and
morphology regime in the bubble. Therefore, this proposal seeks to increase the limits of the study of the different
effects in the approximation of the numerical simulation in bi-phase problems with SPH, focusing on explorations of
the dynamic phenomena involved in problems of bubble shape changes.
The computational methodology of the SPH mesh-free method is used, a systematic study of different shape
regimes for a single buoyant bubble is provided, addressing the circular, ellipsoidal, and cap regimes as their variation
in agreement with the experimentation provided by Clif and Bhaga [12, 13], Hysing et al. [41], Klostermann et al.[42]
and Zainali et al. [43]. Herein, this study illustrates the influence of cavity width on the morphology bubble caused by
the high or low influence of the sidewalls.
In Particular, this work performs the modeling of unstable bubble regimes, where they are characterized by the
influence of the numerical precision (distance between particles), the ratio between the distance of the sidewalls (cavity
width) and the bubble diameter, together with the variation of boundary no-slip and free-slip conditions [44, 40, 45].
Likewise, a quantification using normal errors and drag rates is proved for these implementations, which is a novel
procedure for this type of problem applying the SPH mesh-free method. Furthermore, the effects of the path of bubble
rising to the different morphologies in the formation of vortex employing streamlines are analyzed. As a result, the
shedding vortexes from an up-flow bubble appear to be a numerical alternative that enriches the discussion of the
bubble morphologies deformation for the bi-phase SPH implementation.
This work begins with the simulation of different bubble shapes, depending on the values of dynamic parameters
of the bubble/liquid interaction (viscosity and capillarity), to illustrate the performance of the proposed numerical
approach and to highlight the main morphology regimes of the bubbles. Subsequently, the behavior of the bubble
position and rising velocity as a function of time is evaluated with data from the literature [41]. Therefore, the
confirmation of the evaluation of the algorithm is shown to provide qualitative and quantitative information about the
typical global characteristics of a single rising bubble. Finally, several variation situations for the morphologies of the
bubble during the rise are analyzed.
2. SPH multiphase discretization of Navier-Stokes
This study begins with the specification of the physical premises used to derive a mathematical model suitable
for the rising bubble problems. It is considered an unstable laminar flow of two immiscible fluids. Both fluids are
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assumed to be viscous and Newtonian. Also, the flow is considered to be isothermal, neglecting variations in viscosity
and density due to changes in the temperature field. The fluids are also assumed to be incompressible. The validity of
this assumption is affected by several factors, the most important being the condition that the Mach (Ma) number is
always small enough to neglect the compressibility of the bubble.
Moreover, assuming that the fluids are homogeneous, it can be inferred that the densities and viscosities are
constant in each fluid. Hence, a clear interface approach (zero interfacial thickness) is used. As a result, the density and
viscosity have a jump discontinuity at the interface [27], where the surface tension is also taken into account. It is also
assumed that there is no mass transfer through the interface (the interface is impermeable) and there are no surfactants
in the fluids (there is no transport of species along with the interface). The surface tension coefficient is therefore
assumed to be constant. Thus, the medium is treated as a weakly compressible fluid with viscous properties and
multiphase conditions, its governing equations of motion can be described by the isothermal Navier-Stokes differential
equations of mass and momentum written in Lagrangian reference frame as
dρ
= −ρ (∇ · v)
dt

and

dv
1
f(st)
= g − ∇P + f(ν) +
dt
ρ
ρ

,

(1)

where ρ is the fluid density, P is the fluid pressure (e.g, the sum of mean and acoustic pressures) and v is the flow
velocity associated with a fluid particle at time t. Moreover, the viscous force is given by f(ν) = ν∇2 v, being
ν = µ/ρ the kinematic viscosity. Therefore, f(st) represents the surface tension force, which defines the interfaces
between fluids. Hence, this work uses the CSF method [46], for cases with immiscible fluids and constant surface
tension:
f(st) = −σκn̂δΣ ,

(2)

here, σ denotes the surface tension coefficient, κ = −∇ · n̂, n̂ and δΣ represent the curvature, normalized direction
and distribution of the magnitude in fluid surface interface, respectively. The δΣ term is defined with a weight deltafunction in both sides of the fluid interface.
2.1. Governing equations
As a simulation tool, a general computational strategy proposed in [29] and briefly presented in Appendix A
for the approximation methodology is employed. This strategy can model the fluid equations of motion Eq. (1) for
various types of two-fluid interfacial flows. Thereby, the dynamics of a bubble in a liquid can be considered as a
specific application of this computational approach. Accordingly, the SPH approach establishes that the continuum
fluid medium is transformed into a discrete model represented by particles (or nodes) written in a spatial moving
coordinate system, e.g. the particles are represented in Lagrangian form concerning the time. Moreover, the proposed
SPH model can be seen as a general formulation based on the volume-dependency approach [31, 28]. In this way, the
evolution of density, Eq. (1), can be formulated with SPH as


dρ
dt


= ρi
i

N
X

Vj (vi − vj ) · ∇i Wij

j=1

and Vi =

1
N
X
Wij

,

(3)

j=1

with ρi and Vi as the density and volume of the ith particle, respectively. ∇i defines the derivative respect to the
position rij , where rij = ri − rj is the relative position between the ith and jth particles, N is particle number
and Wij represents the quintic spline kernel function, Eq. (A.2). The volume re-initialization is assumed in Eq. (3)
for different particles (Vi ), being used to update continuity formulation of SPH [44]. Therefore, the change in the
densities is adopted due to the volume and velocity field of the neighboring particles. This equation is important in
this methodology because it delineates the update of particle volume without the necessity of the density contribution
by the nearby particles. This allows achieving stability in the presence of fluctuations and instabilities, especially
in cases with several density changes in small domains [44, 29]. As shown in Appendix A, the dynamic viscous
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coefficient, pressure, and volume should be modified to an inter-particle average approximation form
µ̃ij =

2µj µi
µj + µi

, P̃ij =

(Pi ρj + Pj ρi )
ρi + ρj

and

Ṽij = V2i + V2j



.

(4)

The viscous term in Eq. (1) is approximated using Eqs. (A.11) and (A.12) (the Laplacian operator), such that both
discretization shapes are defined as
N
D EMO
1 X
rij · ∇i Wij
(vi − vj )
=
µ̃ij Ṽij 2
f(ν)
mi j=1
rij + ε2
i

D

f(ν)

EMG
i

=

,

(5)

N
1 X
rij · (vi − vj )
∇i Wij .
4µ̃ij Ṽij
2 + ε2
mi j=1
rij

(6)

Where ε = 0.01h is introduced to avoid errors when |rij | ≈ 0. For this work, the Eq. (6) is employed, which shows
the conservation of angular momentum and better behavior for large density fluctuation implementations [29, 39]. The
pressure gradient in Eq. (1) is approximated by Eq. (A.7), in consequence, the proposed formulation can be written as
follows

−

1
∇P
ρ


=−
i

N

1 X
P̃ij + P0 Ṽij ∇i Wij + Θi
mi j=1

and

h
i
7
Pi = P0 (∆ρi ) − 1

.

(7)

Equation (7) is used for incompressible fluids with low Reynolds [47], where ∆ρi is the density rate and Θi is the
interface sharpness control term defining in the Eq. (B.1) (see Appendix B). However, in cases with a high density
ratio, it must be modify with the following function ∆ρi = max [ρi /ρ0,i ; 0.98], where ρ0,i is the initial density. For
this, the initial pressure (P0 ) for all particles, even with different phases is proposed as P0 = 100c2 /7, being c the
sound speed that is formulated in the Eq. (C.1).
2.2. Approximation of the interface
In problems with multiphase fluids, the surface tension appears as a result of the irregular molecular forces due
to the interaction of different fluids. This interface behaves similarly to a stretched thin membrane [28]. Therefore,
an alternative modeling is the CSF formulation using Eq. (2). The CSF is defined by a scalar function C of unit
magnitude, which is known as a color function. The C is like a shaped discontinuity to indicate the interaction
between phases, which is

1, If i and j particles belong to different phase (i 6= j) ,
j
Ci =
(8)
0, If i and j particles belong to the same phase (i = j) .
For the Eq. (8), the type of phase of each particle is constant through the calculations. For the ith particle of a
certain phase, a color index gradient does not disappear, if there are different neighboring particles. Thus, the gradient
C is given by
!
N
Cij ρi
1 X
Ṽij
∇i Wij ,
(9)
h∇Cii =
Vi j=1
ρi + ρj
where Cij is directly evaluated by Eq. (8). The gradient of the color function ∇C establishes an interface surface
(perpendicular field between phases). It becomes as an unitary normal through n̂ = ∇C/|∇C|. Thus, the gradient
of the color function modulus has the character of weight function, where it can be assumed as |∇C| = δΣ . The
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curvature of the interface is defined with the Laplacian of the color function κ = −∇2 C that is expressed as
N 

X
n̂i − λji n̂j · ∇i Wij Vj

hκii = − h∇ · n̂ii = −d

j=1
N
X

,

(10)

|rij · ∇i Wij | Vj

j=1

being d the spatial dimension. Furthermore, for the correct calculation of the curvature κ, the coefficient λji introduced
by Zhang et al. [36] is added to reverse the direction of n̂i , when the ith and jth particles belong to different phases.
λji is defined as follows

−1, If i and j particles belong to different phase ,
j
(11)
λi =
1, If i and j particles belong to the same phase ,
at this point κ, ∇C and ∇ · n̂ are substituted into Eq. (2) leading to the surface tension expression
D
E
f(st) = σ h∇ · n̂ii h∇Cii .
i

(12)

3. Implementation
For stability of this SPH formulation, the maximum time step is chosen based on several criteria, viz., the artificial
sound speed and maximum flow speed, viscous force, body force, and surface tension. Thus, the time step is chosen
to satisfy the Courant Friedrichs Lewy (CFL) conditions (see a brief explanation in Appendix D). Therefore, the
presented SPH formulation is integrated over time using a predictor-corrector scheme, described in Appendix E. In
this work, the particle discrete domain is built for a Cartesian distribution with particle distance ∆x, and its relation
with the smoothed length defining as h = 4∆x/3 for all cases. This distribution is produced employing the GMSH
software [48] available in http://gmsh.info/.
It is implemented that initial density with the effect of hydrostatic pressure condition - HPC (Appendix F). Meanwhile, the boundary wall conditions applying are defined through dummy particle methodology [44, 30] that is introduced the Appendix G for the free-slip and no-slip conditions. Furthermore, it is presented the summary of the
solution algorithm procedure for the bi-phase SPH approach in Appendix H.
The SPH code is implemented in C++ using the Compute Unified Device Architecture (CUDA) developed by
Nvidia to run on a Graphical Processing Unit (GPU). The code generates the output data in VTK format (https:
//www.vtk.org/) for visualization e post-processing using the open-source data analysis software Paraview
(https://www.paraview.org/).
4. Results and discussion
The movement of a floating bubble through a viscous liquid is always presented as an unstable process. In this
way, there is a possibility of dividing all possible flow patterns into several different groups, called the shape regimes,
characterized by the assumption that, within each regime, the bubble remains in almost the same shape. A specific
representative shape of the bubble can be suggested only at some instant after the start of the deformation of the
initial spherical bubble. On the other hand, in later stages of the displacement, the shape of the bubble can change
significantly, it can probably represent a transition from one form of the regime to another. Therefore, the notion of
shape regimes is somewhat coarse, although it has proved to be extremely useful for the classification of different
types of bubble behavior [49, 50]. In this context, previous work on experimentation with the rise and deformation of
a single bubble in a stagnant fluid has been reported in the literature, where the rise of the bubble in a viscous fluid
under the influence of the force of gravity can be grouped by various names. Generally, three main regimes can be
highlighted: circular, ellipsoidal, and spherical cap, as observed and described by Clift et al. [12], and they are shown
in the gray drawings in Fig. 1 in their 2D projection.
5

Depending on the primary forces acting on the system, the dynamics of the bubbles or drops can be classified
into different regimes. Hence, rise bubble problem in the interaction of the buoyant force in a finite liquid medium
can be characterized by the following quantitative independent dimensions: densities ρl and ρb , viscosities µl and
µb , gravity g, surface tension coefficient σ, and the length and time variables. Here, the indexes l and b correspond
to the surrounding liquid the bubble and the fluid inside of the bubble, respectively. According to the dimensional
analysis proposed, two dimensionless rations can be formed to completely describe the problem. Those are the density
Φ = ρl /ρb and viscosity λ = µl /µb rations. Additionally, it is necessary to establish two dimensionless numbers,
which are characteristic in the exploration of bubble dynamics. They are the number of Reynolds Re and the number
of Eötvös Eo (also known as the Bond number in some literature) defined as:
q
ρl D30 g
ρl D20 g
and Eo =
,
(13)
Re =
µl
σ
where D0 , ρl , and µl are the diameter of the bubble, density, and viscosity of the surrounding liquid, respectively. The
morphological regimes in the bubble show great variation in different flow conditions, depending on Re (viscosity
term) and Eo (surface tension term). The bubble rising diagram from the experiments described by Clift et al. [12]
and Bhaga et al. [13] are mapped in Fig. 1, where the gray color describes the Clift results and red the Bhaga results.
The final shape of the bubble rising generally for small bubbles, which have low Re or Eo numbers (Re < 1 or
Eo < 1), the stable state described maintains a firm circular shape. Thus, the morphological configuration for a wide
variety of bubbles, with moderate values of Re and Eo (1 < Re < 200 and 1 < Eo < 200), are significantly affected
by the flow condition. Various bubble regimes (such as ellipsoidal shapes, ellipsoidal oblate, ellipsoidal cap, circular
cap, and skirt/tails type [13]) are achieved for several flow conditions reported in the results of experimental research.
Nonetheless, despite the different shapes due to the variation in viscous coefficients and surface tension, the upward
bubble reaches its straight course in the vertical direction (y-axis), together with a stable behavior in the interaction
with the surrounding viscous liquid.
Otherwise, with the increase in the Re and Eo numbers (Re < 200 and Eo < 200), circular cap and ellipsoidal
oblate morphologies are achieved, along with the bubble’s tendency towards a toroidal regime, wherein the 2D shape
can be observed such as a stretching or central thinning as a dimpled posterior base, thusly to form a thin central
layer at the top of the bubble, along with the formation of tails [51]. These types of regimes are displayed in bubbles
that generate (to consequence to its dimensions) a wake of turbulence when it rises and reach unstable behaviors in
the course of the bubble’s rise around the liquid. Thus, the bubble can reach a trembling format, with oscillations in
the rise way, break up (generation of satellite bubbles), and coalescence [50]. Generally, relatively moderate upper
values of Re ≈ 200 and Eo ≈ 200 should have antisymmetric shapes with some stable behavior even in oscillatory
movements.
For the study of bubble morphology over time, this work analyzes the cases of bubble regime with circular,
ellipsoidal, and cap morphology (circular and ellipsoidal types). Thereby, the three zones of interest are shown in
Fig. 1, for cases with moderate Reynolds regimes (0.5 < Re < 50) with the presence of surface tension variation
in the bubble (0.5 < Eo < 200). The effects on the bubbles/droplets present stable morphologies almost at the
limit of the behavior of droplets or small bubbles (in the order of millimeters or several micrometers). These regions
are intentionally chosen for modeling of moderate or high viscosities, typical of environments and dimensions for
applications in practical processes (laboratory and industrial)[52].
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Figure 1: The location of zones I (blue), II (orange) and III (green) represent the simulation cases in this work, over the regime diagram for rising
bubble shape in stagnant liquids. The lines of colors gray and red describe the regime map of bubble shape proposed by Clift et al. [12] and Bhaga
et al. [13], respectively. For the Bhaga’s map of bubble shape: S, spherical; OE, oblate ellipsoid; OED, oblate ellipsoidal (disk-like and wobbling);
OEC, oblate ellipsoidal cap; SSC, spherical cap with closed, steady wake. The blue star is the location of the case with Eo = 10 and Re = 35,
and the orange star is the location of the case with Eo = 125 and Re = 35. Meanwhile, the line of blue dots a-a represents the case with Eo = 10
and 10 ≤ Re ≤ 50.

Figure 1 delimits the three study zones of this work. Zone I, with a blue domain with moderate Re values (10 <
Re < 50), where the variation of bubble between ellipsoidal and circular morphologies is explored. Meanwhile, zone
II keeps the Re range, because the effects of low surface tension values are analyzed, with the presence of ellipsoidal
cap morphology. Therefore, the influence of the sidewalls is explored in the bubble, with the appearance of lateral
tails, separation, and satellite bubbles. Finally, zone III examines regimes with high viscosity (1.0 < Re < 10). Here,
cases of circular and ellipsoidal bubbles are examined for a wide range of surface tension coefficient values. As a
result, similar dimensions to those expected in the flow of a small bubble through a viscous fluid must be considered.
Figure 2 describes the initial configuration of the bubble problem rising in a viscous fluid under the influence of
gravity, for the implementation of the multiphase SPH model. Where the initial geometric is defined by a circular
bubble (lighter fluid) and surrounded by a viscous fluid (heavier liquid). These fluids are confined by four rigid walls,
with conditions for the walls of upper and lower as no-slip and free-slip, respectively. However, for the 1 and 2
sidewalls are designated according to the implemented problem, always with the same condition (no-slip or free-slip).
The domain of the fluids shown in Fig. 2 presents the setup of a rectangular fluid phase (liquid phase) of Lx2L
with L = 1 and a density for all cases ρl = 1000, wherein the lower part of the liquid a circular bubble/drop is located
with center [0.5, 0.5] and diameter D0 =L/β (for β > 1 and β ⊂ Z+ ). Thus, the force on the body (gravity) with g =
1.0 is applied on the y-axis, in the lower direction of the rectangular cavity.
4.1. Numerical validation
The notion of displacement and terminal velocity of an upward bubble is, to some extent, vague. In reality, the
Archimedean force, the drag, the lift, and the virtual mass forces exerted on the bubble never balance, and thus the
movement of the bubble always remains unstable [12, 41]. However, if the bubble movement is considered in an
infinite fluid medium, after some time, it can be concluded from a certain average of rising velocity or center of mass
whose change in time can be neglected or characterized. Even when the bubble has reached its terminal velocity or
a linear progression from its center. Bubble behavior is still oscillating a little and, therefore, to obtain the actual
speed or position of ascent, it is necessary to average these values. By processing through these averages, the unstable
behavior can be quantified in the time evolution of these variables. Therefore, here the center of mass and rising
velocity are understood as the average rise of the bubble. Accordingly, the simulations are validated using the average
value of the vertical position Yc , which defines the center of mass of the bubble, as:
Yc =

NB
1 X
yi ,
NB i=1
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(14)

No-slip wall

Wall 1

Wall 2

Fluid (f)
L/2
2L

D0=L/β

Bubble/Droplet (d)
L/2

y
Free-slip wall

x

L

Figure 2: Initial conditions of the bubble rising problem in a viscous fluid. Where D0 is the initial diameter of the bubble, wall 1 and 2 represent
the solid boundary condition on the sidewalls (no-slip or free-slip), and β is the rate between the length of the cavity (L) and D0 .

where NB is the bubble total number of particles and yi is the vertical position of bubble particle j. Likewise, the
vertical velocity of the bubble (vby ) is calculated as:
vby =

NB
1 X
vy .
NB i=1 i

(15)

Moreover, the temporal evolution of computer simulations can be quantified using the value of the computed
solutions against a reference value, whereby it is established the following relative error norms:
NTS
X

kl1 k =

|qt,ref
t=1
NTS
X

− qt |

|qt,ref |

t=1

,

 NTS
1/2
X
2
|qt,ref − qt | 


 t=1
 and
kl2 k = 
 X

NTS


2
|qt,ref |

kl∞ k =

maxt |qt,ref − qt |
,
maxt |qt,ref |

(16)

t=1

being qt the temporal evolution of quantity q of the study variable and qt,ref is the comparative reference values (e.g. a
solution with a lower resolution of ∆x). For this purpose, the computational solution requires a temporal comparison
with several fixed time steps (NTS), where the ∆t behaves equally between qt and qt,ref .
For this subsection, the implementation of the multiphase SPH dependence on the ∆x resolution, sidewalls distance and density rate (Φ) in the formation of bubbles are validated. For these, the cases shown in Fig. 1 are used: i)
with a blue star, Re = 35 and Eo = 10, for an ellipsoidal bubble; and ii) with orange star, Re = 35 and Eo = 125,
for a dimpled ellipsoidal cap bubble. Both examples are widely used in the validation of numerical simulations in the
formation of rising bubbles [30, 41].
4.1.1. The ∆x effects in the bubble and its streamlines shedding
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The effects of the resolution of the distance between particles ∆x for the formation of bubbles rising are studied
to the ellipsoidal regime of case 1 (blue star in Fig. 1). Additionally, it is described the effects of ∆x for streamlines
in the bubble and the surrounding fluid. Figures 3 and 4 shows the time evolution of the center of mass and rising
velocity for the variation ∆x from 1/50 to 1/500. The influence of the decrease of ∆x is shown.

Figure 3: Bubble rising resulting with the variation of ∆x resolution with Eo= 10 and Re= 35: Temporal evolution of center of mass.

It is observed that for different ∆x there are great similarities between the bubble solutions. As result, the displacement of the center is shown in Fig. 3 and the velocity in Fig. 4. In Fig. 3 the bubbles show the displacement behavior
of their centers very close between the different ∆x. It can be seen in the graph in detail for the final moments, the
tendency that for a larger size of ∆x a higher position from the center of the bubble occurs. Thus, Fig. 4 for rising
velocity presents an equivalent behavior to the case of center of mass but with less convergence for ∆x ≤ 1/200.
Therefore, the ∆x with 1/50 and 1/100 illustrates a smoother and more abrupt speed evolution, especially with 1/50.
These evolutions are a consequence of the smaller number of particles in the bubble domain.

Figure 4: Bubble rising resulting with the variation of ∆x resolution with Eo= 10 and Re= 35: Temporal evolution of rising velocity.

Table 1 shows the error norms, Eqs. (16), for quantifying the variation of ∆x between 1/50 and 1/400 with the
reference solution (qt,ref ) of ∆x = 1/500 for the center of mass and rising velocity. Hence, it is observed a similar
behavior when ∆x ≤ 1/200. However, there is a certain divergence in ∆x with 1/50 and 1/100, especially in the
kl2 k norm. Similarly, these results are in agreement with the behavior of Figs. 3 and 4.
9

Table 1: The analysis of error norms for the rising bubble temporal evolution with the SPH approach for the comparison between different ∆x,
with the ∆x = 1/500 results as the reference solution.

Center of mass

Rise velocity

1/∆x
50
100
200
300
400
50
100
200
300
400

kl1 k
4.292·10−3
3.322·10−3
2.086·10−3
8.162·10−4
1.160·10−3
2.131·10−2
1.590·10−2
7.370·10−3
2.740·10−3
3.940·10−3

kl2 k
6.688·10−5
2.379·10−5
7.253·10−6
1.131·10−6
2.404·10−6
1.966·10−2
1.012·10−2
1.761·10−3
3.729·10−4
7.173·10−5

kl∞ k
1.444·10−2
8.343·10−3
3.892·10−3
1.549·10−3
2.132·10−3
2.361·10−1
2.085·10−1
7.352·10−2
3.456·10−2
1.541·10−2

Figure 5 describes the distribution of the particles for ∆x between 1/200 and 1/500 at t = 3.0. Figure 5(a)
shows the contour of ∆x = 1/500 to be compared with the particle distributions for 1/300 (half of left side) and
1/400 (half of right side). It is clearly observed the comparability between the contour and the bubbles domain for
the different ∆x. Figure 5(b) illustrates the outline for the cases of1/200 (half of the left side) and 1/500 (half of the
right side), as well as the particle distribution; where the color in them represents the velocity field between the bubble
and the surrounding liquid. These two examples of ∆x describe correspondence in the velocities and the contours.
Consequently, even with a distance of 1/200, it is consistent with the result of ∆x = 1/500 and suitable for solving
bubbles in an ellipsoidal regime [43, 30]. Thus, after realizing that the examples with a resolution between 1/200
and 1/500 reflect coherent results. This work intends to delineate the flow through the velocity field generated in the
bubble and the surrounding liquid by implementing the streamlines post-processing tool, which is widely used for this
type of problem [50, 20]. For this purpose, the Paraview visualization tool [53] is used.
Streamlines are analyzed with a variation of ∆x. Figure 6 presents the streamlines shedding between the rising
ellipsoidal bubble and the surrounding fluid, for cases with ∆x ≤ 1/200 to t = 3.0.

Figure 6: The problem of Bubble rising at t = 3.0 with the variation of ∆x and its effect on the streamlines and the contours resulting with
Eo= 10 and Re= 35: (a) ∆x = 1/500; (b) ∆x = 1/400; (c) ∆x = 1/300; and (d) ∆x = 1/200.

Among these cases, there is a great similarity where the vorticity pattern of the bubble wake is formed on the
bottom sides with two opposite signed vortexes (twin orbitals). These vortexes are created in the wake of the bubble,
located near the zone of interaction with the liquid, so that the streamlines circulate the vorticity and propagate as a
recirculating orbital. Accordingly, a tiny influence of ∆x is observed in the location of the centers of the sides vortex
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Figure 5: Bubble rising examples at t = 3.0 with the variation of ∆x, and its effect in the particles distribution and velocities field. (a) Particle
distribution of ∆x = 1/300 (half of left side) and ∆x = 1/400 (half of right side), and the contour with dots line of ∆x = 1/500, where the red
particles represent the surrounding liquid and the blue particles the bubble. (b) The contours of ∆x = 1/200 (half of left side) and ∆x = 1/500
(half of right side), where the particle colors are the resulting velocities field between the bubble and the surrounding liquid.

of the bubbles and the flow lines. Thereby, streamlines are a suitable tool for a wide variability of ∆x for represented
the vortex shedding.
4.1.2. The effects of sidewalls boundary conditions in the bubble formation
After examining the effects of variable precision (∆x), there is a certain range of ∆x that adequately describes the
rising ellipsoidal bubble regime. In this way, the implementation of the Free-Slip (FS) and No-Slip (NS) conditions
are described in Appendix G with case 1 (Fig. 1) is studied. For these examples, a bubble diameter rate D0 =L/β and
the ∆x of D0 /∆x > 50 are maintained for the different variations of β. Therefore, the distance between the bubble
and the side walls as was defined in Fig. 2 is changed.
Table 2 presents the error norms of Eqs. (16). Thus, the sidewall effects are quantified with NS and FS for the
time evolution of the center of mass and the rising velocity, being used for each β, where FS is employed as qt,ref .
For the center of mass variable, it is observed that the resulting normals are almost of the same order for D0 ≤L/4
with similar behavior. However, it can be seen in the errors of D0 with L/2 and L/3 a certain divergence with the
magnitudes of a larger order, especially in the kl1 k and kl2 k. Meanwhile, the case with rising velocity in Table 2
shows the cases of D0 ≤L/4 with minor errors, especially in the case with L/3.
Table 3 quantifies the effects of the drag generated in the conditions of NS and FS between the different β cases.
Therefore, the drag influences are defined as a function of the rate of rising achieved in the bubble, where two drag
factors are used: the first through the final velocities of the bubble at t = 3.0 for NS conditions (vby,FS ) and FS (vby,NS ),
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Table 2: The analysis of error norms for the temporal evolution of the rising bubble with the SPH approach for the comparison with the wall
conditions of no-slip and free-slip for different bubble diameter (D0 ) and its relation with the distance (L) between lateral walls, with the free-slip
results as the reference solution for each D0 case.

Center of drop

Rise velocity

D0
L/2
L/3
L/4
L/5
L/6
L/7
L/8
L/2
L/3
L/4
L/5
L/6
L/7
L/8

kl1 k
4.101·10−2
1.897·10−2
9.878·10−3
6.391·10−3
3.791·10−3
1.227·10−3
2.134·10−3
1.163·10−1
5.660·10−2
3.375·10−2
2.508·10−2
1.485·10−2
5.669·10−3
1.174·10−2

kl2 k
2.381·10−3
5.467·10−4
1.600·10−4
7.090·10−5
2.427·10−5
2.194·10−6
9.267·10−6
1.727·10−2
5.467·10−4
1.600·10−4
1.139·10−4
6.042·10−4
4.199·10−4
4.819·10−4

kl∞ k
1.782·10−4
1.828·10−4
1.507·10−4
2.416·10−4
3.096·10−4
6.580·10−5
2.470·10−4
7.099·10−2
3.280·10−2
3.372·10−2
2.825·10−2
3.090·10−2
5.057·10−2
4.037·10−2

for the final drag factor given as KU = vby,FS /vby,NS ; and the second factor employs the average velocities of the bubble
y,FS
y,NS
y,FS
y,NS
in the evolution of time for NS (vb,ave
) and FS (vb,ave
) for the drag average determined as KU,ave = vb,ave
/vb,ave
.
Thereby, the factors KU and KU,ave for D0 ≤L/6 exposed a low drag influence of the walls for both boundary
conditions at bubble velocities, where values close to the unit are obtained. Meantime, the cases L/2 and L/3 exhibit
a greater distortion in the values of KU and KU,ave . These cases are further evidence of the drag effect of the wall
with NS compared to the flows achieved with FS in the bubble and the flow through the liquid, especially with the
L/2 case. Finally, for bubbles with L/4 and L/5, drag factors with transient behaviors are confirmed in comparison
to the other D0 in Table 3, because the reached values are intermediate and close to each other. As a result, the factors
achieved are similar to the Table 2.
Table 3: The comparison effect of boundary walls on drag between No-Slip (NS) and Free-Slip (NS) conditions with the variation of bubble
diameter (D0 ) and its relation with the distance (L) between lateral walls. Where the drag factor velocity is defined such as: KU = vby,FS /vby,NS
y,FS
y,NS
for the terminal vertical velocity t = 3 and KU,ave = vb,ave
/vb,ave
for the average vertical velocity.

D0
KU
KU,ave

L/2
1.153
1.165

L/3
1.070
1.073

L/4
1.055
1.038

L/5
1.055
1.033

L/6
1.039
1.011

L/7
1.023
1.005

L/8
1.031
0.996

Figure 7 describes the comparison of the velocity field in the particles, vortex streamlines and the bubble contour
for cases with D0 equal to L/2 Fig. 7(a), and L/3 Fig. 7(b). The case of D0 =L/2 with NS can be seen in Fig. 7(a),
its maximum velocity fields are located around the center of the bubble and the interface of the bubble-liquid. Hence,
the field velocity reached for the FS condition is propagated from the sidewalls to the bubble (without attenuation).
This field opposite to the NS condition, where the sidewalls achieve to attenuate the surrounding liquid exposing the
drag flow over the bubble. Ergo, D0 =L/2 with NS exposes in Fig. 7(a) that there is a deceleration of peak speeds in
the bubble rise.
Contours obtained for L/2 with NS in Fig. 7(a) describe a shape with a certain stretching on the vertical axis for a
bubble narrower and blunter compared to the bubble with FS. The FS bubble in Fig. 7(a) is analogous to that shown in
Fig. 6. Thus, the two vortex patterns are located in the wake of the bubble-liquid interaction at the bottom side corners
within the bubble, while the streamlines shed orbit around the both vorticity center. Likewise, in the vortexes with NS
are caused near the bubble and liquid interface on its sides, but are formed in the liquid.
Figure. 7(b) for L/3 shows that the oblate ellipsoidal shape for both axes, horizontal (x), and vertical (y) compared
to L/2, have greater symmetry and location among the resulting bubbles. These results expose a slight influence of
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the drag of the sidewalls, even with the NS condition. It can be assumed by the morphology reached a predominance
of viscosity and capillarity terms at the interface for the flow of the bubble around the liquid. Where vorticity pattern
develops two vortexes at the corners of the sides of the bubble at the limit with the liquid. Ergo, flow streaming from
the vortexes is propagated into the symmetry line of the wake flow. As a consequence, in the velocity field results for
NS and FS conditions, its maximums are concentrated in the zone of the bubble center.

y

x

(a)

y

x

(b)
Figure 7: Bubble rising problem at t = 3.0 with the variation bubble diameter (D0 ) and its relation with the distance (L) between lateral walls and
its effect of the wall conditions in the streamlines and the rising velocity with Eo=10 and Re=35. The particle colors are the resulting velocities
field between the bubble and the surrounding liquid for: (a) D0 =L/2 and (b) D0 =L/3.

Figure 8 displays the comparison of the velocity fields in the particles, the developed streamlines, and the bubble
contour for cases with D0 equal to L/6 Fig. 8(a),and L/8 Fig. 8(b). For these figures, there is a tiny divergence in the
location of the bubble, to a lower position for the conditions of NS. Here, the field of maximum velocities is located in
the center of the bubble, which propagates from the top and the path taken in the liquid of the cavity, comparable to the
L/3, Fig. 7(b). Besides, the resulting contours do not generate a flat bottom base like the cases with L/2. Therefore,
the morphologies in Fig. 8 are fully symmetrical for an ellipsoidal contour on the x and y axes. These due to the lesser
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influence of the drag flow reached by the interaction of the walls with the fluids, even with the NS condition.
Bubbles in Fig. 8 develop relatively similar vorticity with orbital formatting at the side corners vortex, but with
propagation in the bottom direction and generating flow streaming into the symmetry line of the flow. Therefore, the
example with NS walls and L/6 in Fig. 8(a) is shed the vortexes at the edge of the bubble with the liquid. There is an
exhibited certain distortion in the drag caused by the walls pulling the vortex shedding in the interface wake reached.
However, in other cases, the vortexes are at the wake bubble. The effects of the conditions on the wall with L/6 and
L/8 are shown via the flow lines with the liquid drag, that orbits in the vortexes towards the path followed by the
bubble flow.

(a)

(b)
Figure 8: Bubble rising problem at t = 3.0 with the variation bubble diameter (D0 ) and its relation with the distance (L) between lateral walls and
its effect of the wall conditions in the streamlines and the rising velocity with Eo=10 and Re=35. The particle colors are the resulting velocities
field between the bubble and the surrounding liquid for: (a) D0 =L/6 and (b) D0 =L/8.

4.1.3. Density rate dependence
The examples for the variation of the density rate (Φ) for the rising bubble problem are considered. Initially,
the cases in Fig. 1 are studied, delimited by the dotted blue line a − a for a constant Eo = 10, and the variation of
10 ≤ Re ≤ 50. Therefore, the results for the line a − a for the instant t = 3.0 are shown in Fig. 9, where the influence
on the bubble morphology is compared with Eo = 10 and λ = 10 for different Re numbers for the values of Φ equal
to 100.
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Figure 9 presents the resulting morphologies for Φ 100 and 10 varying the Re. Thereby, the contours for the instant
t = 3.0 show the variation of the different Re (viscosity term) for the two Φ examples. Hence, for Re≤ 30, a further
narrowing is achieved on the vertical axis, across with an elongation on the horizontal axis. However, the ellipsoidal
oblates format is kept, which follows the literature [13, 12], and that established in Fig. 1. This is evident when the
particle distributions between Re = 10 and Re = 50 are compared with Φ 100 and 10. Thus, the two variations of Φ
are similar in the contours and particle distribution caused by Re’s numbers. This reflects the low effects of Φ on the
resulting morphologies.
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Figure 9: Bubble rising problem at t = 3.0 with the variation of 10 ≤ Re ≤ 50 and density rate (Φ) with Eo= 10 and ∆x = 1/200. Particles
distribution of Re= 10 (half of left side) and Re= 50 (half of right side), where the red particles represent the surrounding liquid and the blue
particles the bubble. The contours resulting with (a) continuous line for Φ = 10 and (b) dots line for Φ = 100.

Figure 10 describes the vorticity shedding of the bubble, such as the magnitudes of the velocities in the particles
formed between the rising ellipsoidal bubble and the surrounding fluid, for the problems with Re 10 and 50, and Φ
being 10 and 100. It is noticed that, in all cases two vortexes are produced on the sides of the bubble, located close
to the interaction with the surrounding fluid. The flow streaming obtained circulates the vortexes and the symmetry
line of the flow. Thereby, with Φ being 10 and 100, bubbles with the same number of Re are homologous in the
distribution of flow lines and the position of the sides vortexes, indicating few influences of Φ.
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Figure 10: Bubble rising problem at t = 3.0 with the variation of Φ and Re, and its effect in the contours, streamlines and velocity field with
Eo=10 and ∆x = 1/200. The contours with the continuous line (half of left side) is for Φ = 10 and dots line (half of right side) is for Φ = 100.
The particle colors are the resulting velocities field between the bubble and the surrounding liquid for: (a) Re= 10 and (b) Re= 50.

In the case of Re = 10 from Fig. 10(a) for the rates of Φ being 10 and 100, the maximum velocities can be
seen in the center, expanding vertically in the top and bottom directions. These speeds coincide with the main axis
of the ellipsoidal bubble. Furthermore, a resulting second peak velocity zone is at the lateral end of the liquid and
on the wall, where the drag flow of the surrounding liquid interaction and its incidence with the bubble is observed.
Likewise, a zone of minimum velocities is defined that streaming through the flow circulating at the vicinity of the
lateral vortexes of the bubble.
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Figure 10(b) with Re = 50 results in ellipsoidal bubbles comparable to the case of Fig. 6, with a broad shape on
the horizontal axis and two vortexes. Moreover, the localization of the maximum velocities in the fluids is observed
in the sides of the bubble-liquid interface and the surrounding fluid. It shows the influence of the liquid drag flow on
the droplet shape, in comparison with Re = 10 of Fig. 10(a). Ergo, the propagation of the flow streaming that orbits
the vortexes presents certainly distorted, exhibiting two different characteristics in the vorticity behavior on top and
bottom parts. On the top part, the flow streaming of Fig. 10(b) are disseminated of ellipsoidal shape, analogous to
the case with Re = 10. While on the bottom part, the vorticity pattern is deformed in the vertical direction with the
orbitals being stretched off the rising way of the bubble. These vortexes shedding are propagated through the drag
leakage of the surrounding liquid. Therefore, these flows coincide with the more asymmetrical and deform domain
(main axis) of the bubble morphology. In fact, the down of bubble bottom base sides with Re = 50 achieves a lesser
drag flow resistance of the liquid, compared to the upper part and the Re = 10 cases.
Figure 11 shows the time evolution of the center of mass and the rising velocity, for cases of Re equal to 10 and 50
and Φ with 10 and 100. They describe the effects of the Φ rate for the two Re. Here, a similar trend to that expected
for a bubble with ellipsoidal morphology is observed for the displacement of the center in Fig. 11(a). The behavior
is initially constant, to passing to almost linear growth. Figure 11(b) describes the velocity evolution with a peak
speed followed by oscillating attenuation, where the example with Re = 10 presents a lower peak and a more uniform
attenuation. However, the displacement, as well as the velocity, are larger with the case of Φ = 100 for each number
of Re. This exhibits the effect of the fluctuation force between the bubble and the liquid in the cavity, which is clearly
shown in Fig. 11 about the morphologies and locations of the bubbles.

(a)

(b)

Figure 11: Bubble rising result with the variation of Re and Φ with Eo = 10 and ∆x = 1/200. (a) Temporal evolution of center of mass; (b)
Temporal evolution of rising velocity.

The case 2 indicated by the orange star in Fig. 1, as Re = 35 and Eo = 125 with λ = 100 and ∆x = 1/200, in
that a bubble is expected to form with dimpled ellipsoidal cap morphology. Therefore, Fig. 12 shows the right half
part of the bubbles with dimpled ellipsoidal cap shape for Φ equal to 10, 100, and 1000. The streamline, vortexes,
and velocities in the particles are described (bubble and part of the liquid). Thus, it is noticed that in all cases, twin
vortexes are formed inside the bubble, on the bottom of the sides, located close to the interaction with the liquid. In
these vortexes, the flow lines circulate as orbitals. Furthermore, the examples of Φ with 10 and 100 develop additional
a vortexes pair, but at the liquid surrounding and posited on the bottom of the sides within the cavity.
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Figure 12: Bubble rising problem with the variation of Φ and its effect in the streamlines and the rising velocity with Eo = 125, Re = 35 and
∆x = 1/200. The left half of the bubble domain is shown for cases of (a) Φ = 1000; (b) Φ = 100 and (c) Φ = 10.

This pair demonstrates the influence of the flow drag on the bubble-liquid interface. Thereby, in cases with Φ as
10 and 100, the flow streaming orbit simultaneously around four vortexes and, spread among in the fluids. Figure 12
the resulting velocity field exposes zones with maximum speed peaks with more intense propagated in the Φ equal to
100 and 1000 cases, compared to 10. Likewise, velocities are concentrated in the surrounding of bubble vortexes and
in the flows that pass between the liquid and the sidewalls.
4.2. Bubble rising formation with a high effect of sidewalls
The dynamics of the bubble rising using the proposal of the multiphase SPH for exploring the high effect of the
sidewalls are presented. Then, this section shows the study of the ratio of L and D0 by β = 2. The deformation
of the bubble is exploited due to the drag flow caused by the sidewalls and the liquid surrounding. Likewise, it is
sought to explore the variations in viscosity (Re) and the surface tension coefficient (Eo) and their consequence in the
morphology regimes and behavior of the rising bubble. Ergo, deformations of the frontal part (on the top part) can
be expected in the bubbles, becoming narrower and sharper, together with the formation in the morphology of an on
bottom base (flat or dimpled) and with side instabilities (e.g. tails or break up).
Simulations are performed for bubbles with the rate of Φ = 10 and λ = 100, because these rates have a low
influence on the behavior and morphology, as is described in the Section 4.1.3 and by Patino-Narino et al. [29].
Furthermore, the free-slip boundary condition is used on the sidewalls and ∆x = 1/200. Hence, the interest is to
observe the behavior of the bubble regimes obtained by the relations of Re and Eo in zones I and II, Fig. 1.
4.2.1. Zone I
In the zone I, there is a variation between 10 ≤ Re ≤ 50 and 5 ≤ Eo ≤ 50. Thus, Fig. 13 shows the changes in
the morphology and position of the bubbles for a final instant of t = 3. In Fig. 13(a) the bubbles obtained with Eo
= 5 form ellipsoidal morphologies, in agreement with the schematic in Fig. 1. However, it is important to underline
that the bubble with Re = 10 reaches a major (in the direction of the x-axis) and secondary axis closer to each other
than the cases with a higher Re. Less deformation is described concerning the circular shape of the initial state. This
deformation relationship between major and secondary axes is proportional to the increase in Re and becomes more
evident for the rest of the bubbles, mainly in the stretching in the direction of the x-axis, but maintaining symmetry
between the axes.
Figures 13(b) and(c) of cases with Eo being 20 and 50, show comparable results to those proposed by Bhagan
et al. [13] (see Fig. 1), with ellipsoidal and circular cap shapes, which generate morphologies in the bubble for a
narrower and sharper front and a straight (semi-ellipsoid) or dimpled base. Thus, the case of Eo = 2 in Figs. 13(b)
shows some regimes of the ellipsoidal cap for the different Re, maintaining a flat base close to a semi-ellipsoid shape.
Comparatively, the case with Eo = 50 in Figs. 13(c), displays bases in the form of dimpled. This is clearly due to a
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lower influence of the surface tension coefficient, which increases deformation caused by the drag flow along with the
lift and fluctuation in the direction of the bubble’s rise (y-axis). For these bubbles, as with Eo = 5, a lower viscosity
(Re≤ 20) increases the deformation, manifesting itself in the length of the perpendicular axis (x-axis) of the upward
direction. Accordingly, it is described how the condition of β = 2 causes the drag forces of the surrounding fluid and
the sidewalls to predominate on the bubble.
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Figure 13: Bubble rising problem at t = 3.0 with the variation of 10 ≤ Re ≤ 50 and Eo, with ∆x = 1/200 and β = 2. Particles distribution
of Re= 10 (half of left side) and Re= 50 (half of right side), where the red particles represent the surrounding liquid and the blue particles the
bubble. The contours resulting with continuous line for (a) Eo= 5; (b) Eo= 20; and (c) Eo= 50.

Figure 14 illustrates the cases with bubble regimes for Eo = 5 and Re = 40 Fig. 14(a), Eo = 20 and Re = 30
Fig. 14(b), and Eo= 50 and Re= 20 Fig. 14(c), for the instant of t = 3.0. The streamlines and velocities are displayed
in the particles of half the bubble and the surrounding fluid. It is noticed in all cases the formation of a pair of lateral
vortexes in the bubble and close to its interface with the liquid.

Figure 14: Bubble rising problem with Eo variation and its effect in the streamlines and the rising velocity with β = 2 and ∆x = 1/200. The
right half of the bubble domain is shown for cases of (a) Re= 40 and Eo= 5; (b) Re= 30 and Eo= 20; and (c) Re= 20 and Eo= 50. The particle
colors are the resulting velocities field between the bubble and the surrounding liquid.

Hence, the streamlines orbit the vortexes, developing the pattern of two twin orbitals one on each side, describing
in the spilled vorticity two different characteristics between the upper and lower parts. This characteristic is observed
in the ellipsoidal regime Fig. 14(a), consisting of the vorticity distortion with a slight inclination trend in the orbitals
shedding for an asymmetric formation. These distortions in the vortexes circulation reflect again the influence of Re
and Eo in the bubble wake and its deformation due to drag flow by the interaction of the liquid and the sidewalls. It
is also described in Fig. 14 the maximum speeds being focused mainly on the central part of the bubble and on the
interaction of the liquid with the wall, spreading smoothly towards the top and bottom of the side corners of the bubble.
Meanwhile, the minimum peak velocities are concentrated at the center of the vortexes, as illustrated in the case of
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the ellipsoidal cap Fig. 14(b). Further, it is observed that a second peaks region of maximum speed is situated close to
the sidewalls. These regions coincide with the lateral edges of the bubble closest to the walls, even in morphologies
with high deformation, such as the dimpled ellipsoidal cap regime Fig. 14(c). This behavior exposes the resistance to
deformations in the bubbles and the effect of Re and Eo on the velocity performance of the liquid and the walls in the
rising flow of bubbles.
Figures 15 and 16 continue with the analysis of Zone I, showing the evolution in time of the displacement of the
center of mass and rising velocity in bubbles with Eo equal to 5 and 50, along with the Re number variation between
10 and 50.

(a)

(b)

Figure 15: Bubble rising problem with the variation of Re numbers with Eo=5, β = 2 and ∆x = 1/200. (a) Temporal evolution of center of mass;
(b) Temporal evolution of rising velocity.

A slower evolution in displacement is observed for Re = 10, and a smaller peak value and subsequent constant
damped oscillation in the velocity. This is due to a higher incidence of the viscous terms of the different fluid particles
involved reaffirming the exposed in Fig. 13.

(a)

(b)

Figure 16: Bubble rising problem with the variation of Re numbers with Eo=50, β = 2 and ∆x = 1/200. (a) Temporal evolution of center of
mass; (b) Temporal evolution of rising velocity.

Meanwhile, for the cases of Eo = 5 and 50, and Re≤ 30 in Figs. 15 and 16, similar behaviors are shown, with the
tendency to higher Re, higher maximum speed peaks, along with a more defined oscillating attenuation. In this way,
the relation with less influence of the viscous term develops in the position and velocity, a proportionality relation in
the bubble wake, where an increase of Re number reaches a higher deformation.
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4.2.2. Zone II
Different Eo number cases are presented for 100 and 200, and the variation of 10 ≤ Re ≤ 50. In Fig. 17 the
different shapes and positions of the bubbles are shown for t = 3, where oblate ellipsoidal cap or circular cap
morphologies are obtained, causing a narrower and sharper shape in front of the bubble, comparable to that described
in Fig. 1. However, as happened in Fig. 13(c) for smaller numbers of Re in this case with Re 10 and 20, and Eo≤ 50,
some conditions with less deformation and dimpled bases are achieved. Despite, for Re< 20, there is a strong
influence on the deformation in the bubble due to drag flow through the surrounding liquid and the sidewalls, causing
lateral tails and a flat bottom base forming approximately a semi ellipsoid or circle. Thereby, For Re as 30, 40 and
50, it is evident in the bubbles in Fig. 1 that the stretch perpendicular to the upward flow is almost stagnant between
the bubbles. Nonetheless, the increase in the Eo shows a greater deformation in the generated lateral tails, being more
evident in the bubbles with Eo = 200 and Re> 20, Fig. 17(b).
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Figure 17: Bubble rising problem at t = 3.0 with the variation of Re and Eo, with ∆x = 1/200 and β = 2. (a) The contours resulting with
continuous line for Eo= 100, and the particles distribution of Re= 10 (half of left side) and Re= 50 (half of right side). (b) The contours resulting
with dots line for Eo= 200 and particles distribution of Re= 20 (half of left side) and Re= 50 (half of right side). Where the red particles represent
the surrounding liquid and the blue particles the bubble.

For a better understanding of the formation of the side tails shown in Fig. 17, cases with Re equal to 30, 40 and
50 are shown in Fig. 18, for the instant of t = 4. The contours of the bubbles, their particle distribution, and their
position are described. In general, there is an evolution in the effects on the side tails due to the interaction with the
surrounding liquid and the sidewalls. For bubbles with Re = 30, the continuation of the deformation in the tails is
observed homogeneously, but keeping a lower elongation than with Re = 40, without achieving separation or breakup. The bubbles with Re = 40 maintain the tails deformation of a more stretched and thin shape, but without general
separation or satellite bubbles as in the bubbles with Re = 50.
Bubble using Re = 50 and Eo = 100 from Fig. 18(a) illustrates the formation of two satellite bubbles on the sides,
along with a small wake of waste (leftovers from the break-up), generated from the original side tails of the main
bubble. This exposes that the approach in this work to define the bubble-liquid interface with surface tension, even
after a domain reaches the break-up threshold, achieves to the formation with the remaining particles to the cohesion
of new domains (bubbles). Correspondingly, with Re = 50 and Eo = 200 Fig. 18(b), the deformation of the lateral
tails becomes a rupture along with the formation of a wake of particles, followed by the formation of two satellite
bubbles on the underside. Thus, side bubbles are more stretched and thinner compared to the bubbles of Eo = 100
Fig. 18(a). These elongated and thin formats of the satellite bubbles and the presence of rupture shaping smaller
bubbles are due to the lesser influence of the surface tension coefficient at the bubble and liquid interface, and the
dispersion of the particles. These factors cause even more dissipative and non-linear behavior at the bubble interfaces
for high Eo values (Eo≤ 100).
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Figure 18: Bubble rising problem at t = 4.0 with the variation of 30 ≤ Re ≤ 50 and Eo, with ∆x = 1/200 and β = 2. (a) The contours resulting
with continuous line for Eo= 100 and particles distribution of Re= 30 (half of left side) and Re= 50 (half of right side).(b) The contours resulting
with dots line for Eo= 200, and the particles distribution of Re= 40 (half of left side) and Re= 50 (half of right side). Where the red particles
represent the surrounding liquid and the blue particles the bubble.

Figure 19 shows the regimes with the formation of satellite bubbles of Fig. 18, for Re= 50 and the variation of
Eo for 100 and 200, at t = 4.0. The streamlines and velocities are exposed in the particles of the half bubble and
surrounding liquid. In both bubbles, a pair of lateral vortexes is described inside the bubbles and near of its interfaces
with the liquid. However, each satellite bubble sheds a secondary vortex at the bottom of its wake. Indeed, the
streamline patterns of the secondary vortexes circulate the pair of lateral vortexes, achieving two orbitals that blend
on the sides.
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Figure 19: Bubble rising problem at t = 4.0 with the variation of Eo, and its effect in the contours, streamlines and velocity field with Re= 50,
∆x = 1/200 and β = 2. The contours with continuous line (half of left side) is for Eo= 100 and the dots line (left of right side) is for Eo= 200.
The particle colors are the resulting velocities field between.

It is also shown in Fig. 19 that the velocity field presents its maximum peaks in the interaction of the liquid with
the wall and the lateral interface with the bubble, propagating smoothly towards the upper part and the lower base of
the lateral corners of the bubble. Thereby, the maximum speed peak near the sidewalls coincides with the zone of the
lateral edges of the bubbles, even more lightly with the satellite bubbles. Meantime, the minimum peak velocities in
the bubble are concentrated at the center of the vortexes. The effects of deformations on the orbitals and the velocities
field in the bubbles and their break up domains are the results of the bubble interaction evolution with the liquid and
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the walls.
Figures 20 and 21 continue the analysis of Zone II, showing the temporal evolution of the center of mass displacement and rising velocity in the bubbles with Eo equal to 100 and 200, and the effects varying the number of Re
between 10 and 50. It is observed for Re = 10 and Eo = 100 Fig. 20, and Re with 10 and 20 and Eo= 100 Fig. 21
a slower evolution in displacement, a lower peak value of the maximum velocity and subsequent constant damped
oscillation in the speed. This is due to the higher incidence of the viscous terms (Re), as described in Fig. 18, for the
final position of the bubble and its lesser deformations.

(a)

(b)

Figure 20: Bubble rising problem with the variation of Re numbers with Eo=100, β = 2 and ∆x = 1/200. (a) Temporal evolution of center of
mass; (b) Temporal evolution of rising velocity.

The case with Re= 50 and Eo= 200 in Fig. 21(b), presents an evolution of rising velocity that diverges from the
trend of the behaviors presented until now, at the moments when the maximum peak and the oscillating damping.
This difference can be due to the lower influence of viscosity and the surface tension coefficient, and to the formation
of the longer side tails, caused by the drag flow in the bubble-liquid interaction and on the sidewalls, postponing the
threshold and the damping period of the bubble speed.

(a)

(b)

Figure 21: Bubble rising problem with the variation of Re numbers with Eo= 200, β = 2 and ∆x = 1/200. (a) Temporal evolution of center of
mass; (b) Temporal evolution of rising velocity.

Hence, for the remaining cases in Figs. 20 and 21, similar behaviors are displayed, with the tendency for a greater
number of Re to reach the highest maximum velocity peaks, followed by a more defined constant oscillating atten22

uation. Again, it can be said that the lower rate of influence of the viscous term causes effects on the bubble, in
variables such as its position and velocity. In the presence of an increase in the number of Re, higher deformation is
obtained. Accordingly, along with the exposed cases with an increase of numbers of Eo, the formation of lateral tails
is produced. These tails can break-up and form satellite bubbles. As a result, the deformations on the bubble side are
mainly caused by the drag flow through interaction with the surrounding liquid and the sidewalls.
4.3. Bubble rising formation with a low effect of sidewalls
The exploration of the effects on the dynamics of the bubble rising due to buoyancy continues, for the cases with
the low influence of the sidewalls in the surrounding liquid and the bubble. Therefore, according to what is shown
in Section 4.1.2, a β ≤ 4 is employed. It guarantees a condition of low effects on the bubble deformation by the
drag flows caused by the sidewalls. This condition must act on the bubble, generating a relief or disappearance of
the lateral perturbations, such as the formation of tails or rupture. As a result, a better defined and sharper resulting
morphologies bubble should be obtained. Simulations are performed for bubbles with the rate of Φ = 10 and λ = 100,
according to Section 4.2. Additionally, free-slip boundary conditions are used in the sidewalls and a bubble resolution
of D0 /∆x ≤ 50 is guaranteed (see Section 4.1.2). Thusly, the study on the behavior for the bubble regimes achieved
by the relations of Re and Eo for zones II and III (Fig. 1) is continued.
4.3.1. Zone II
Zone II examples are described for varying the numbers of Re (40 and 30) and Eo (100 and 200), accompanied by
different bubble sizes with D0 equal to L/4 and L/5, and ∆x = 1/500. The choice of dimensionless numbers Re and
Eo for this section is due to the cases presented in Section 4.2.2 and Fig. 18, where large side instabilities are exposed
in the bubble, generating lateral tails, rupture, and formation of satellite bubbles.
Figure 22 shows the variation for two Re bubbles equal to 40 and 50, which coincide with an oblate ellipsoidal cap
regime with a dimpled base, with Eo= 100 and L/4 at the instant of t = 4. The morphologies obtained are broader
and blunter in the front (direction of rising on the y-axis), and without instability on the sides, such as tails, break-up,
or satellite bubbles, in comparison with cases of β = 2 in Fig. 18 (a). Consequently, less influence on the deformation
of the bubble is evident due to the drag flows generated by the sidewalls against lift and buoyancy at the interface with
the liquid. Thus, the resulting contours reach tiny differences between the two Re numbers (40 and 50), exhibiting a
lesser effect of the sidewalls drag on the shear strain on the viscous term, achieving a more homogeneous formation
between the cases.

Figure 22: Bubble rising problem at t = 4.0 with the variation of Re (40 and 50), with Eo= 100, ∆x = 1/500 and D0 =L/4. The contour
in a red line for Re= 40 and its particle distribution in half of the left side. Meanwhile, the contour in a black line for Re= 50 and its particle
distribution in the half of the right side. Where the red particles represent the surrounding liquid and the blue particles the bubble.

Figure 23 presents the comparison of the velocity field case in the particles, the streamlines generated in the bubble
wake, and the bubble contour for D0 =L/4 with Eo = 100 e Re = 50 (half of the left side), and Eo = 200 and Re
= 40 (half of the right side). A close location is observed between the bubbles, to a lower position for Re = 40. Also,
the resulting contours form a wavy bottom base, and a broader and blunter tip, as described in Fig. 22, for dimpled
oblate ellipsoidal cap morphologies. As a result, observing a lesser relevance by the different numbers of Re and Eo.
Bubbles in Fig. 23 shed streamlines in orbital format through corners and around the bubbles, which propagate
towards the bottom of the cavity. Meantime, a pair of vortexes are shaped by leaking from the edge of the bubbles into
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the liquid. Therefore, these vorticity patterns tend to spread into the liquid and cause two large orbitals (twin orbits),
where some distortions are displayed in the circulation through the bubble and its capillary interface with the liquid.
The velocity field in the bubble contour is described in Fig. 23, where its speed peaks are located in the underside
corners, propagating towards the center, while spreading to the base and front of the bubble boundaries. For the entire
domain shown in Fig. 23, the maximum speed is situated at the bottom of the liquid on the path of the wake of the
bubble. Simultaneously, the minimum velocities coincide with the vortexes and the edges at the upper ends of the
bubble, where the orbitals circulation is launched and distorted.
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Figure 23: Bubble rising problem at t = 4.0 with the variation of Eo and Re, and its effect in the contours, streamlines and velocity field with
D0 =L/4 and ∆x = 1/500. The contour with the black line is for Eo= 100 and Re= 50, and its streamlines and velocity field in the half of the
left side. Meanwhile, the contour with the red line is for Eo= 200 and Re= 40, and its streamlines and velocity field in half of the left side. The
particle colors are the resulting velocities field between the bubble and the surrounding liquid.

Figure 24 continues the analysis of zone II with β = 4, showing the evolution of the center of mass Fig. 24(a), and
rising velocity Fig. 24(b) in bubbles with Eo equal to 100 and 200, and the effects by changing the number of Re to 40
and 50. Although very similar behaviors are observed among the four cases, the proportionality trend is maintained,
where the highest Re number (Re=50) achieves the highest final position of the center.

(a)

(b)

Figure 24: Bubble rising problem with the variation of Re (40 and 50) and Eo (100 and 200) numbers with D0 =L/4. (a) Temporal evolution of
center of mass; (b) Temporal evolution of rising velocity.

Likewise, for the case with lower Eo = 100, it reaches the resulting final position higher at t = 4, as presented
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in the figure in detail of Fig. 24(a). Additionally, the behavior of rising velocity in Fig. 24(b) evinces the tendency of
growth steadily until achieving a maximum peak, around t ≈ 0.5, below in an oscillating attenuation regime, with a
smaller amplitude and frequency, compared to that shown so far. Thereby, the most uniform tendency in the evolution
of velocities and displacements in the bubble corresponds to the most stable behavior of its morphology, without
increasing lateral deformations.
Figure 25 shows the variation for two bubbles with D0 equal to L/4 and L/5, obtaining a regime of a dimpled ellipsoidal cap, with Eo = 200 and Re = 40 at t = 4. Thus, between the two bubbles formed, despite the different sizes,
there is a correlation in the dimpled of the base and in the conformation of the front. Ergo, the bubble morphologies
resulting from Fig. 25 are comparable to the cases in Figs. 22 and 23, although the undulation of the base with L/5 is
narrower. On the other hand, the bubble with L/5 forms a small wobble in the rising displacement to the right side,
possibly due to the smaller size of the bubble in the interaction with the surrounding liquid and its lift and buoyancy
in the ascension by gravity.

Figure 25: Bubble rising problem at t = 4.0 with the variation of D0 (L/5 and L/4), with Re= 40, Eo= 200 and ∆x = 1/500. The contour in a
dotted line for D0 =L/5 and its particle distribution in half of the left side. Meanwhile, the contour in a continuous line for D0 =L/4 and its particle
distribution in the half of the right side. Where the red particles represent the surrounding liquid and the blue particles the bubble.

Figure 26 illustrates the comparison of the velocity field case in the particles, the streamlines shedding, and the
bubble outline for D0 =L/5 and Eo=100, with Re=50 (half of the left side) and Re=40 (half of the right side). The
resulting contours are similar in shape and location; where the two cases present a balance comparable to that observed
in the bubble with L/5 of Fig. 25.

Figure 26: Bubble rising problem at t = 4.0 with the variation of Re (40 and 50), and its effect in the contours, streamlines and velocity field with
D0 =L/5, Eo= 200 and ∆x = 1/500. The contour with the red line is for Re=40, and its streamlines and velocity field in the half of the left side.
Meanwhile, the contour with the black line is for Re=50, and its streamlines and velocity field in half of the left side. The particle colors are the
resulting velocities field between the bubble and the surrounding liquid.

Additionally, the morphologies obtained from bubbles with a dimpled oblate ellipsoidal cap regime, which due
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to the ratio of their sizes the width of the cavity, the lower base formed appears flatter. Bubbles in Fig. 26 describes
streamlines with orbital formatting around the bubbles and the liquid, which although having a smaller D0 are comparable to the vortexes in Fig. 23. Therefore, a vortexes pair is launched from the bubble and propagate into the bottom
part of the liquid, causing twin orbitals. The velocity fields in the bubbles exhibit their peaks in the bottom lateral
corners while propagating towards the center in its upper and lower corners. Simultaneously, the maximum velocity
in the liquid is localized in the bubble wake (under part of the cavity), and the minimum velocities coincide with the
pair of vortexes and the edges of the topper corners of the bubble, homologous to the results of Fig. 23.
Figure 27 continues the exploration for the temporal evolution of the center of mass Fig. 27(a), and rising velocity
Fig. 27(b) for low effect of sidewalls with β = 5, Eo = 200, and the influence of Re to 40 and 50. A very comparable
behavior between cases with L/5 is achieved, for almost linear growth of the bubble’s center of mass Fig. 27(a). The
performance of velocity in Fig. 27(b), describes a constant growth until reaching a maximum peak, around t ≈ 0.5,
followed later by an oscillating attenuation, with an amplitude and frequency similar to that shown in Fig. 24. As a
contrast, the case of Re = 50 and β = 4 of the dotted line is added in Fig. 27, exposing that the final position and
peak velocity are lower for β = 5. Here, the slower evolution of the bubbles with L/5 may indicate the consequent of
the smaller size of D0 and the wobble on the rise, even in the presence of regimes morphological equivalent and low
influence of the sidewalls.

(a)

(b)

Figure 27: Bubble rising problem with the variation of Re (40 and 50) and D0 (L/5 and L/4) with Eo= 200. (a) Temporal evolution of center of
mass; (b) Temporal evolution of rising velocity.

The cases presented for low effect of sidewalls with oblate ellipsoidal cap regime in general show low divergences
in the formed bubbles. Even for different numbers of Re and Eo and sizes, achieving a very homogeneous behavior between the different proposed bubble solutions. However, the bubble regimes are generated according to the
proposals in Fig. 1 and in the experimental literature [12, 13].
4.3.2. Zone III
Zone III flow conditions are implemented, with Re equal to 1, 5, and 10, and the variation of 0.5 ≤Eo≤ 200,
with the parameters of D0 =L/4. The selection of dimensionless numbers aims to study the shape of bubbles, with
moderate cases of Re number (the intermediate influence of viscous term) against a wide variety of superficial tension coefficients (intermediate Eo values). Therefore, the transition from the predicted shapes in the bubbles to the
ellipsoidal, spherical, and cap regimes is explored, in the presence of a low influence of the sidewalls (β = 4).
Figure 28 presents the particle distribution, the contours and positions of the predicted bubble shapes at t = 4.0,
for the various cases of Re and Eo. The bubbles of Re = 1 with Eo equal to 0.5 and 1 remain with the morphologies
in the circular shape while they are rising in the liquid, coinciding with the mapping propose in the Fig. 1. However,
the other results with 5 ≤Eo≤ 200 keep the regimes of almost circular, but present contours with a certain distortion,
reaching narrower shapes slightly equivalent to a prolate ellipsoid outline. As a result, these bubbles are comparable
to the proposals by Clift et al. [12], J. Hua, and J. Lou [19] and A. Smolianski [50].
For cases with Re = 5 in Fig. 28, the circular shape regime for Eo is maintained with values of 0.5 and 1.0.
Meantime, for Eo to 5 and 10, ellipsoidal oblate shapes are got in the bubble. Also, the example with Eo = 20 is
established with a transient shape to oblate ellipsoidal shape, but with bottom base slightly cap. Thereby, bubbles with
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Figure 28: Singles bubbles rising deformation problem with the variation of Re (1, 5 and 10) and 0.5 ≤Eo≤ 200, with D0 =L/4 and ∆x = 1/200.
Where the continuous lines are the bubbles contours, and the red particles represent the surrounding liquid and the blue particles the bubble.

Figure 28 for bubbles with Re = 10 also generates circular morphologies for Eo equal to 0.5 and 1.0. Meanwhile,
for cases of Eo with 5 and 10 numbers, ellipsoidal oblate shapes are obtained, but broader compared to bubbles with
Re = 5. Thus, for Eo= 20, an oblate ellipsoidal cap regime is generated, with a broader shape than in the case with a
smaller Re. The ellipsoidal cap regime persists in the bubbles with 50 ≤ Eo ≤ 200, but forming a dimpled base, where
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the wave curve in the bottom bubbles are deeper with the increase of Eo. As a result, the morphologies with Re being
5 and 10 exhibit regimes similar among them and to the experimental data in Fig. 1. In general, in Fig. 28, although
the cases with low Eo (0.5 and 1) and Re = 1 maintaining the same circular regime. For the other cases, it can be
inferred that the increase in the values of numbers of Re and Eo, tend to generate high deformations in the bubbles,
causing broader contours, and bottom bases flat or dimpled. From the simulations shown here with low moderately Re
numbers, it can be concluded that the present modeling approach is robust enough to adequately predict the different
bubbles regimes under wider flow conditions.
Figures 29-31 illustrate the behavior of the center of mass and velocity rising for the Re = 1 Fig. 29, Re = 5
Fig. 30, and Re = 10 Fig. 31, for the variation of 0.5 ≤Eo≤ 200. Ergo, Fig. 29 maintains an equivalent trend between
the movement of the bubble in positions and the velocities for Re = 1 varying Eo, reflecting the fact that the bubbles
for all cases have a circular shape. However, the cases with low Eo present a slower behavior with greater oscillating
magnitude.

(a)

(b)

Figure 29: Bubble rising problem with the variation of Eo numbers with Re= 1 and D0 =L/4. (a) Temporal evolution of center of mass; (b)
Temporal evolution of rising velocity.

Simultaneously, the bubbles with Re equal 5 and 10 are reported in Figs. 30 and 31, a less homogenizing behavior
than the case with Re = 1 Fig. 29, indicating a characteristic dislocate for the different bubble shapes with the increase
of Eo.

(a)

(b)

Figure 30: Bubble rising problem with the variation of Eo numbers with Re= 5 and D0 =L/4. (a) Temporal evolution of center of mass; (b)
Temporal evolution of rising velocity.
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For regimes with the circular shape, they produce movements outside the tendency shown for the morphologies
achieved with Eo ≤ 5, where the patterns found for the position and velocity are more homogeneous. Nevertheless,
the magnitude of the peak speeds and the final positions define each type of morphology. This is most evident in
Fig. 31(b), reflecting the influence of the rising velocities for the deformation of the different shapes (e.g. circular,
oblate ellipsoidal, and dimpled oblate ellipsoidal cap) that affect the oscillation magnitude and their attenuations.
In general, for Figs. 29-31, assuming a constant Re, the increase in Eo numbers attenuates the magnitude of the
oscillation in speeds. In contrast, the slight changes in Re show a high influence on the final positions, as well as on
the growth of the velocity and its oscillating amplitude, which corresponds to that shown in Fig. 29. Therefore, the
oscillations between the different regimes expose the complex interaction of different forces that affect the bubble’s
movement. Accordingly, it can be considered that the amplitude of the oscillatory is larger for the bubbles that are
more resistant to deformations [50], being evident for the circular morphologies, with low numbers of Re and Eo.

(a)

(b)

Figure 31: Bubble rising problem with the variation of Eo numbers with Re= 10 and D0 =L/4. (a) Temporal evolution of center of mass; (b)
Temporal evolution of rising velocity.

Figure 32 illustrates the cases with circular bubble regimes of Fig. 28 for Re= 1 and Eo= 0.5 Fig. 32(a), Re = 5
and Eo = 1 Fig. 32(b), and Re = 10 and Eo = 1 Fig. 32(c) at t = 4.0. The streamlines and velocities are displayed in
the particles of half the bubble and part of the liquid around it.

y

x

Figure 32: Bubble rising problem with the circular regimes and its effect in the streamlines and the rising velocity with D0 =L/4 and ∆x = 1/200.
The right half of the bubble domain is shown for cases of (a) Re= 1 and Eo= 0.5; (b) Re= 5 and Eo= 1; and (c) Re= 10 and Eo= 1. The particle
colors are the resulting velocities field between the bubble and the surrounding liquid.

The formation of a pair of vortexes in the liquid is described, located close to the lateral corners, and at the height
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of the bubble’s center of mass. Thereby, the streamlines circulate on the vortexes, forming two twin orbitals. However,
the orbitals of Fig. 32(c) describe a slight slope in the shedding of the streamlines that orbit closer to the vortex, which
reflects the increase in Re in the distortion of the flow lines.
Figures 33 and 34 show the shedding of the vortexes of the bubbles, as well as the magnitudes of the velocities
in the particles, formed between the ellipsoidal bubble regimes of Fig. 28, exposing the influence of the Re numbers
equal to 5 Fig. 33, and 10 Fig. 34, and the influence of Eo (5 and 10) at t = 4.0. Two vortexes are formed on the
side and at the same height as the center of the bubble, positioning in the surrounding liquid, where the streamlines
orbit around the vortexes, forming two twin orbitals. These orbitals with Re = 5 in Fig. 33, describe more symmetry
between the orbitals closer to the vortex than the example with Re = 10 Fig. 34.

Figure 33: Bubble rising problem at t = 4.0 with the variation of Eo (5 and 10), and its effect in the contours, streamlines and velocity field with
Re= 5, D0 =L/4 and ∆x = 1/500. The contour with the orange line is for Eo= 5, and its streamlines and velocity field in the half of the left side.
Meanwhile, the contour with the green line is for Eo= 10, and its streamlines and velocity field in half of the left side. The particle colors are the
resulting velocities field between the bubble and the surrounding liquid.

Figure 34: Bubble rising problem at t = 4.0 with the variation of Eo (5 and 10), and its effect in the contours, streamlines and velocity field with
Re= 10, D0 =L/4 and ∆x = 1/500. The contour with the orange line is for Eo= 5, and its streamlines and velocity field in the half of the left
side. Meanwhile, the contour with the green line is for Eo= 10, and its streamlines and velocity field in half of the left side. The particle colors are
the resulting velocities field between the bubble and the surrounding liquid.
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Figure 35 displays the regimes with the ellipsoidal cap of Fig. 28, for Eo= 200 and the variation of Re with 5 and
10. The streamlines and velocities in the particles of the bubble and the surrounding liquid are exhibited, at t = 4.0.
Thereby, two vortexes are shaped on the side and at the height of the bubble center, meeting in the liquid, where the
twin orbitals pattern forms around the pair of vortexes. As in previous situations, the Re = 5 streamlines become
more symmetrical to the orbital near the vortex, whereas the case with Re = 10 describes a smooth inclination in the
shedding of orbits.
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Figure 35: Bubble rising problem at t = 4.0 with the variation of Re (5 and 10), and its effect in the contours, streamlines and velocity field with
Eo= 200, D0 =L/4, and ∆x = 1/200. The contour with the continuous line is for Re=5 and its streamlines and velocity field in the half of the
left side. Meanwhile, the contour with the dotted line is for Re=10, and its streamlines and velocity field in half of the left side. The particle colors
are the resulting velocities field between the bubble and the surrounding liquid.

Figures 32- 35 depict maximum velocity peaks focused mainly on the central part of the bubble, propagating
smoothly towards the top and bottom of the liquid in the cavity. Meanwhile, the minimum velocity peaks are concentrated around the pair of vortexes. However, for the bubbles of Fig. 34 and 35 with Re = 10, second maximum
speed peaks are formed near the sidewalls. This peak coincides with the examples with an inclination in the orbitals,
reflecting less resistance to deformations in the bubbles with Re = 10 and the influence of the viscosity term in the
drag flow in the interaction with the liquid and the walls in the flow of the bubble.
5. Conclusions
A mesh-free method for modeling two-phase fluid systems was evaluated and validated for wider flow regimes
enhanced on the bubble rising problem. The algorithm adopts the interface treatment using the CSF and SPH methodology to solve the isothermal Navier-Stokes equation. The fluid parameters in the bubble/liquid interaction (density,
viscosity, and surface tension) are examined at the interface to generate different deformation in the bubble. Thus,
it is performed for the resolution divergence of the SPH through the initial size of the distance between particles
(∆x) exploring the morphological variations in the upward flow bubble movement. These ∆x are adapted to a suitable resolution for describing bubble formation, where the most acceptable value must be ∆x ≤ 1/200 or the ratio
D0 /∆x = 50. Subsequently, with these resolutions, the variation in the interaction with the walls is implemented, to
observe the influence of the surrounding drag on the bubble in its frontal, posterior, and lateral parts.
The velocity fields and the use of streamlines to visualize the vortexes are illustrated, examining the cases for a
wide variety of regimes and configurations of the sidewalls. This novel algorithm improves the numerical stability
and robustness of the simulation for large viscosity jumps and surface tension coefficient at the interface. Therefore, it
provides a largely viable simulation tool for more practical bi-phase flow applications. Hence, the proposed algorithm
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is applied to simulate the appearance of a single bubble in a viscous liquid. The shapes and speed of the bubbles in a
wide flow regime are studied according to non-dimensional parameters, such as Re and Eo numbers, and the density
and viscosity ratios. The comparison of simulations with the available experiments shows satisfactory agreements.
Also, the history of a bubble increase is simulated, from the various relationships between the widths of the sidewalls
and the initial diameters of the bubble (β) along with the effects of the Re and Eo numbers on the development of the
shape of a bubble, to understand the mechanism that governs the bubble shape.
The systematic study of the different cavity dimensions and the diameter of the bubble are evident in the resulting
morphologies caused by the entrainment of the surrounding liquid and the sidewalls; Thus, the effects on the relationship with the sidewalls (β) are reflected in the formation of inferior bases (straight or dimpled) and a refinement of
the frontal part of the bubble, where it stands out among cases with high and low wall influence with Eo≥ 100 and
Re≥ 30 the formation of lateral instabilities (e.g. tails, break-up, and satellite bubbles).
It can be said that for this simulator proposal, there is proportionality in the dimensionless numbers on the bubble
behavior. Where for the increase in the number of Re (decrease in the viscosity term) a greater deformation in the
bubble is generated, being more evident in cases with β ≤ 3. Likewise, for the term surface tension coefficient (Eo),
proportionality with its decrease tends to form a narrower and sharper front part (Eo ≥ 20 values), and a less oblate
ellipsoidal base with the tendency to loss of symmetry with the formation of flat or dimpled bases (Eo ≥ 50), to
the detriment of cohesion of the bubble domain with the presence of large lateral strains (Eo ≥ 100). Thereby, the
smaller numbers of Re and Eo illustrate greater resistance to deformations in the up-flow bubbles over the drag in the
interaction with the liquid and the walls.
In general, the effect in the formation of vorticity by the streamlines is reflected in the position of the pair of
vortexes, where the cases with high influence of the wall tend to stay inside the bubble and with distorted orbits
(asymmetric). However, for a low wall effect, the pair of vortexes tend to stay outside the bubble and lesser distorted
(symmetrical) circulation orbitals. Additionally, the cases with greater resistance to deformation (circular and ellipsoidal oblates) the pattern of the vortexes and their orbitals tendency to form close to the bubble sides, unlike the more
deformed cases (cap and semi-ellipsoidal forms), that are located in the bottom of the cavity and into the wake of
bubble rising. In cases with satellite bubbles presenting, their domains modify the circulating streamlines and form
their vortex and orbitals, which interact with those formed by the main bubbles.
This work can be the starting point for more complex studies on multi-bubbles (bubble columns), multi-physics,
non-isothermal models, or 3D cases because a practical approach is presented. It is displayed the effects of a wide
variety of parameters such as the finite domain across the width of sidewalls (free-slip and no-slip conditions) and
the fluid dynamic properties to characterize the shape regimes in the bubble up-flow by density, viscosity, and surface
tension. In the future work, it is recommend that development and explorer of more sophisticated strategies such as
artificial particle shifting techniques to improved the bi-phase SPH accuracy.
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Appendix A. SPH approximation
The kernel approximation function for the ith particle is given by
χ (rij ) = χi =

W (rij , h)
Wij
=
N
P
α (rij )
W (rij , h)

with α (rij ) = αi =

N
X

Wij ,

(A.1)

j=1

j=1

where h is smoothing length and Wij represents the function kernel, that depends on rij and h. In this work, the
spline quintic kernel with influence domain (Ω) equal to 3h by 2D cases is employed [27], which can be expressed as

(3 − q)5 − 6(2 − q)5 + 15(1 − q)5 0 ≤ q < 1



7
(3 − q)5 − 6(2 − q)5
1≤q<2
Wij (q, h) =
,
(A.2)
5
2
(3
−
q)
2≤q<3
478πh 


0
3≤q
with q = rij /h and h = 4∆x/3, where rij = |rij | is the distance between ith and jth particles. Here, it is important
to indicate that the χij property become zero when rij is outside of the domain of influence Ωi . Furthermore, in
the definition of the kernel function, the αi is presented as a measure of particle density. Hence, the volume of a ith
particle (Vi ) is defined through the integral over the entire domain as
Vi ≈

N
X

V j χi =

j=1

N
1
1 X
Wij Vj ≈
αi j=1
αi

.

(A.3)

In Eq. (A.3), αi is an approximately of the reciprocal value of the volume of the ith particle, i.e., αi is the specific
volume of the ith particle. Therefore, this formulation becomes a useful and powerful tool for calculating large density
fluctuations, and hence, the acoustic wave propagation phenomenon in mesh-free
particle systems. Accordingly, the
P
normalization property χi (rij ) and the partitioning condition Vtotal = i Vi are satisfied. The smoothing function
PN
can be normalized to unity by j χi (rij ) = 1 and its spatial derivatives are expressed by

∇χi = ∇

Wij
αi


=

N 
X
χj
j=1

αj

∇i Wij −

χi
∇j Wij
αi


,

(A.4)

defining the soft variable ψi as the value for the particle-averaged
hψii = αi

N
X
ψj χi
j=1

αj

,

(A.5)

where the angle bracket h−i denotes the kernel approximation. Now, using integration by parts and the Eq. (A.5), the
particle-averaged spatial derivative is formalized as,
∇ψi = αi

N
X
∇j ψj
j=1

αj

χi = αi

N
X
ψj
j=1

αj

∇i χ i .

(A.6)

Equations (A.4) and (A.6) can be treated such as the inter-particle interactions Wji ∇i Wij and Wji ∇j Wji , because
∇i χi disappear outside the overlap between Wi and Wj . Hence, all points in the domain have less distances than the
tracing between the ith and jth particles. Then, the particle-averaged spatial derivative can be reformulated as
!
N
N
X

1
1
1 X
h∇ψii = αi
ψ̄ij
+
∇
W
=
ψ̄ij Vi2 + Vj2 ∇i Wij .
(A.7)
i
ij
2
2
α
α
V
i j=1
i
j
j=1
As a result, the Eq. (A.7) defined the gradient term approximation h∇(−)i for the SPH propose. For this reason,
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the treatment of ∇i Wij is defined in this work in Cartesian coordinates, as such:
∇i Wij =

∂Wij
∂rij ∂q ∂Wij
rij 1 ∂Wij
=
≈
∂rij
∂rij ∂rij ∂q
rij h ∂q

,

(A.8)

wherefore, ∂Wij /∂q and ∂q/∂rij are the derivation of the Wij in Eq. (A.2) and the q, respectively. On the other hand,
for the approximation of Laplace operator ∇ · ∇(∗), it is reasonable to consider ψi as an inter-particle approximation
of average value as, ψ̄i = ψ̄i (ψi , ψj ). Thus, Eq. (A.7) can be using to approximated as ψ̄ij = Ψ (ψi , ψj ) (interparticle-averaged value). Therefore, the second-order spatial derivative ψ = ∇ϕ to the inter-particle is
¯ ij = rij ϕij ≈ rij ϕij ,
∇ϕ
2
2 + ε2
rij
rij

(A.9)

being ϕij = ϕi − ϕj and ε = 0.01h. The term ε on the right side of Eq. (A.9) is introduced to avoid uniqueness when
|rij | ≈ 0. Thus, the second-order derivative (Laplacian) given directly by
!
N
X

1
r
ij
2
2
¯ ij =
∇ · ∇ϕ
· ∇i Wij ,
(A.10)
V + Vj
2 + ε2 ϕij
Vi j=1 i
rij
accordingly, the Laplacian term can be reached directly as,
¯ ij
∇ · ∇ϕ

MO
i

N
 rij · ∇i Wij
1 X 2
Vi + Vj2
2 + ε2 ϕij .
Vi j=1
rij

=

(A.11)

MO

The h∇ · ∇(∗)i shape used a derivation similar to the other proposed [54, 30]. However, due to the precision
and efficiency requirements, the most common form used is constructed, like a combination of the finite difference
approach, and the expansion of the Taylor series. Both forms for a solution defined by
¯ ij
∇ · ∇ϕ
this h∇ · ∇(∗)i

MG

MG
i

=

N
 rij · ϕij
1 X
4 Vi2 + Vj2 2
∇i Wij ,
Vi j=1
rij + ε2

(A.12)

form is an alternative discretization for partial spatial derivatives [29].

Appendix B. The interface sharpness control
In order to preserve the smooth interface for parasitic currents and micro-particle mixing, it is suggested the
implementation of the interface sharpness control (ICS) term [55]. Thus, ICS is formulated as an artificial repulsive
force Θi at the interface, based on the pressure gradient, as such:
Θi =

N
 X j
C (|Vi Pi | + |Vj Pj |) ∇i Wij ,
mi j=1 i

(B.1)

where  is a constant of ∼ 10−1 order, however, in this work is proposed to keep it equal to 0.7 [29]. The term Θi
must be added in the pressure term within Eq. (7) avoiding an additional computational cost.
Appendix C. Artificial sound speed
The sound speed (c) is defined as an artificial speed. Thus, the numerical estimation of c considers the equilibrium
between the pressure (inertial force), the viscous terms, external forces (gravity) and the surface tension coefficient:
 2

Vmax µVmax gL
2σ
2
c = max
, 2 , 2,
,
(C.1)
δ2
δ L δ min (ρ0 ) δD
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where Vmax is the maximum average velocity over the system, δ is the allowable variation in the density (incompressible fluids δ ≈ 0.1) and L is the characteristic length scale. The treatment of the Equation (7) along with
implementation of c are a empirical approximation for the cases with a hight density ratio between phases [29].
Appendix D. Time-stteping scheme for multiphase implementation
For reasons of stability, the maximum magnitude of time updating is chosen among different conditions, which
are based on several criteria to define the appropriate time steps (∆t). Here, ∆t can be obtained to satisfy the CourantFriedrichs-Lewy conditions [37]. For a balance of viscous, inertial, external and surface tension forces, the time step
is defined by
"
 1 
1 #
ρi,min h3 2
ρi,min h2 h 2
h
;
;
;
,
(D.1)
∆t = 0.25 · min
c + vi,max 2µi,max
g
2πσmax
where vi,max , µi,max and ρi,min are the maximum velocity, maximum kinetic viscosity and minimum density between
all particles, respectively. σmax indicates the maximum surface tension coefficient between all fluid interfaces.
Appendix E. Time-stepping scheme
The conservation equations are integrated over time employing the Predictor-Corrector algorithm [56, 32]. Therefore, the proposed scheme is started with a predictor step (p) to advance n + 1/2 times, such as
n
D En o
n+ 1
n+ 1
n+ 1
dρ
dv n
n
.
(E.1)
ri,p 2 = rni + ∆t
ρi,p 2 = ρni + ∆t
vi,p 2 = vni + ∆t
2
dt i ,
2 vi ,
2
dt
i

For the corrector step (c), the particles are updated in the continuity equations. Thus, the new rates are integrated
again in n + 1/2


n+ 12

vi,c

n+ 21

= vi,p

+

∆t
2

1
dv n+ 2
dt i,p

,

n+ 12

rn+1
i,c = ri,p

+

1
∆t n+ 2
2 vi,c ,

n+ 12

ρi,c

finally, these quantities are calculated for the final time step:
n
n+ 1
n+ 1
vn+1
= 2vi,c 2 − vni ,
rn+1
= 2ri,c 2 − rni ,
i
i

n+ 12

= ρi,p

+

n+ 21

ρn+1
= 2ρi,c
i

∆t
2

D

dρ
dt

En+ 21 

o
− ρni .

,

(E.2)

i,p

(E.3)

Appendix F. Initial density conditions with the effect of hydrostatic pressure
The initial hydrostatic pressure condition (HPC) [57, 44] is added to the density term in Eq. (3), which is treated
for the fluids (surrounding liquid and bubble) involved about the effects of hydrostatic pressure on density for the
condition at time t = 0. The particle density for the initial condition should be modified based on hydrostatic pressure
(Phy ). Hence, Phy,i for the ith particle can be defined as
Phy,i = ρ0,r g (H − yi )

,

(F.1)

where yi is the relative vertical distance particle from the bottom cavity, g is the external body force (gravity) and H
is the fluid cavity height. Thereby, the density ρ of the ith particle is re-calculated for the first step (instant t = 0)
taking into account the Phy term is
ρt=0
i


= ρ0,i

Phy
+1
P0

 γ1
.

(F.2)

Here ρt=0
is the density for the initial step, and ρ0,i is the density reference. As a result, these densities must be
i
implemented at the instant t = 0 in Eq. (3).
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Appendix G. Treatment of the wall boundary conditions
There are several alternatives for boundary conditions using the SPH methods [44, 30]. This work performs a
reinterpretation in the case of the solid wall boundary conditions for bubble rising problems, inspired by the work
of Adami et al. [44]. The rigid wall boundary is filled with dummy particles. It means, when the support of a fluid
particle overlaps the wall surface, it interacts with the dummy particles that are inside the solid body. Firstly, the
free-slip condition (non-penetration) in the wall is defined. The pressure gradient term in Eq. (7), for the cases of
fluid-wall interaction between dummy (d), fluids (f ) particles, and the dummy pressures (Pd ) must be calculated from
nearby fluid particles, in which it is formulated with a smoothed pressure equal to
Nf
X

Pd =

Pj Wdj + (g) ·

j=1

Nf
X

ρj rdj Wdj

j=1

,

Wdj

(G.1)

where Nf is the number of neighboring fluid particle j of the wall particle d. Since the density of the dummy particles
in the wall are not updated, the dummy density is obtained from Pd using

ρd = ρ0,f

Pd
P0,f

 γ1



p

.

+1

(G.2)

For adding the no-slip wall condition, some conditions are imposed on particles of the wall by using the velocity
interaction over the terms of density in Eq. (3) and viscosity in Eq. (6). Here, the smoothed velocity field of the fluid
phase (f ) nearby the wall is extrapolated to the dummy particle positions as a virtual velocity given by
Nf
X

ṽd = −

vj Wdj

j=1
Nf
X

.

(G.3)

Wdj

j=1

In this way, the dummy velocity ṽd must be imposed in Eqs. (5)-(6), when the ith particle interacted with the
wall solid (in the case with jth particle belonging to dth wall particle). Similarly, the fluid-wall interaction must be
modified in relation to the ith fluid particles in Eqs. (5)-(6), for the inter-particle average variables in Eq. (4). Thus,
they are re-defined with respect to the ith fluid particle
µ̃ij = µi

and P̃ij =

(Pi ρd + Pd ρi )
with j = d ,
ρi + ρd

(G.4)

where volume dummy density is Vd = mf /ρd . Furthermore, the domain between the dummy particles must be
defined in a Cartesian distribution, the initial spacing (∆x) is the same as the fluid particles and the wall thickness
must be guaranteed equal or greater than 3h.
Appendix H. Summary of the solution algorithm procedure
The computational SPH approach for single rise bubble problems could be summarized from the step 0 that
corresponds to the Initialization of the particle distribution, the boundary conditions, the HPC of Eqs. (F.1) and (F.2),
the sound speed Eq. (C.1) and define ∆t using the condition in the Eq. (D.1).
1. Predictor step:
1.1. Update the volume of the particles using Eq. (3). Compute the boundary conditions with Eqs. (G.1)-(G.2).
However, if the wall has no-slip condition Eqs. (G.3) and (G.4) should be employed.
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1.2. Calculate the particle pressure through equation of state, Eq. (7). Use the SPH approximation for continuity of Navier-Stokes with Eqs. (3)-(7).
1.3. Use the predictor step according to Eq. (E.1) for update particles physical properties such as of position,
velocity and density.
2. Correction step: the particle physical properties obtained in the Predictor step (step 1.3) are used to solve the
same processes of steps 1.1 and 1.2.
2.1. Utilize the correction step with Eqs. (E.2) and (E.3) to update the particle properties of position, velocity
and density.
3. Return to Step 1 for the next time-step.
Steps 1 to 2 are performed successively and each of these steps used their own local time increment size. It should
also be noted that steps 1 and 2 can be calculated for their internal operations (inside each sub-step) in a completely
parallel manner. Hence, this algorithm does not increase the computational processing and maintaining the basic
structure of the SPH method without any additional cost for calculating steps.
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