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Abstract—Active shape control for an antenna reflector is a
significant procedure used to compensate the impacts for a
complicated space environment. In this paper, a physics-guided
distributed model predictive control (DMPC) framework for
reflector shape control with input saturation is proposed. First,
guided by the actual physical characteristics, an overall structural
system is decomposed into multilevel subsystems with the help of
a so-called substructuring technique. For each subsystem, a
prediction model with information interaction is discretized by an
explicit Newmark-β method. Then, to improve the systemwide
control performance, a coordinator among all the subsystems is
designed in an iterative fashion. The input saturation constraints
are addressed by transforming the original problem into a linear
complementarity problem (LCP). Finally, by solving the LCP, the
input trajectory can be obtained. The performance of the proposed
DMPC algorithm is validated through an experiment on the shape
control of an antenna reflector structure.
Index Terms—Shape control, distributed model predictive
control (DMPC), substructuring technique, input saturation,
linear complementarity problem (LCP).
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I. INTRODUCTION

N structural shape control, one intends to seek a suitable
control law so that the structural displacement field distorted
from its original shape ultimately vanishes, or so that the
structure follows certain expected field of trajectories [1]. The
surface shape control of an antenna reflector, which has
extensive applications such as satellite communications and
deep space exploration, is a typical topic in the structural shape
control field. To achieve the needed surface accuracy of an
antenna reflector, certain high-precision active shape control
strategies have been proposed.
As early as the 1980s, using temperature gradients, Haftka
and Adelman proposed an analytical procedure for the static
shape control of flexible structures with applications to space
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antennas [2]. Thereafter, based on the experimental influence
coefficient matrix (ICM) model, Song et al. presented an error
least-squares method for shape control of an antenna reflector
equipped with piezoelectric (PZT) actuators [3]. Xie et al.
developed a gain scheduling method coupled with the H∞ robust
control to maintain the shape accuracy of a deployable mesh
reflector [4]. All the above controllers were designed as a single
centralized controller, which is usually applicable for smallscale structures with few actuators. However, in practical
applications, controlled structural systems may naturally be so
large and have so many inputs and outputs that conventional
centralized control strategies would fail to give credible
solutions due to either a lack of either centralized information
collection ability or computing ability. Moreover, a centralized
controller lacks fault tolerance; once the single centralized
controller fails, the whole system will lose control. Therefore,
drawing on the concept of “divide and conquer”, the distributed
control framework [5]-[7], where the overall system is divided
and controlled by a series of local regulators independently, has
been widely used for addressing the aforementioned difficulties.
The notion of distributed control was proposed in the 1970s
[6]. This control strategy has the common characteristics of less
computation burden, high fault tolerance, and flexibility in the
system structure [8]. The important and pioneering work on
distributed control dates back to the early contributions in the
reference [9], which studied the problem of stabilizing a
decentralized linear time-invariant control system via local
feedback with dynamic compensation. Thereafter, a variety of
control approaches combined with the distributed concept have
been reported [10]-[15], but there are few studies on the shape
control of smart structural systems. In addition, because the
physical inputs of actuators in practical applications are usually
limited, so-called input saturation must be considered in
controller design. In this paper, model predictive control (MPC)
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[16]-[18], a well-established method for large multivariable
constrained control problems, will be introduced as local
regulators. Then, inspired by the main concept of distributed
control, a novel DMPC framework will be proposed and
applied to the smart structural shape control.
Previous work has been done to improve the control
performance of DMPC. Scattolini [19] classified the DMPC
methods from different perspectives, involving the topology of
communication network, the protocol of information exchange
among regulators, and the type of cost function. Camponogara
et al. [20] proposed a DMPC method with a certain degree of
coordination between each MPC controller that was designed
by locally relevant variables, cost and constraints. Conte et al.
[21] presented a new distributed synthesis method for
stabilizing the cooperative DMPC networks of linear systems.
In all of the above literature, research has made significant
contributions on controller design, closed-loop stability, and
information interactions for the DMPC method. However, all
these contributions were based on a premise, i.e., the system
decomposition mode, which is an important foundation in the
distributed control method. Some distributed control algorithms
for a system that can be divided at different time scales have
been proposed [22], [23]. However, the time-scale-based
decomposition modes in these references are inappropriate for
flexible structural systems because structural systems are
usually analyzed on the same discrete time scale. This work will
break through the limitations of all the existing decomposition
modes for distributed systems in theory.
From a physics-guided point of view, i.e., based on the
physical characteristics of a structure, substructuring
technology [24], [25], which has been extensively used for
solving large-scale systems in structural mechanics, can be
adopted to decompose an entire structural system into a series
of subsystems. First, the entire system is divided into several
independent subsystems by finite element mesh generation, and
the element mesh grid of this partitioned system is considered
the first-level grid. Then, for each divided subsystem, two types
of nodes are defined, i.e., the internal and boundary nodes,
which are independent of and connected with the nodes of other
adjacent subsystems. Finally, the Schur complement method
[26] is applied to eliminate the coordinates of internal nodes,
and the remaining boundary nodes are treated as a second-level
grid, which can be further decomposed into subsystems. In a
similar fashion, other multilevel grids can be established.
Inspired by the main concept of the aforementioned physicsguided concept and distributed control strategy, this paper
proposes a physics-guided DMPC framework for the shape
control of linear structural systems. In the proposed DMPC
framework, each local MPC controller can be designed flexibly
at different levels according to the topological shape, actuator
arrangement, and calculation scale of a structural system; the
state evolution is assumed to be affected by both the states and
inputs of other interacting subsystems. Furthermore, to improve
the global performance of the DMPC, a coordinator is designed
among all the distributed controllers in an iterative fashion. At
convergence, the proposed DMPC algorithm can obtain optimal
(centralized) control performance. In addition, the

aforementioned input saturation constraints will be considered
by introducing the Lagrange multipliers and extending the local
cost function of each MPC controller; then, by transforming the
original problem into a series of LCPs, the constraints can be
directly satisfied by solving these LCPs. The performance of
the proposed DMPC method is validated by an experiment on
the shape control of an antenna reflector. The contributions of
this work are summarized as follows:
1) (system decomposition mode) Based on the substructuring
technique, a physics-guided DMPC method with a novel
multilevel system decomposition mode is proposed. The local
MPC controllers for each subsystem can be designed flexibly at
different levels.
2) (online optimization strategy) The original online
constrained optimization problem of DMPC is transformed into
an LCP so that the input saturation constraints can be satisfied
directly. In addition, a coordinator is designed in an iterative
fashion, so the control performance of the distributed
controllers can be close to that of the centralized controller.
3) (experimental evaluation) The feasibility, effectiveness,
flexibility, and fault tolerance of the proposed method are
verified by an experiment on the shape control of an antenna
reflector structure. The proposed DMPC algorithm is also
applicable to the control problems of other linear time-invariant
structural systems.
The rest of this paper is structured as follows. In section II,
the primary formulation of shape control problem for structural
systems is introduced. Based on the substructuring technique,
the overall system is decomposed into multilevel subsystems in
section III. Then, in section IV, a physics-guided coordinated
DMPC algorithm framework for structural shape control is
proposed in detail. The control performance of the proposed
DMPC controller is illustrated by an experiment on the shape
control of an antenna reflector structure in section V. Finally,
some concluding remarks are given in section VI.
II. PROBLEM FORMULATION
Considering a linear smart antenna reflector, a multilevel
DMPC controller is designed with the help of PZT actuators to
minimize the deformation of the structure from its ideal shape.
A dynamic model of the reflector structure, including the
active PZT actuator elements [27] and other structural elements
such as the composite shell and thin plate, can be constructed
by the finite element method (FEM). The governing equation
of the antenna reflector structure is given as
(1)
Mx!! + Cx! + Kx = Du
where M ∊ ℝnxn and K ∊ ℝnxn are the mass matrix and the
stiffness matrix of the system, respectively; C ∊ ℝnxn is the
Rayleigh damping matrix, that is, C = γM+βK, where γ and β
are constant coefficients; D ∊ ℝnxm is the location matrix of all
the control input vector u ∊ ℝmx1 (i.e., the control voltages of
PZT actuators); x ∊ ℝnx1, ẋ ∊ ℝnx1 and ẍ ∊ ℝnx1 are the nodal
displacement, velocity, and acceleration vectors, respectively,
of the antenna reflector in global coordinate.
Then, decomposing the overall system into S interconnected
subsystems, the decentralized model for any subsystem i with
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ni degrees of freedom and mi actuators can be given as
! x"" + C! x" + K! x = D! u
(2)
M
ii ii
ii ii
ii ii
ii i
To introduce the impact of other interacting subsystem j ≠ i on
subsystem i and retain the most advantages of the decentralized
modeling framework, the distributed dynamic model of the ith
subsystem, in this work, is defined as
S

ˆ x!! + Cˆ x! + Kˆ x = D u + å D u
M
i i
i i
i i
ii i
ij j

(3)

j ¹i

where i, j Î {1, S}, S denotes the number of subsystems, the
notation {1, S} represents the sequence of integers 1, 2, …, S,
and
x!!i = {x!!iT1 ,", x!!iiT ,", x!!isT }

T
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(4)
; then, the above equation (3) can

be transformed into the state-space formulation, given as
S

z!i = Aii zi + Bii ui + å Bij u j

(5)

j¹i

I ù
é 0 ù
é 0
é 0 ù
Aii = ê
, Bii = ê -1 ú , Bij = ê -1 ú (6)
ú
1
1
ˆ
ˆ
ˆ ˆ
ˆ ˆ
ë Mi Dii û
ë - Mi Ki - Mi Ci û
ëê Mi Dij ûú
A DMPC problem essentially solves a series of optimization
problems in which the suboptimal inputs ui(t) of each
subsystem are optimized with respect to a local cost function φi.
Consider the continuous-time control system (5) and assume
that the prediction horizon time is T; then, a standard DMPC at
sampling time tk can be formulated as follows:
Find:
(7)
ui (t ) Î arg min ji ( yi (t ), ui (t )), t Î[tk , tk + T ]
ui ( t )

Subject to:

S

z!i (t ) = Aii zi (t ) + Bii ui (t ) + å Bij u j (t )

(8)

yi (t ) = Ci zi (t )

(9)

µmin £ ui (t ) £ µmax

(10)

j ¹i

With:

ji =

1
2

tk + T

ò

tk

( yi (t ) - yid

2
Qi

+ ui (t )

2
Ri

) dt

(11)

where in (11), the operator ‖*‖2Ω denotes the square of a
weighted Euclidean norm, i.e., ‖𝒓‖2Ω =rTΩr; yid (a constant
vector in this paper) is the known target state; yi is the output
variable; and Qi ≥ 0 and Ri > 0 are the nonnegative and positive
definite symmetric weighting matrices, respectively. Equation
(8) is the ith subsystem model, which is used for predicting the
future state evolution of the subsystem with interactions of
' i is the observation output coefficient
states and inputs. C
matrix, which can be created based on the degrees of freedom
of all the observation nodes in the ith subsystem. In addition, the
input saturation constraint is described by inequality (10).

III. MULTILEVEL SYSTEM DECOMPOSITION BY A
PHYSICS-GUIDED CONCEPT
Before constructing a DMPC controller of a large-scale smart
structural system, an important and unresolved issue is how to
decompose the overall system model into a series of small
subsystem models where each subsystem being controlled by
an independent MPC controller [28]. In this section, inspired by
a physics-guided concept, a multilevel decomposition mode
based on the substructuring technique is introduced to divide
the entire large-scale structure into several substructures.
Subsequently, the prediction models of each subsystem can be
established at different levels.
A. Physics-guided Multilevel Decomposition Mode
The overall dynamic model (1) can be solved by many
mature numerical algorithms; herein, the classic Newmark-β
algorithm [29] is adopted. Thereafter, the novel multilevel
decomposition strategy is presented as follows.
First, the overall structural system with implanted actuators
is discretized by the finite element mesh generation technique.
It is divided into S decoupled subsystems by introducing the
interior boundaries. Based on (1), the dynamic model of the ith
decentralized subsystem can be given as
(12)
Mi x!!i + Ci x!i + Ki xi = Di ui
In the Newmark-β algorithm, it is assumed that the velocity and
displacement of the system satisfy the following relationships
(13)
x!i (tk ) = x!i (tk -1 ) + [(1 - d ) x!!i (tk -1 ) + d x!!i (tk )]Dt

xi (tk ) = xi (tk -1 ) + x! i (tk -1 ) Dt +

(14)
[(0.5 - a ) x!!i (tk -1 ) + a x!!i (tk )]( Dt ) 2
where Dt denotes the discrete-time step length and α and δ (α
≥ 0.25(0.5+δ)2, δ ≥ 0.5) denote the algorithm parameters. It
should be noted here that the factor δ controls the amount of
artificial damping induced by the step-by-step procedure; there
is no artificial damping if δ = 0.5. In this paper, we have α =
0.25, δ = 0.5. This ensures the stability and accuracy of the
Newmark-β method. Using the fact that the current responses
need to satisfy the dynamic balance of (12), we have
(15)
Mi x!!i (tk ) + Ci x!i (tk ) + Ki xi (tk ) = Di ui (tk )
Thus, combining (13)-(15), the displacements xi(tk) can be
achieved from the equivalent static equilibrium equation, i.e.,
(16)
Ki xi (tk ) = Fi (tk )
' i and F
' i denote the equivalent static stiffness matrix and
where K
the generalized external force vector, respectively, given as
K i = K i + c0 M i + c1Ci
Fi (tk ) = Di ui (tk ) + M i × ( c0 xi (tk -1 ) + c2 x! i (tk -1 ) + c3 x!!i (tk -1 )) (17)

+ Ci × ( c1 xi (tk -1 ) + c4 x! i (tk -1 ) + c5 x!!i (tk -1 ))
where

c0 =

1
d
1
1
, c1 =
, c2 =
, c3 =
- 1,
2
a ( Dt )
aDt
aDt
2a

d
Dt æ d
ö
c4 = - 1, c5 = ç - 2 ÷ , c6 = Dt (1 - d ), c7 = dDt
a
2 èa
ø

(18)

Second, we define two types of coordinates, i.e., the internal
and boundary coordinates. Then, (16) can be rewritten in a
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partitioned form, given as

Sl

éK
K ù ì x ü ì Fi ü
(19)
ê
úí ý= í ý
K û î x þ î Fi s þ
ëK
where superscripts “b” and “s” are the boundary and interior
coordinates, respectively. Naturally, due to the symmetry of the
stiffness matrix, K ibs is a transpose of K isb . Then, the internal
variables can be determined from (19) and written as
(20)
xis = ( Kiss ) -1 ( Fi s - Kisb xib )
Substituting (20) into (19), the boundary valuables are obtained
(21)
Ki* xib = Fi *
where
Ki* = Kibb - Kibs ( Kiss )-1 Kisb
(22)
Fi * = Fi b - Kibs ( Kiss ) -1 Fi s
Equation (21) represents the condensed equilibrium equation,
and the matrix K i* denotes the Schur complement associated
with the boundary variables. After the condensation operation
of all the S subsystems at the 1st level grid, the remaining
boundary nodes are treated as the 2nd level grid, which can be
further decomposed into several subsystems. Each subsystem at
the 2nd level grid is usually constructed by assembling several
adjacent subsystems at the 1st level grid.
bb
i
sb
i

bs
i
ss
i

b
i
s
i

b

where the operator L represents the assembly over the Sl
i=1

subsystems of the lth level grid, and
Sl

K (j l +1) = L Ki( l ) , Ki( l ) = éë Kibb - Kibs ( Kiss ) -1 Kisb ùû
i =1
F

( l +1)
j

Sl

= L Fi , Fi
(l )

(l )

i =1

= {Fi - K ( K ) Fi
b

bs
i

ss -1
i

(l )

}

(24)

s (l )

Hence, in a similar way, the multilevel decomposition will
finally reach the top level grid.
Finally, all the displacements at the top level are regarded as
the internal variables, which can be directly computed by
-1

(25)
x ( top ) = éë K ( top ) ùû F ( top )
The displacements of each subsystem at other levels can be
calculated from the higher to the lower levels by a so-called
back substitution operation (i.e., the dashed arrow in Fig. 1).

x bj ( l ) =
x

s(l )
j

{( x

)}

T
s ( l +1) T
i
j

) , (x

b ( l +1) T
i

= {( K ) ( F - K x )} , j = 1,2,!, Sl
ss -1
j

s
j

sb
j

b
j

(26)

(l )

Subsequently, the acceleration and velocity variables of each
subsystem at time tk can be derived as
x!!i (tk ) = c0 ( xi (tk ) - xi (tk -1 )) - c2 x! i (tk -1 ) - c3 x!!i (tk -1 )
(27)
x! i (tk ) = x! i (tk -1 ) + c6 x!!i (tk -1 ) + c7 x!!i (tk )
So far, based on the substructuring technique, the entire system
has been decomposed into a series of multilevel subsystems.
B. Prediction Models in Different Levels
In the MPC framework, a model of the controlled system is
used to predict future responses. The efficiency of the
calculated control actions of an MPC depends heavily upon the
prediction model of system [28]. Based on the aforementioned
multilevel decomposition mode, prediction models for different
local subsystems can be established at different levels.

Fig. 1 Schematic of three-level physics-guided structure decomposition

To state the multilevel decomposition more intuitively, as an
example, Fig. 1 gives a schematic of three-level decomposition
based on the substructuring technique. As shown in Fig. 1, the
notation “Sub c.d” represents the dth subsystem of the cth level
grid. The overall system is decomposed into four subsystems
that are regarded as the 1st level. After condensation operation
(i.e., the solid arrow in Fig. 1) by (19), (21) and (22), each
subsystem at the 1st level can be assembled into the 2nd level.
Then, the system model at the 2nd level is further decomposed
into two small subsystems that are composed of several
associated adjacent subsystems from the 1st level grid. In
general, the jth subsystem model at the (l+1)th level (l≥1) can be
formulated by condensing and assembling the corresponding Sl
adjacent subsystems from the lth level, given as
Sl

K (j l +1) × L xi( l ) = Fj( l +1)
i=1

(23)

Fig. 2 The proposed multilevel DMPC architecture

Fig. 2 presents a schematic of the proposed multilevel DMPC
framework. As shown in Fig. 2, an h-level structural system can
generally be decomposed based on the topological shape,
actuator arrangement, and calculation scale of the system.
Along with the system decomposition, all the actuators
embedded as partial members of the structure are divided into
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several subsets. Each actuator subset should be controlled by a
local MPC controller. For instance, the local MPC controller for
the first actuator subset can be designed based on the prediction
model of not only the subsystem of Sub 1.1 in the 1st level but
also the corresponding subsystem of Sub 2.1 in the 2nd level
when the nodes of actuator elements are treated as the boundary
nodes. In fact, the control law of a distributed MPC controller
can be designed based on the subsystem model at any level grid,
as long as the model involves all the actuator element nodes.
Furthermore, because more structural information, involving
the equivalent static stiffness and external force, is condensed
in the higher-level subsystems, a better control effect, in theory,
will be achieved when a model at a higher level is used for the
controller design.
Remark 1: The proposed DMPC based on this decomposition
mode can naturally degenerate into a centralized MPC (CMPC)
if the overall structure is regarded as one substructure; and the
substructuring technique can still be used to reduce the scale of
the prediction model for controller design.
IV. COORDINATED DISTRIBUTED MPC FOR SHAPE
CONTROL WITH INPUT SATURATION
In this section, a coordinated multilevel DMPC framework
for shape control with input saturation is introduced.
A. Discretization by the Explicit Newmark-β Method
To solve the DMPC problem, the subsystem prediction
model (5) should be discretized in the time domain; then the
state evolution can be predicted by the discrete convolution
integral [30]. However, this discretization approach involves
considerable off-line computation of matrix exponentials,
especially for a large-scale system [31]. Thus, to improve the
computational efficiency, an explicit Newmark-β algorithm is
applied to discretize the subsystem (3).
The prediction time horizon T is divided into N time slots
with equal step length η. The dynamic balance equation at time
tk can be written as
S

ˆ !
ˆ x
ˆ
(28)
!!
M
i i (tk ) + Ci xi (tk ) + Ki xi (tk ) = Dii ui (tk ) + å Dij u j (tk )
j ¹i

Combining (28) and the aforementioned basic assumptions for
the velocity and displacement in the Newmark-β algorithm (i.e.,
(13) and (14), respectively), the dynamic responses vi(tk) (v =
{xT, ẋ T, ẍ T}T) can be derived in an explicit form
S

vi (tk ) = hv
i i (tk -1 ) + wii ui (tk ) + å wij u j (tk )

(29)

j ¹i

k
S
ìk
ü
vi (tk ) = Hˆ ik zi (t0 ) + åWˆiik ,l ui (tl ) + å íåWˆijk ,l u j (tl ) ý (31)
þ
l =0
j ¹i î l = 0
where the subscript “i” denotes the ith subsystem, superscripts
“k” and “l” denote the predictive time step, and

k
l =0
ìhk g ,
l = 0 ˆ k ,l ïìhi gi 3 ,
Hˆ ik = hik gi1 , Wiik ,l = í ik -l i 2
,Wij = í k -l
ïîhi wij , 1 £ l £ k
îhi wii , 1 £ l £ k

é Ii
ê
gi1 = ê 0
ê- M
ˆ -1 K
i
i
ë

i

é Γ D ù
é Γ D ù
éY11 Y12 Y13 ù
ê
ú
ê
ú
ê
ú
hi = Y 21 Y 22 Y 23 , wii = ê b Γ D ú , wij = ê b Γ D ú (30)
ê
ú
êb Γ D ú
êb Γ D ú
êëY 31 Y 32 Y 33 úû
ë
û
ë
û
-1
i
ij
-1
1 i
ij
-1
4 i
ij

ˆ + b Cˆ + Kˆ , and the specific expression for bκ
where Γi = b4 M
i
1 i
i
(κ= 1,2,3,4,5,6) and Yµν (µ, ν = 1,2,3) can be found in [31].
Performing an iterative calculation of the recurrence formula
(29), all the future dynamic responses can be expressed by the
predictive initial state and control inputs, given as

(32)

B. Coordination Mechanism among Local Controllers
To improve the systemwide control performance of DMPC,
the local MPC controllers should cooperate with each other to
achieve a systemwide objective. Thus, the local cost function φi
should be replaced by a cost function, which can measure the
impact of local control actions on the whole system. Drawing
on the concept of cooperative DMPC proposed by Venkat et al.
[32], [33], a simple choice for such a cost function is to combine
all the local cost functions in the following way:
S

S

i =1

i =1

F = å wiji , wi ³ 0, å wi = 1

(33)

In this work, we choose ωi = 1/S.
Subsequently, an iterative implementation strategy is used to
minimize the aforementioned systemwide cost function Φ of
(33). In this strategy, each controller optimizes its own set of
inputs assuming that the rest of the inputs for other interacting
subsystems are fixed to the last accepted values. Following this
step, as shown in Fig. 2, the controllers share their optimal
solutions of the future inputs (i.e., the process of coordination
between each local controller). If the preset convergence
condition is satisfied, each local controller will send its final
p
optimal inputs ui to the corresponding actuators; if not, it
should go to the next iteration p+1, and the current inputs will
be updated by a convex combination of the most recent input
trajectory and that at the last iteration, i.e.,
(34)
uip +1 = wi uip + (1 - wi )uip -1
th
For the p iteration at time tk, the coordinated DMPC of each
subsystem is described as a constrained quadratic programming
(QP) problem in the discrete-time domain, that is
Find:
(35)
uip (tk ) Î arg min ji (Yi p , Uip , U jp¹-i1 ; zi (tk ))
Uip

Subject to:

where
-1
i
ii
-1
1 i
ii
-1
4 i
ii

é 0 ù
ù
é 0 ù
ê
ú
ú
ê
ú
ú , gi 2 = ê 0 ú , gi 3 = ê 0 ú
ê ˆ -1 ú
ú
êM
ˆ -1 ú
iû
ë i Dii û
ë Mi Dij û

0
Ii
ˆ -1C
-M

yip (k + q | k ) = Ci vip (k + q | k )

(36)

µmin £ uip (k +q | k ) £ µmax

(37)

With:

ji (Yi p , Uip , U jp¹-i1 ; zi (tk ))
=

1 N
å ( yip (k + q | k ) - yid
2 q=0

2
Qi

+ uip (k + q | k )

2
Ri

)

(38)

where Yi = [ y (k + 1| k ) ,!, y ( k + N | k ) ] , Ui = [uip (k | k
p

p
i

T

p
i

T T

p

p-1
p-1
p-1
)T ,!, uip ( k + N | k )T ]T , Ui = [ui (k |k)T,…, ui (k+N |k)T]T;
ypi represents the output values at iteration p; and the double
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index notation (k+q |k) represents a prediction for q (1≤q≤N)
steps ahead from time tk.
Herein, it should be noted that the system sampling interval
may be insufficient for a coordination-based iterative method to
reach convergence, especially for large-scale systems. Thus, in
such cases, the iteration has to be terminated prior to
convergence of optimal input trajectories. The results of the last
iteration will be used as an approximate distributed control law.
Remark 2: Consider the above cost function Φ positive
definite quadratic and let the solution domain for the problem
of (35)-(38) be convex and compact. Assume that the solution
p
p
after p iterates is ( u1 ,…, uS ) and the corresponding cost
p
p
function value is Φ(u1 ,…, uS ; z(tk)); let the optimal solution be
(u∗1 ,…, u∗S ) with a relevant cost function Φ(u1∗,…, u∗S ; z(tk)). The
input trajectory at convergence satisfies
lim F ( u1p , u2p ,!, uSp ; zi (tk )) = F ( u1* , u2* ,!, uS* ; zi (tk ))
p ®¥
(39)
lim ( u1p , u2p ,!, uSp ) = ( u1* , u2* ,!, uS* )
p ®¥

A proof can be found in [32, p. 1024].
C. Solution of the DMPC Method with Input Saturation
In this subsection, the aforementioned constrained QP
problem (35)-(38) is transformed into an LCP problem based
on the parametric variational principle [34].
First, for the equality constraint of (36), substituting (31) into
(36), yields
q

yip (k + q | k ) = Ci Hˆ iq zi (tk ) + å CiWˆiiq,l uip (tl )
l =0

ì q
ü
+ å í å CiWˆijq,l u jp -1 (tl ) ý
j ¹i î l = 0
þ
Equation (40) can be rewritten in a matrix form as
S

S

Yi p = Hi zi (tk ) + WiiUip + åWijU jp -1

(40)

(41)

j ¹i

Second, the inequality constraint (37) can be addressed by
transforming the original problem into an LCP in a very concise
and clear way. First, the inequality constraint (37) is
transformed into an equality constraint by introducing variables
α
. i ≥0 and αi , which can be expressed in matrix form
p
ïìUi - Ei µmax + ai = 0
(42)
í
p
ïî Ei µmin - Ui + ai = 0
' i is a matrix for dimension expansion. Then, based on
where E
the theory of the parametric variational principle, an expanded
cost function j ie (38) is obtained, which can be defined as
2
2
1
j = ( Yi p - Yid Qˆ + Uip Rˆ )
i
i
(43)
2
T
p
T
p
+ li (Ui - Ei µmax + a i ) + li ( Ei µmin - Ui + a i )
/
' i(N)} and R
/i =
where Q i = diag{Qi(1), Qi(2),…, Qi(N-1), Q
'
diag{Ri(0), Ri(1),…, Ri(N)}, Q i is an appropriately chosen
terminal penalty; .λi and λi are the Lagrange multipliers. Taking
p
into account (41), the output variables Yi in (43) can be
eliminated. Thus, the original constrained QP problem can be
changed into an unconstrained optimization problem, given as
e
i

uip (tk ) Î arg min jie := jie (Uip , U jp¹-i1 ; li , li , zi (tk ))

(44)

Uip

By performing the variation operation with respect to the input
p
trajectory Ui , that is,
(45)
¶jie ¶Uip = 0
p

the suboptimal input trajectory Ui can be derived in an explicit
form, which only depends on λ.i and λi, given as
(46)
Uip = Gi1 (li T - liT ) + Gi 2 Hi zi + Gi 3
where
Gi1 = -(WiiTQˆ iWii + Rˆ i ) -1 , Gi 2 = Gi1WiiTQˆ i
S
(47)
Gi 3 = Gi 2 ( åWijU jp -1 - Yid )
j ¹i

Finally, substituting (46) into (42), the constraint conditions
can be rewritten as
ìGi 2 H i zi + Gi 3 - Ei µmax ü é Gi1 -Gi1 ù ìli ü ìa i ü
í
ý+ê
ú í ý + í ý = 0 (48)
î Ei µmin - Gi 2 H i zi - Gi 3 þ ë -Gi1 Gi1 û îli þ îa i þ
Thus far, the original DMPC problem with input saturation
can be transformed into a series of LCP problems. .λi and λi can
then be obtained by solving these LCP problems as follows:
ïìz i + Tn
i i +gi = 0
(49)
í
T
ïîn i ³ 0, g i ³ 0, n i g i = 0
where
ìG H z + Gi 3 - Ei µ max ü
z i = í i2 i i
ý
î Ei µ min - Gi 2 Hi zi - Gi 3 þ
(50)
ìli ü
ìa i ü
é Gi1 -Gi1 ù
Ti = ê
ú , n i = í ý , g i = ía ý
î iþ
ë -Gi1 Gi1 û
îli þ
The LCP can be solved by many mature approaches. Herein,
Lemke’s algorithm [35] is used to solve the standard LCP.
TABLE I
THE DMPC ALGORITHM FRAMEWORK FOR STRUCTURAL SHAPE CONTROL
Algorithm 1: The proposed DMPC based on the substructuring technique
1. Preprocessing:
0 ii, C
0 ii, and K
0 ii of each subsystem at different
1.1: Decompose and store M
level grids by the substructuring technique.
/ i, and R
/ i.
1.2: Preset Ui0 (t0), Q
2. Off-line computation:
2.1: Compute hi and wij, then assemble the matrices Hi and Wij.
2.2: Compute Gi1 and Gi2.
3. On-line computation:
Let k = 0 and εi > 0.
Repeat
k ← k+1, p ← 1.
p
Initialize the kth input trajectory Ui0 (tk) = Ui (tk-1) for each subsystem.
While ρi > εi for some i = 1, 2, …, S, and p ≤ pmax.
do ∀i = 1, 2, …, S
3.1: Solve the LCP (49) to obtain .λi and λi,
3.2: Substitute them into (46) to calculate the optimal input U*i .
p(*)
3.3: Employ the first predictive inputs ui of U*i as the inputs.
end (do)
for each i = 1, 2, …, S
p
p(*)
p-1
p
p-1
3.4: ui ← ωi ui + (1-ωi) ui , ρi ← ||ui -ui ||
p
3.5: Send ui to each interacting subsystem, j = 1,2, …, S, j ≠ i.
end (for)
p ← p+1
end (while)
Update the states zi(tk).
Until k= the max simulation step.
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The implementation steps of the proposed DMPC algorithm
for structural shape control are summarized in Table I. In
addition, all the parameters in the above theoretical formulas
are listed in Table VII of Appendix B.
Remark 3: One merit of the proposed DMPC method is that
the input saturation constraints can be satisfied directly just by
solving the LCP, rather than by adjusting the control parameters
such as the weighting matrices to ensure that the actuators work
under their physical limits indirectly.
' i) is detectable, Qi ≥ 0 and Ri >
Remark 4 (stability): If (Aii, C
0, "i ∊ {1, S}, the closed-loop system with the control input
trajectory solved by the proposed Algorithm 1 can be proven to
be stable at the origin. A proof by Lyapunov stability theory [36]
is given in Appendix A.
V. EXPERIMENTAL EVALUATION

Fig. 3 Experimental platform for the reflector shape control

In this section, an experiment on the shape control of a smart
antenna reflector is investigated to illustrate the performance of
the proposed DMPC controller. The control problem and some
pretreatment including the experiment platform, the reflector
model, and the system decomposition are briefly introduced in
subsection A. The feasibility, effectiveness, flexibility, and
fault tolerance of the proposed algorithm are discussed in
subsection B. It should be noted that all computations are
performed in MATLAB (R2016b) on a personal computer with
an Intel(R) Core(TM) i7-7600 CPU (2.80 GHz) processor and
8 GB RAM, running on Windows 10 64 bit.
A. Experiment Introduction and Physics-guided System
Decomposition of the Smart Antenna Reflector
A planar hexagonal reflector with an inscribed circle
diameter of 0.654 m is selected as the research object. The host
structure is manufactured by composite with eight layers of
carbon fibers; each layer is 1.25 × 10-4 m thick. The ply
orientations are (0°, 45°, -45°, 90°), where the superscript “o”
denotes the degree of angle. Drawing on the concept of the
reflector structure reported in [3], thirty active PZT actuators
are embedded on the ribs at the back of the reflector, as shown
in Fig. 3. The details about the rib design, actuator installation,
and physical constraints of the structure can be found in [3]. The
material properties for both the composite and PZT actuator
elements are listed in Table II. The active structural shape
control problem in this experiment can be described such that
the aim is to find the optimal control inputs (i.e., the voltages of
PZT actuators) by the proposed DMPC algorithm to make the
displacement field of the reflector surface a parabola with a
focal length of 100 m.
TABLE II
PROPERTIES OF BOTH THE COMPOSITE AND PZT ACTUATOR ELEMENTS
Parameters
Composite elements
PZT elements
Young’s modulus (GPa)
E1=263, E2=E3=11
Ee=26.53
Shear modulus (GPa)
G12=G13=5.28, G23=4.23
/
Poison’s ratio
/
µ=0.3
Density (kg/m3)
ρ=1800
ρe=8000
Area of cross section (mm2)
/
Ae=113.10
Actuator length (m)
/
le=0.10
PZT stress coefficient (pm/V)
/
κ33=635
The item Ae/(leω33)
/
12
Actuator voltage range (V)
/
0 - 150

Fig. 4 Schematic of the data flow for the control system

Fig. 3 gives the schematic of the experimental platform for
reflector shape control. A digital image correlation (DIC)
photogrammetry system with an accuracy of 1×10-5 m is used
to measure the special position of the reflector surface in real
time. This measurement system is composed of two industrial
cameras, one measurement controller and two light-emitting
diode (LED) lights. When an image capture command is
received, the current surface deformation is captured by the
cameras, and the coordinates of the observation points, i.e., the
white dots pasted on the reflector surface, are sent back to the
measurement controller. Then, an Ethernet cable is used for
communicating between the measurement controller and the
PC. Based on the feedback states of the system, the suboptimal
control voltages of each subsystem are solved by the proposed
DMPC method in MATLAB. Subsequently, the voltage signals
are amplified and loaded into each actuator subset by the
actuator controller. In addition, the reflector is fixed on a
Newport Smart Table, which is composed of four smart
dampers and one breadboard with 0.1 mm surface flatness to
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reduce the impact of external disturbance. A schematic view of
the data flow for the control system is given in Fig. 4.
Based on the substructuring technique, a three-level system
decomposition is presented as shown in Fig. 5. As the overall
structural system is divided into 6 subsystems, all 30 PZT
actuators are equally divided into 6 subsets at the same time;
each actuator subset is controlled by different local MPC
controllers with information interactions. Benefiting from this
multilevel system decomposition mode, different MPC
controllers can be designed flexibly at different levels.

4.68%, 3.16%, and 3.02%, respectively. Thus far, all the
comparison results illustrate that the numerical model of the
reflector for a DMPC controller is available with enough
accuracy.

(a)

(b)

Fig. 6 Comparisons of the displacement fields at the control voltage of 70 V:
(a) The experimental results. (b) The numerical results.

Level 3:

TABLE III
THE MAX. AND RMS OF THE DISPLACEMENT AT DIFFERENT VOLTAGES
Voltage
Max. (x 10-6 m)
RMS (x 10-6 m)
(V)
Experimental
Numerical
Experimental
Numerical
102.51
108.99
55.32
57.91
30
273.81
254.32
139.53
135.12
70
524.56
508.64
262.31
270.24
140

Level 2:

Controller
No. 5

Controller
No. 4

Controller
No. 6
Level 1:

Controller
No. 1

Controller
No. 3
Controller
No. 2

Fig. 5 Schematic of a three-level system decomposition

B. Shape Control of the Antenna Reflector using the Proposed
DMPC Method
The experiment on shape control of the antenna reflector by
the proposed multilevel DMPC will be discussed in four parts,
including the model verification, feasibility and effectiveness,
flexibility, and fault tolerance of the proposed algorithm.
1) model verification:
To illustrate the correctness of the numerical model for the
reflector system, certain groups of constant voltages are applied
to the PZT actuators; and the numerical results involving the
displacement field and its root mean square (RMS.) value of the
reflector surface are compared with those in the experiment.
As presented in Fig. 6, the displacement field by numerical
simulation under loading at a 70 V control voltage is very close
to that in the experiment. The displacement RMS values are
135.12 µm and 139.53 µm, respectively. Without loss of
generality, the maximum (Max.) and RMS of the displacements
at different voltages of 30 V, 70 V, and 140 V are further listed
in Table III. Compared with the experimental results, the errors
for the RMS of displacement by numerical simulation are

2) the feasibility and effectiveness of the proposed DMPC:
Consider a shape control target for an antenna reflector where
the displacement in the Z-direction of the reflector surface
should be maintained as a paraboloid with a focal length of 100
m. The target shape is given as shown in the top right corner of
Fig. 7. Herein, it is assumed that all the local MPC controllers
are designed based on the prediction model at the 1st level grid.
The weighting matrices for each subsystem are set to Qi = diag
{Qiu, Qiv} and Ri = 0.01 × Imi, where Qiu = 9 × 1013 × Ipi, Qiv =
1 × 108 × Ipi, Ipi, and Imi are ri × ri and mi × mi unit matrices,
respectively. ri and mi are the number of observation nodes and
PZT actuators for the ith subsystem, respectively. The prediction
horizon T = 0.02 s, and the number of prediction points 𝑁 = 10.
The maximum number of interaction iterations is pmax = 15. The
convergence error ε = 1 × 10-8. The control inputs, i.e., the
voltages of the PZT actuators, are all limited between 0-150 V.
The initial conditions are xii = ẋ ii = ẍ ii = 0 and ui = 0.

Fig. 7 RMS curve of the experimental displacement residual error
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limited between 0-150 V, which will satisfy the input saturation
constraints. In addition, the number of coordinated interactions
between the subsystems is given in Fig. 9.
TABLE IV
RESULTS COMPARISON AMONG DIFFERENT CONTROL METHODS
Methods
LS
PSO
CMPC
DMPC
RMS of residual errors (x10-6 m)
69.84
84.77
26.97
30.32
On-line CPU time (x10-3 s)
3.78
46.50
41.36
8.20

(a)

(b)

Fig. 8 The experimental voltages: (a) The voltage distribution of the system at
convergence time. (b) The voltage curves for the F actuator subset

Fig. 9 The coordinated interaction times among subsystems in the experiment

First, the feasibility of the proposed DMPC method is studied
in theory and hardware sampling requirements from two
aspects: the existence of local optimal solutions and online
computing time. For the former, based on the aforementioned
reflector model and algorithm parameters, one can verify that
the matrix Ti (i = 1, 2, …, 6) in the LCP (49) of each subsystem
is positive definite. Thus, the LCP in this work has a unique
solution for all νi. A proof relying on an equivalent QP problem
can be found in [37, p. 141]. Then, allying with the conclusion
of Remark 2, a local optimal solution for each MPC controller
can be obtained in theory after a finite number of interactive
iterations. For the latter, as is known to all, the online computing
time of a closed-loop control method must be less than the
hardware sampling period. In this experiment, the average online CPU time for one step by the proposed DMPC method is
8.2×10-3 s, which is much smaller than the sampling period of
0.02 s. These aforementioned results illustrate that the proposed
DMPC is feasible for solving the reflector shape control
problem in theory and hardware sampling requirements.
Furthermore, the feasibility of the proposed DMPC can be
studied more intuitively just by the control effect.
Then, to demonstrate the effectiveness of the proposed
DMPC, the RMS curve of the experimental displacement
residual error is shown in Fig. 7. The displacement field in the
Z-direction of the reflector surface at the initial and final
convergence times are also presented to show the control effect
intuitively. In Fig. 7, one can see that after several closed-loop
feedback iterations, the RMS of the displacement residual error
is reduced from the initial value of 1.58 × 10-4 m to a stable
value of 3.03 × 10-5 m, which is reduced by approximately
80.82%. The experimental control voltages of each PZT
actuator subset at the convergence time are given in Fig. 8(a).
As shown in Fig. 8(a), the 30 actuators are equally divided into
6 subsets; each subset is distinguished by the letters A to F. The
time history curves of the voltages for the F actuator subset are
presented in Fig. 8(b). All the control voltages in Fig. 8(b) are

Before the end of this item, two other typical methods for
active shape control of an antenna reflector, i.e., the least-square
(LS) method [38] and particle swarm optimization (PSO) [39],
are used for comparison. They can be coded directly by calling
the corresponding solvers in the optimization toolbox of
MATLAB software. The RMS of residual errors and the CPU
time by the LS, the PSO, the CMPC, and the proposed DMPC
are listed in Table IV. Based on the results in Table IV, the
online CPU time for one step of the proposed DMPC is 17.63%
of the PSO and 19.83% of the CMPC; its RMS of residual errors
is 43.41% of the LS and 35.77% of the PSO. In addition, it can
be seen that the CPU time of the proposed DMPC method is
slightly larger than that of the LS, and the RMS of residual
errors is also slightly larger than that of the CMPC. The former
may be because the reflector used in this experiment is not large
enough, and the interactive iteration between the local MPC
controllers of the proposed DMPC may drag down its overall
calculation time. However, if the size of the reflector or the
number of inputs and outputs increase, the LS may fail to give
credible solutions due to either the lack of centralized
information collection ability or centralized computing ability,
while the proposed DMPC can share the calculation burden just
by adding more local subcontrollers. For the latter, it should be
noted herein that the control accuracy for most of the distributed
control strategies may not be better than that of the
corresponding centralized control strategies. However,
compared with CMPC, the proposed DMPC has great
advantages in computational efficiency, flexibility of controller
design, and fault tolerance.
Thus far, these above experimental results illustrate that the
proposed DMPC algorithm is feasible and effective.
3) the flexibility of the proposed DMPC:
The flexibility of the proposed multilevel DMPC algorithm
framework is mainly reflected in the following two aspects.
First, taking advantage of the multilevel system decomposition
mode, the MPC controller of each subsystem can be designed
flexibly at different levels. Second, the interaction mode among
local subsystems can also be designed flexibly.
To demonstrate the first point of flexibility, three control
cases are investigated. The RMS values of the residual error for
each case are listed in Table V. Based on the data of Table V,
the RMS residual errors gradually decrease from case 1 to case
3. For case 3, the RMS residual error is 27.71 µm, which is very
close to the result of CMPC, i.e., 26.97 µm. This phenomenon
can be explained by the fact that the higher the level at which
the local controller is designed, the more mechanical
information of the structure, such as the equivalent static
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stiffness for the prediction model, is condensed; thus, a better
control performance can be obtained when a local MPC
controller is designed based on the higher-level subsystem
prediction model.
TABLE V
THE RMS OF THE RESIDUAL ERRORS FOR DIFFERENT CONTROL CASES
DMPC
Residual
Uncontrolled CMPC
error (×10-6 m)
Case 1 Case 2 Case 3
RMS
158.37
26.97
30.32
29.35
27.71
Notes: Case 1: all controllers are designed at the first level; Case 2: controller
No.1 is designed at the second level, and the others are designed at the first
level; Case 3: all controllers are designed at the second level.
m x 10-4

m x 10-4

(a)

(b)
m x 10-5

(c)

(d)

Fig. 10 The experimental control results for different interaction modes: (a)(c) The residual error distribution of DMPC1, DMPC2, and DMPC3,
respectively. (d) The RMS residual errors

To demonstrate the second point of flexibility, three
interaction modes among subsystems are considered, including
the interaction of all subsystems, the interaction of neighboring
subsystems, and ignoring the impact of all other subsystems.
For the sake of concise expression, we name these modes
DMPC1, DMPC2, and DMPC3. The experimental control
results for the three interaction modes are presented along with
those controlled by the CMPC method as shown in Fig. 10. In
Fig. 10(d), it can be seen that from DMPC3 to DMPC1, the
curves of the RMS residual error gradually decrease and tend to
the CMPC curve. In addition, the residual error distributions of
DMPC1, DMPC2, and DMPC3 are presented in Figs. 10(a-c).
Thus far, the above experimental results demonstrate that the
proposed DMPC method is flexible.
4) the fault tolerance of the proposed DMPC:
To illustrate the high fault tolerance of the proposed DMPC
algorithm, the control performance is further studied assuming
that certain local distributed controllers have failed. The RMS
values of the residual displacement error with different numbers
of failed local controllers are listed in Table VI.
Based on the data in Table VI, with an increasing number of
failed local controllers, the maximum absolute (Abs.) and RMS
values of the control residual error increase gradually and tend

to those of the uncontrolled results. This illustrates that the
failure of certain local controllers will reduce the systemwide
control performance but will not cause the entire control system
to crash suddenly. Even when half of the local controllers fail,
the Max. Abs. and RMS of the residual error can still be reduced
by about 12.48% and 40.29%, respectively. Thus far, the above
associated results show that the proposed DMPC method has
high fault tolerance for the sudden failure of certain controllers.
TABLE VI
CONTROL RESULTS FOR DIFFERENT NUMBERS OF FAILED CONTROLLERS
Residual
Number of the failed local controllers
Uncontrolled
error (×10-6 m)
no failed
1
1, 3
1, 2, 4
Max. Abs.
289.00
71.87
178.14 187.96 252.94
RMS
158.37
30.32
72.83
84.94
94.56

In sum, from all the aforementioned experimental results and
discussions, certain merits of the proposed DMPC algorithm
framework can be concluded as follows:
Based on the substructuring technique, the overall structural
system can be decomposed into multilevel subsystems with a
simple and unified process; the proposed algorithm provides a
flexible multilevel distributed control framework with excellent
performance so that the controllers of each subsystem can be
flexibly designed based on different level prediction models;
the proposed algorithm has strong stability under the sudden
failure of certain local controllers; and the input saturation of
actuators can be satisfied directly by solving an LCP problem.
VI. CONCLUSIONS
In this paper, we have proposed a physics-guided coordinated
DMPC algorithm framework with application to structural
shape control. First, the primary formulations of DMPC for a
smart structural system equipped with PZT actuators are
presented. Then, from a physics-guided point of view, the entire
system is decomposed into multilevel subsystems based on the
substructuring technique. With different prediction models at
different levels, each controller can be designed flexibly. To
improve the systemwide control performance, a coordinator
between each subsystem is established in an iterative fashion.
Finally, the control inputs for each subsystem can be obtained
by transforming the original DMPC problem into a series of
LCP problems; at the same time, the input saturation constraints
are satisfied directly. The proposed method provides a simple
and unified distributed control mode with high fault tolerance.
The experimental results on the shape control of an antenna
reflector structure demonstrate that the proposed DMPC
algorithm is effective, flexible to design, and able to provide a
control result comparable to that of a standard CMPC method.
For future work, based on the physics-guided concept proposed
in the current distributed control framework of linear structural
systems, another new distributed control method can be further
developed to extend to nonlinear structural systems.
APPENDIX A
Proof: First, at time tk, take the value of the system cost
function after p(k) iterates as the Lyapunov function candidate
p(k)
' i) is detectable,
that denoted by VL (z(k)). Thus, when (Aii, C
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