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Abstract. We revisit a cosmological constraint on dark matter decaying into dark radiation
at late times. In Enqvist et al. (2015), we mainly focused on the effects of decaying dark
matter (DDM) on the cosmic microwave background (CMB) and nonlinear matter power
spectrum. Extending our previous analysis, here we use N-body simulation to investigate
how DDM affects the halo mass function. This allows us to incorporate the cluster counts
observed by the Sunyaev-Zel’dovich effect to study a bound on the lifetime of DDM. We
also update the data of CMB and cosmic shear power spectrum with the Planck 2015 results
and KiDS450 observations, respectively. From these cosmological observations, we obtain an
lower bound on the lifetime Γ−1 ≥ 154 Gyr from the Planck2015 results (CMB+SZ cluster
count) combined with the KiDS450 and the recent measurements of the baryon acoustic
scale.
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1

Introduction

Dark matter (DM) is one of the most important building blocks of the Λ cold dark matter
(ΛCDM) model, which is the standard paradigm of modern cosmology. DM makes up about
25 % of the present Universe and DM particles should be stable over the age of the Universe.
However, this does not necessarily mean that they are perfectly stable. In fact decaying
dark matter (DDM) can be realized in a broad class of particle physics models. Such decay
would give a significant impact on various aspects of astrophysics and cosmology such as
cosmic rays, the cosmic microwave background (CMB), large scale structure and so on. As
a result, a lot of work has been devoted to investigate DDM models and their observational
consequences. In particular, DDM models have attracted attention recently as it has been
suggested that DDM can relax cosmological tensions between the CMB and low-redshift
observations, such as in the recovered values of σ8 and the Hubble constant [1–8]1 . In [2], we
investigated this issue by using CMB data from the Planck 2013 data release [12] and weak
lensing shear from CFHTLens [13], and showed that the tension in σ8 between CMB and
weak lensing survey can be alleviated to some extent by DDM.
In this paper, we extend the work of [2] with the recent weak lensing data from KiDS450
[14, 15] along with the Planck 2015 data [16] and the Planck CMB lensing spectrum [17]. We
also include other low-redshift observations from the Sunyaev-Zeldovich (SZ) cluster count
from Planck [18] and baryon acoustic oscillation scales [19–21]. We assume that all DM
decays with the same decay rate Γ and do not consider a mixed model (i.e., a CDM + DDM
model). As we argue in this paper, although KiDS450 and the SZ cluster count from Planck
hint at a lower value of σ8 compared to Planck, when we include multiple data from low
redshift observations, the DDM model does not give a much better fit to the data, and is
rather severely constrained. This is due to the fact that the different low-redshift observations
are sensitive to different scales and redshifts and the DDM model cannot fit the data overall
for a given decay rate Γ.2 Therefore in this paper we aim to obtain a constraint on the decay
rate of DDM by using the above mentioned data set rather than pursuing a possibility of
1

For specific and motivated models beyond Standard model, we refer to e.g. [9–11].
Compared to Planck 2015, the use of the recent Planck 2018 data
[22] (Planck
TT,TE,EE+LowE+lensing) would make this tendency more noticeable as the later relase prefers a slightly
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resolving the tension of σ8 . The analysis is done by extending our previous work [2], but
using a halo mass function calibrated from N-body simulation, which allows us to include
the SZ cluster count data in our analysis. This is the new ingredient in the present paper.
As will be shown in the following, the inclusion of the SZ cluster count provides a significant
effect constraint on the dark matter decay rate.
Regarding the halo mass function in DDM model, let us comment on the differences
between the one obtained in our present work and in previous studies. Ref. [25] studied
the halo mass function in the same DDM model as ours, based on an analytical argument.
They argued that the abundance of cluster-sized halos is suppressed in the DDM model
and the deviation from standard CDM becomes prominent at later times, which agrees with
our result. On the other hand, Refs. [26, 27] also considered effects on halo mass function
in DDM models, but where the decay products are not massless. Refs. [28] studied the
mass-concentration relation as well as the mass function in DDM models with massive decay
products.
Our paper is organized as follows. In the next section, we present the DDM model
we consider in this paper. We also briefly describe the methodology of our analysis. In
Section 3, we discuss the effects of the DDM model on the halo mass function, based on
which in Section 4 we derive constraints on the DDM from recent cosmological observations.
We conclude in Section 5. Appendices A and B respectively describe our fitting formula for
the DDM halo mass function, and the effects on the concentration of the haloes.

2

Model and methodology

Here we briefly describe the model we consider in this paper. Our methodology in this paper
is the same as that in our previous paper [2], so we provide only a brief recap here, and refer
the readers to [2] for further details.
We investigate cosmological constraints on dark matter decaying into dark radiation
(DR) (for a realization of this kind of model in particle physics, for instance, in the context
of axion landscape, see [9]). In the following, we assume that all dark matter particles
decay, and hence our decaying dark matter (DDM) model is characterized by only a single
parameter, the decay time Γ−1 . We particularly focus on DDM with Γ−1 larger than the age
of the Universe.
We assume a flat Universe consisting of photons, neutrinos, baryons, a cosmological
constant (Λ), DDM and DR, which we call ΛDDM model hereafter. Initially, dark radiation
is assumed to be absent and is created only by the decay of DDM. Thus the expansion history
of the Universe is uniquely specified once we specify Γ and the abundance of baryons, DDM
and the cosmological constant at some reference time. Since the energy densities of DDM and
DR are not explicit functions of the scale factor a, it is more convenient to specify abundances
of these constituents at the initial time (a = 0)3 than at present (a = 1). Following Ref. [2],
we adopt the parameters ωi to specify the initial density of a constituent i, defined as:
!
ρ̄i (a)a3(1+αi ) !!
ωi ≡
.
(2.1)
!
ρcrit /h2 !
a=0

lower σ8 and is more compatible with updated cosmic shear measurements [23, 24]. However, the likelihood
code for Planck 2018 has not yet been publicly released, so for this work we use the 2015 likelihood and data
release.
3
In practice, we start the calculation at a ∼ 10−7 , well before the matter radiation equality.
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Here, ρ̄i and αi are respectively the mean energy density and the equation of state of
constituent i, and ρcrit /h2 ≡ 3 (H0 /h)2 /8πG is the present critical density of the Universe,
with H0 = 100h km/sec/Mpc the Hubble parameter and G Newton’s constant. Note that
ρcrit /h2 is a constant and does not depend on cosmology. If the constituent i is stable (i.e.
photons, neutrinos, baryons or Λ), ωi coincides with the present density parameter Ωi h2 . In
addition, we define h∅ , which represents the value of h in the absence of dark matter decay.
To investigate constraints from the CMB and weak lensing, we need to follow the evolution of cosmological perturbations in the model, which can be divided into linear and
nonlinear regimes.
To study the evolution of linear perturbations in the ΛDDM model, we modified the CAMB
Boltzmann code [29] to accommodate the effects of DDM. The linear perturbation evolution
in DDM models has already been studied by many authors [30–36]. We formulated a refined
treatment of free streaming of the decay product, incorporating the approximations developed
for neutrinos Ref. [37]. Thus our study allows more accurate and fast computations of linear
perturbation evolution in DDM. This gives the initial condition for the N-body simulation
as well as the angular power spectrum of the CMB.
We also investigate the nonlinear evolution of perturbations in DDM based on purposebuilt N-body simulations. Our N-body simulation incorporates two primary effects. The first
is the change to the background expansion which is caused by the transformation of energy
from DM to DR. The other effect is to allow DM to decay by making the mass of simulation
particles time-dependent as
m(t) = mi {(1 − rdm ) + rdm e−Γt },

(2.2)

where mi is the initial particle mass and rdm is the fraction of mass density in total matter
(dark matter + baryons). We modified the publicly available Gadget-2 code [38, 39] to incorporate these two primary effects.4 Although our simulation omits the effects of perturbations
in the DR produced by the decay, we have confirmed that this approximation is accurate
enough for our analysis. To do this we checked the agreement of the power spectrum obtained
from N-body simulation with the linear perturbation calculation from CAMB at sub-horizon
and but still linear scales, where both approaches should be valid.
When investigating constraints from weak lensing, we make use of the fitting function
for the nonlinear matter power spectrum presented in [2].

3

Effects on the halo mass function

In the DDM model, well before the decay time overdensities grow via gravitational instability
as in the ordinary CDM model. At late times, as DDM decays the overdensities and the
gravitational wells surrounding them begin to fade away since the decay product, i.e. DR,
is massless and leaks from overdense regions into underdense ones. This moderates the
gravitational instability and slows down structure formation. As mentioned in the previous
section, the effects on the matter power spectrum, which is included in the fitting formula
we obtained in our previous paper [2], can be used to probe quasi-nonlinear scales. On the
other hand, the formation of collapsed objects like dark matter haloes are also affected in
the DDM model, which we evaluate in this section.
4

For a general relativistic treatment of N-body simulation we refer to [40]. So long as our analysis focuses
on scales much smaller than horizon, general relativistic corrections are subdominant.
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Figure 1.
Halo mass function in the DDM model at redshifts z = 1 (left) and z = 0 (right)
from simulation, shown for decay time Γ−1 = 31.6 (green), 100 (blue) and 316Gyr (magenta). For
reference, we plot the Tinker mass function for the CDM model (cyan). The result is based on
simulation with box size L = 1250h−1
∅ Mpc and confirmed to be consistent with smaller box sizes
−1
L = 500 and 200h∅ Mpc.

For this purpose, we performed the N-body simulations of collisionless particles we had
developed in our previous study [2]. We adopted three different box sizes, Lh∅ /Mpc = 1250,
500 and 200, and confirmed the convergence with resolution. For more details, we refer
to Ref. [2]. Using the public AHF halo-finding code [41], haloes are identified based on the
spherical overdensity algorithm with ∆ = 500.5 Given the particle number n contributing to
a halo at time t, the mass of the halo is given by M = m(t)n.
In figure 1, we plot the halo mass function in the DDM model. For reference, we also
plot the Tinker mass function [42], which well approximates the CDM prediction. The figure
shows the suppression of the mass function relative the CDM model due to the dark matter
decay. As one expects, the suppression becomes more remarkable as the decay time Γ−1 is
decreased, and is more significant at later times and larger halo masses.
From these simulation results, we developed a fitting formula for the halo mass function
in the DDM model. Details of this fitting function are provided in Appendix A. We exploit
the fitting formula over the range of parameters to cover an analysis for the SZ cluster count.
We have also examined the effects on the halo inner profile. As summarized in Appendix B, deviations in the halo concentration parameter from CDM in the DDM model
with Γ−1 ≥ 100 Gyr, which is our primary interest, are not significant in comparison with
the variance among individual haloes. For the cluster-sized mass (i.e. M ! 1014 M# ), the
impact of the DDM model on the concentration parameter is less prominent compared with
the effects on the mass function we have seen above. For the sake of clarity, in the analysis
we present in the next section, we omit the effects on the halo profile and only take into
account effects on the mass function.

5

The overdensity is defined as fractional fluctuation in the energy density of DDM. Therefore, the contribution of produced DR is omitted from the background energy density.
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4

Observational constraints

Here we present updated constraints on the DDM model from recent cosmological observations. We combine the CMB temperature and polarization power spectra [16] (hereafter
CMB), the CMB lensing spectrum (lensing) [17] and the SZ cluster count [18] from the Planck
2015 results, the cosmic shear power spectrum from KiDS450 [14, 15],6 and the compilation
of the measurements of the baryon acoustic oscillation (BAO) scale [19–21].
In order to obtain the posterior distribution of the cosmological parameters, we use the
publicly available CosmoMC code [43] and modified it to incorporate the effects of the DDM on
the cosmological observables. Observables associated with the CMB, cosmic shear and BAO
are computed as in the same manner as our previous study [2]. For example, we compute
perturbation evolution of DDM in cosmological linear perturbation theory, which yields CMB
angular power spectra. Cosmic shear power spectrum is computed using the nonlinear matter
power spectrum which we have established based on results of N-body simulation. BAO is
computed only by taking into account DDM effect on the background expansion. In addition,
when we use the SZ cluster count, we take into account the halo mass function in the DDM
model given in Appendix A.
As mentioned in Section 2, we assume a flat power-law ΛDDM model, with dark matter
assumed to be 100% DDM. The primary cosmological parameters we vary are (ωb , ωddm ,
τreion , θs , log(1010 As ), ns , and Γ), where ωb and ωddm are respectively the density parameters
of baryon and DDM, τreion is the reionization optical depth, θs is the angular size of sound
horizon at last scattering, and As and ns are respectively the amplitude and spectral index
of the power spectrum of the primordial curvature perturbations.
In Table 1 we summarize the constraints on the DDM decay rate Γ. In figures 2 and
3 we plot the 2D constraints projected onto the parameter space of ωddm (= Ωddm h2 ), σ8
and Γ. First of all, we found that all the combination of the cosmological observations are
consistent with vanishing decay rate Γ = 0. The loosest constraint, Γ < 1.1 × 10−2 Gyr−1 ,
comes from the combination of CMB with cosmic shear. The preference for nonzero Γ from
the cosmic shear was also seen in our previous analysis [2] where we used the results from
the CFHTLenS survey [13]. We confirmed the persistence of the preference in the KiDS450
data.
On the other hand, the tightest constraint, Γ < 4.7 × 10−3 Gyr−1 , is obtained from the
combination of CMB with SZ cluster counts. This indicates the current SZ cluster count
data slightly improve the bound on Γ from the CMB alone. However, the constraining power
of SZ clusters depends on assumption about the hydrostatic mass bias (1 − b).7 As the
calibration of (1 − b) differs significantly in papers in the literature (for more details, see[18]),
we imposed a broad top-hat prior (1 − b) ∈ [0.1, 1.3] in our baseline analysis, so that the
bias is determined by the data. However, if we adopt a tighter prior range, constraining
(1 − b) to be close to unity, SZ clusters instead prefer nonzero Γ. For instance for the prior
(1 − b) ∈ [0.7, 1] adopted in the Planck 2013 SZ cluster analysis [44], the bound on the DDM
decay rate loosens to Γ < 8.5 × 10−3 Gyr−1 .
In closing this section, let us discuss implications for the tension reported in measured
H0 between CMB and low-z observations. It has been argued that DDM can solve the tension
6

For KiDS data, following the baseline analyses in [14, 15], we adopt the fiducial angular mask which results
in total 130 components of ξ+ and ξ− in data. We also incorporate baryon feedback amplitude B ∈ [2, 4] and
the intrinsic alignment (IA) amplitudes AIA ∈ [−6, 6], while keeping the IA redshift dependence ηIA = 0 fixed.
7
For the definition of (1 − b), we refer readers to [18].
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CMB
+lensing
+cosmic shear
+SZ clusters
+cosmic shear+SZ clusters
CMB+BAO+lensing
+cosmic shear
+SZ clusters
+cosmic shear+SZ clusters

Γ [10−3 Gyr−1 ]
< 6.3
< 7.0
< 8.8
< 4.9
< 6.6
< 7.3
< 7.4
< 5.5
< 5.8

Table 1. Constraints on Γ from different cosmological datasets.

by previous studies [3, 5–8]. The basic idea is as follows. Provided fixed expansion history
of the flat Universe before Λ domination, the expansion rate at late times increases if h is
increased or Γ is decreased. Therefore, larger h, which is indicated by local measurements
can be in principle allowed by CMB with a nonzero Γ. Nonetheless, we found that allowed
value of h changes no more than one percent between CDM and DDM since Γ is tightly
constrained by for example, late-time integrated Sachs-Wolfe effect. To significantly mitigate
the tension in H0 , we need to generalized our DDM model furthermore (for instance, massive
decay product [1, 8], or mixture of CDM and DDM [3–5]).

5

Conclusion

We have investigated the nonlinear structure formation in the DDM model, in particular
focussing on the halo abundance. For this purpose, extending our previous study [2], we
performed N-body simulations in the DDM model. We have shown that DDM suppresses
the halo abundance in these simulations. This suppression is predominantly due to the
mass loss of the formed clusters originating from the decay of DDM, while the relaxation
of the gravitational instability caused by the DM decay also contributes. Adopting the
fitting function for the halo abundance based on the simulation, we derived cosmological
constraints on the DDM from the Planck 2015 SZ cluster count combined with the Planck
2015 CMB power spectrum and the KiDS450 cosmic shear power spectrum. We have found
the cosmological observations are consistent with CDM and obtained a lower bound on the
lifetime of DM as Γ−1 ≥ 154 Gyr from the combination of all the data above.

We note that our simulation is based on the collisionless N-body simulations and hence
baryonic effects are not taken into account. We expect that baryonic effects will not affect the
mass function of cluster-sized massive haloes very significantly. Moreover, since the baryonic
effect in general decreases the mass of haloes and hence further suppresses the mass function
for given mass [45, 46], its effect is more or less degenerate with the decay rate of DDM.
Therefore, one can regard our lower bound on Γ−1 as conservative in respect to the baryonic
effect.
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Figure 2. Two dimensional 68% and 95% confidence limit contours on Ωddm , σ8 and Γ from the
different data combinations with CMB alone being the baseline.
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A

Fitting formula for halo mass function

We here present the fitting formula for the halo mass function in DDM model. Given the
DDM decay rate Γ, the suppression in the mass function from the CDM case (i.e. Γ = 0) at
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Figure 3. Same figure as in 2 but with CMB, lensing and BAO as baseline.

halo initial mass Mi and redshift z can be approximated by
"
#
$c(Γ,z) %−1
(dn/dMi )DDM
Mi
− 1 = a(Γ, z) 1 +
,
(dn/dMi )CDM
b(Γ, z)1015 h∅ M#

(A.1)

where a, b, c are functions of Γ and z given as
&

#

$
'
Γ
a2
a(Γ, z) = exp a1
+
,
1+z
Gyr−1
#
$b 1
Γ
b(Γ, z) = b0
(1 + z)b2 ,
Gyr−1
#
$c 1
Γ
c(Γ, z) = c0
(1 + z)c2 ,
Gyr−1
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(A.2)
(A.3)
(A.4)

with
a1 = −5.72,

b0 = 4.28 × 10−4 ,
c0 = 1.16,

a2 = 7.56 × 10−3 ,

b1 = −2.34,

b2 = 0.567,

c2 = −9.24 ×

c1 = 0.196,

(A.5)

10−2 .

We note that our fitting formula is calibrated with the best-fit parameters of the Planck 2015
TT+TE+EE results.
Our fitting formula can reproduce the suppression ( as function of Mi with accuracy of
∼ 20% for 1014 ≤ Mi /(h∅ M# ) ≤ 1015 , 0 ≤ z ≤ 1 for Γ−1 = 31 Gyr as is shown in the figure 4.
For larger Γ−1 , the suppression in the mass function becomes less prominent compared to
the statistical error, which makes it harder to assess the accuracy of our fitting formula in
terms of the suppression factor (. Still, our fitting formula shows reasonable agreement with
the simulation results.
Moreover, as shown in figure 1, the mass function in terms of actual halo mass M =
Mi {(1 − rdm ) + rdm e−Γt } exhibits more prominent suppression from the CDM model than in
the initial halo mass Mi . This is because halo mass function is the decreasing function of Mi ,
and Mi in the DDM model should necessarily be larger than that in the CDM model. Even
if the abundance of halos with Mi were the same in these two models, given a fixed actual
halo mass M , the mass function of M in DDM would be suppressed compared to CDM. In
reality, the halo mass function of Mi in DDM model is suppressed relative to the one in the
CDM model as shown in figure 4.

B

Effects on concentration

Figure 5 shows the concentration parameter c as function of the halo mass. We have fitted
the density profile of halo assuming the NFW halo profile [47]:
ρ(r) =
c Rrvir

(

ρ0
1+

c Rrvir

)2

(B.1)

where Rvir is the halo virial radius and ρ0 is the density at reference radius. For Γ−1 ≥
100 Gyr, we conclude the concentration parameter is suppressed from CDM by about 10%
percent at z = 0. For higher redshifts, the extent of the suppression becomes less. As Fig. 1
shows that the halo mass function is suppressed by a factor of unity for cluster-sized halo
mass (M ! 1014 M# ), the primary effects of DDM manifests in the halo mass function rather
than the concentration.
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