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Abstract  
Ultra high performance fibre reinforced concrete is a relatively new material developed by 

taking advantage of advances in concrete technology and material science to enhance its 

microstructure. Short, discrete fibres with a high aspect ratio (50-100) substantially 

improve its ductility. The materialôs overall performance is therefore superior to other types 

of reinforced and fibre reinforced concretes with respect to strength, ductility and 

durability. However, despite its enormous potential, adoption of the material is still 

relatively low. This is attributed not only to its higher cost but also to a lack of enough 

experimental data and widely accepted design standards. While some effort is being 

made to develop numerical models for UHPFRC, many are based on multiscale 

frameworks requiring the measurement of microscale parameters. Such parameters are 

difficult to measure whereas for most practical purposes design normally requires material 

properties measured at the macroscale.  

The overall aim of this research therefore is to propose a numerical damage model for 

UHPFRC that uses material properties from standard tests and that can simulate the 

flexural behaviour of UHPFRC and predict its failure loads. Initial modelling enabled 

identification of suitable approaches for estimating the elastic modulus, tensile strength 

and fracture energy values appropriate for simulating the materialôs flexural behaviour. A 

comprehensive experimental investigation undertaken established the existence of size 

effect on the flexural stress at the end of linearity and flexural strength of notched and un-

notched specimens with 2%, 4% and 6% fibre content. The tests also identified the 

significant effect of fibre content on the elastic modulus, tensile strength and fracture 

energy values. Therefore the effect of fibre content was incorporated into the proposed 

damage model by making these three material properties a function of it. This is done by 

incorporating values of estimated material properties into a bilinear traction separation law 

thereby also linking the damage to fibre content. The multiple fibre content effects 

represented include the spacing and number of fibres per unit cross-sectional area. The 

model adopts a smeared crack approach. It is implemented as a user defined material 

model in ABAQUS finite element software and written in FORTRAN code. The modelôs 

ability to simulate the load deflection response was validated using two case studies. The 

modelôs predictions match test data reasonably well for specimens of different sizes, test 

arrangement and fibre contents. Therefore a validated numerical material model 

incorporating fibre content is proposed as a simple, practical and economical tool for 

predicting the materialôs flexural behaviour thereby achieving the overall aim of the study. 

This is one of the main contributions of this study. Another contribution is the 

establishment of size effects on the flexural properties of UHPFRC at 2%, 4% and 6% 

fibre contents. Finally values of material properties at these fibre contents estimated from 
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test data and comparisons between the different modelling approaches are a valuable 

resource for similar studies in future.    
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Chapter 1 Introduction  

1.1 Background  
Concrete-based materials have many important applications within building and civil 

engineering construction. However, their brittleness makes crack formation and growth 

critical to their mechanical behaviour and has in many cases limited the way in which they 

can be used. Ultra high performance fibre reinforced concrete (UHPFRC) is a material 

consisting of a cementitious matrix reinforced by steel fibres designed in such a way as to 

achieve higher strength and ductility compared to other types of concrete (Fig.1.1). These 

properties have been developed by taking advantage of advances in concrete technology 

and material science. Typically, it has compressive strengths of 150-200MPa (AFGC-

SETRA, 2013). The direct tensile strength of UHPFRC is also typically greater than 7MPa. 

However, its name makes reference to ultra high óperformanceô because in addition to 

strength it has both superior ductility due to the fibres and durability due to its enhanced 

microstructure. The high fibre/matrix bond strength arising out of the enhanced 

microstructure of UHPFRC makes possible the incorporation of relatively high dosages 

(Ó2%) of short fibres with high aspect ratios.  

 

Figure 1.1: UHPFRC in relation to other types of concrete  (Habel, 2004) 

The above factors combine to produce another feature that distinguishes UHPFRC from 

other types of concrete namely the considerably higher strain hardening in tension and/or 

deflection hardening in bending (Fig.1.2). 
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Figure 1.2: Comparison of flexural properties of UHPFRC with conventional FRC and high strength concrete  (Barnett 
et al., 2007a) 

Strain hardening in tension (or deflection hardening in bending) means that increased 

tensile (or flexural) loading is required to cause further strain (or deflection in bending) 

above the loading at first crack (Bentur and Mindess, 2007).  

Since the mid-1990s, several ultra high performance concrete (UHPC) products have 

been developed commercially in different countries including: 

¶ Reactive Powder Concrete (RPC) developed in France by Bouygues (Richard and 

Cheyrezy, 1994) 

¶ Ductal concrete developed in France by Bouygues, Lafarge and Rhodia (Acker 

and Behloul, 2004). It is one of the main types of ultra high performance concrete 

used in Europe, Asia, Australia and North America   

¶ Compact Reinforced Composites(CRC) developed by Aalborg Portland  

Denmark (Aarup, 2004) 

¶ CEMTEC multiscale concrete developed by LCPC in France (Rossi, 1997) 

 

Due to its enhanced fracture properties, UHPFRC has many potential applications both in 

the construction of new (Ikeda et al., 2004) and rehabilitation of old structures (Bruhwiler 

and Denarie, 2008). The dense micro-structure achieved by homogeneity and 

compactness makes it resistant to abrasion, corrosion and chemical attacks giving it 

excellent durability properties (Li and Stang (2004), Magureanu et al. (2012)).This 

property together with its high strength and ductility make it very useful in the repair and 

rehabilitation of structures such as bridges (Habel, 2004). Dispensing with passive 

UHPFRC                                        

high strength concrete    

fibre reinforced concrete                                          

Deflection, mm 
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reinforcement bars substantially increases the strength to weight ratio (Adeline and 

Behloul, 1996) but also enables it to be made into thinner and more sophisticated shapes 

finding application in more innovative ways in both new building and civil engineering 

construction (Perry and Seibert, 2008). Its high fracture energy has also seen it 

increasingly applied in blast protection (Barnett et al., 2007b). 

Despite the many potential applications provided by these enhanced properties, the 

current use of UHPFRC is limited. For example in the UK, known applications of the 

material were initially in constructing a couple of staircases to showcase its potential 

(Marcinkiewitcz and Wells, 2014). Apart from its high cost, this limited use of UHPFRC 

has been attributed to several factors including a limited understanding of its mechanical 

behaviour and a lack of widely accepted design standards (Kang et al. (2010), Lappa 

(2007), Qsymah et al. (2017)). One of the factors limiting a fuller understanding of its 

mechanical behaviour could be due to the cost of testing UHPFRC which is considerably 

more compared to normal concrete for several reasons including: 

¶ The method of preparation (which may require heat treatment) requires more time 

and effort. After specimens are demoulded, they would typically be cured at room 

temperature for about 2 days. Heat treatment could then be applied by steam-

curing the specimens at a temperature of ωπC for a further 2-3 days (Kang et al, 

2017).  

¶ Cement is normally the most expensive constituent of concrete and for the same 

size specimen, UHPFRC requires about twice the quantity of cement compared to 

normal concrete. 

While more experiment tests are necessary, the limitations highlighted above mean that 

the role of numerical modelling will become increasingly important in providing more 

insight into the behaviour of the material in general and crack propagation in particular. 

Numerical modelling and simulation has the potential to significantly reduce the number of 

experiment tests required for UHPFRC. One area where simulation can have a significant 

contribution is the investigation of the effect of size on the mechanical behaviour of 

UHPFRC. Simulation can be used more cost effectively to investigate the influence on the 

mechanical response of specimens of varying factors such as test methods, specimen 

size and fibre content. Therefore, simulation used in this way provides an important basis 

for developing tools for informing the design of structures with UHPFRC. In comparison to 

the other factors, studies on the size effects in UHPFRC seem most limited (Mahmud et 

al., 2013) most likely due to the high cost involved in testing the wide range of sizes 

required for their proper evaluation. Of the studies done, there are significant 

inconsistencies with some finding a strong size effect and others little.  
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Generally, in addition to size effects, the influence of factors such as fibre type, content 

and distribution on UHPFRCôs material properties are still being studied using both 

experimental and numerical modelling. Studying the influence of these factors on the 

flexural properties of UHPFRC has been identified as a vital step towards exploring the 

materialôs potential applications (Barnett et al. (2007a).  

1.2 Aim & Objectives  
This is an experimental and numerical modelling study of the flexural behaviour of 

UHPFRC with the aim of proposing an appropriate UHPFRC numerical concrete damage 

model. Only Mode I fracture is considered as it is the most common in concrete bending 

(Baģant and Planas, 1998). An initial simulation study evaluates the suitability of existing 

concrete material models in simulating the flexural behaviour of UHPFRC. Observations 

from this initial simulation study and from further tests are the basis for proposing a 

UHPFRC concrete damage model incorporating fibre content. The model is applied in the 

progressive failure analysis of UHPFRC by simulating crack initiation and crack 

propagation. The validated model is then used in predicting the flexural behaviour of 

UHPFRC. It is also used in studying the effect of size and fibre content, and their influence 

on the prediction of the loading capacity of UHPFRC. The validated model is proposed as 

a predictive tool for numerical analysis and design of UHPFRC. Therefore, this project 

consists of the following three stages: An initial simulation study, experimental 

investigations and further UHPFRC model development. The objectives of each of these 

stages are summarised below. 

1.2.1 Initial simulation  study 

The objectives of this stage are: 

a) Identification of appropriate methods to estimate material properties of UHPFRC 

b) Study and identification of appropriate modelling approaches for UHPFRC 

1.2.2 Experiment investigations  

The main objectives of this stage are to enable the following: 

a) Detailed fibre content and size effect study 

b) Material property estimates incorporating fibre content for use in modelling 

1.2.3  UHPFRC model development  

The main objective of this stage is to develop a validated UHPFRC numerical damage 

model incorporating fibre content.  
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1.3  Research questions  
UHPFRC was developed by improving its material structure especially at the microscale 

and mesoscale. It is the reason for its much better performance compared to normal 

reinforced and fibre reinforced concrete not only in terms of strength but also other 

aspects such as durability. One of its main advantages over normal reinforced or fibre 

reinforced concrete is its significantly enhanced crack resistance. This is achieved mainly 

by incorporating fine fibres within the matrix which make the concrete significantly more 

ductile than normal concrete. A few numerical models using multiscale frameworks have 

been developed specifically for UHPFRC to take into account its unique characteristics 

(Qsymah et al. (2017); Zhang et al. (2018)). However, these all require measurement of 

microscale and/or mesoscale parameters. 

A primary research question in this study relates to the viability of adopting a modelling 

approach that is simpler and more economical than the classical multiscale approach. In 

order to answer this question, the following aspects of UHPFRC flexural behaviour need 

to be established by numerical modelling and experiment: 

1. Viability of incorporating the influence of fibre content on UHPFRC material 

properties within the proposed model  

2.  Whether or not there is a size effect on the flexural response at different fibre 

contents 

 

1.4  Contributions  
At the end this study a UHPFRC damage model incorporating fibre content is presented 

and used to accurately simulate the flexural response of un-notched and notched test 

specimens of different sizes and fibre contents, and to predict their failure loads. A size 

effect is observed on the flexural stress at linearity and flexural strength of geometrically 

similar UHPFRC specimens with 2%, 4% and 6% fibre content. This contributes to the 

limited studies available on the size effect on UHPFRC. Values of elastic modulus (Ὁ), 

tensile strength („  and fracture energy (Ὃ) at 2%, 4% and 6% fibre content are 

estimated from standard tests and confirmed as appropriate inputs for modelling UHPFRC 

using a bilinear „ ύ curve. Comparisons are presented between the cohesive crack 

model using cohesive elements (CCM), ABAQUS concrete smeared crack model (CSM) 

and ABAQUS concrete damaged plasticity (CDP) in simulating the flexural response of 

UHPFRC. Both the values of estimated material properties and the comparative study of 

different modelling approaches mentioned above are useful resources for related future 

studies on UHPFRC.   



 

6 
 

1.5  Thesis Layout  
Chapter 1 ï Introduction 

A background presents a justification for this study as a basis for setting out its aim & 

objectives, and its research questions. This is followed by an outline of the thesis layout in 

this section.  

Chapter 2 ï Ultra High Performance Fibre Reinforced Concrete (UHPFRC) 

The principles of UHPFRC design and development are reviewed within the context of the 

constituents of UHPFRC. In the development of UHPFRC these constituents have been 

carefully selected in order to achieve an internal structure that leads to its enhanced 

mechanical properties. Therefore, in order to analyse UHPFRC and to predict its 

performance under load, the internal structure of its matrix and of the fibre-matrix interface 

are also be reviewed.  

Chapter 3 ï Concrete Fracture Models 

A literature review of existing concrete material models is undertaken with a view to 

investigating the possibilities of using them for simulating the flexural behaviour of 

UHPFRC. Three modelling approaches are reviewed namely the cohesive crack models, 

crack band models and damage models. Their implications in modelling UHPFRC are 

discussed by reviewing previous numerical modelling and simulation studies in which they 

have been used to analyse fibre content, distribution and orientation.  

In the initial study, the cohesive crack model (CCM), concrete smeared crack model 

(CSM) and concrete damaged plasticity model (CDP) in ABAQUS are used to simulate 

progressive crack propagation and failure mechanism of UHPFRC test specimens, and to 

predict their load capacities. These predictions are be compared with test data available 

from an earlier study carried out by Barnett et al. (2007a). The suitability of above 

modelling approaches is assessed with a view to selecting the most appropriate features 

for further model development.  

Chapter 4 ï Experimental Investigation 

The production of UHPFRC is described involving mixing and casting of specimens with 

varying sizes and fibre content (2% - 6%) required for the study. This is followed by a 

description of the test methods adopted including the three point bending test on notched 

specimens and the four point bending test on un-notched specimens. The test results are 

then analysed in terms of size and fibre content effect on both the pre- and post-peak 

load-deformation responses. The effect of fibre content is then linked to material 

properties measured at the macroscale. 
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Chapter 5 ï UHPFRC Model Development 

This includes a description of the development of a proposed UHPFRC concrete damage 

model. The effect of fibre content determined from tests is incorporated into a smeared 

damage model. Thus a UHPFRC concrete damage model incorporating fibre content 

(UDMF) is proposed. The model is verified and validated by comparing predictions with 

test data from this study and from literature respectively.  

Chapter 6 ï Conclusions 

The main findings linked to the objectives of the study are outlined. This is followed by a 

presentation of the studyôs contributions relating to each of the three stages of the 

research. Finally, the studyôs limitations are described and some recommendations are 

made for future work. 
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Chapter 2 ɀ Ultra High Performance Fibre Reinforced Concrete 

(UHPFRC) 

2.1 Introduction  
The development of UHPFRC can be viewed within a historical context of continuing 

efforts to improve the strength, rheology  and crack resistance of cement based materials 

(Richard and Cheyrezy, 1994). The compressive strength of cementitious materials like 

concrete has traditionally been increased by lowering the water-cement ratio (ύȾὧ). For 

normal concrete the corresponding reduction in its workability is overcome by the addition 

of plasticisers which work by enhancing the dispersion of water within the concrete mix 

hence reducing the overall water requirement. However, it was the development of very 

efficient water reducers known as super-plasticisers that enabled the production of High 

Strength Concrete (HSC). The high compressive strength of HSC (60-100 MPa) was the 

result of achieving a relatively low ύȾὧ ratio of 0.3-0.4 (Aitcin, 1998). Despite its relatively 

high strength, HSC was still very brittle. Hence it was the addition of fibres to the HSC 

matrix to enhance its ductility that led to the development of High Performance Fibre 

Reinforced concrete (HPFRC). Emphasis then shifted from just strength to performance in 

general because the resulting concrete was enhanced not only in strength but in other 

properties such as ductility. 

However, the bond between the cement paste and the fibres is still relatively weak in both 

normal and high performance fibre reinforced concrete due to the inherent porous nature 

of the cement paste at the interface with fibres and aggregates (Bentur and Mindess, 

2007). This is the reason for modifying either the surface texture or shape of the fibres in 

order to enhance their mechanical anchorage within the interfacial cement paste. 

Therefore in addition to the above concrete technology advances, the development of 

UHPFRC required the application of material science in modifying the internal structure of 

the matrix.  

The design of UHPFRC is therefore based on principles that aim to minimise defects such 

as micro-cracks and pore spaces in order to exploit a bigger proportion of the ultimate 

load carrying capacity provided by the constituents (Richard and Cheyrezy, 1995). This is 

achieved by: 

¶ Super-plasticisers which improve workability while maintaining a low ύȾὧ ratio  

¶ Enhanced homogeneity through optimisation of particle size distribution resulting 

in the use of only fine aggregates (silica sand)  

¶ High compactness through addition of silica fume to fill pore spaces  

¶ Addition of fibres which bridge micro-cracks and significantly improve ductility 
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As a further option, post-set heat treatment has been found to enhance the microstructure 

of the concrete matrix.  

As these principles are the basis on which UHPFRC mixes are designed they are now 

reviewed below within the context of the role performed by the constituents of UHPFRC. 

Cement and super-plasticisers are reviewed first emphasising the initial step in increasing 

strength by reducing the water/cement ratio while maintaining a high workability. However, 

in order to achieve an even higher performance it is necessary to modify the aggregates, 

add silica fume and introduce fibres. In the development of UHPFRC these constituents 

have been carefully selected to achieve an internal structure that leads to its enhanced 

mechanical properties. Therefore in order to analyse UHPFRC and to predict its 

performance under load, the internal structure of its matrix and of the fibre-matrix interface 

are also reviewed.  

2.2 Constituents of UHPFRC 
A typical UHPFRC mix would consist of cement, water, silica sand, silica fume, super 

plasticiser and fibres. The role of these constituents is reviewed briefly in relation to their 

contribution to enhancing the mechanical properties of UHPFRC. 

2.2.1  Cement 

Portland cement is the most commonly used type of cement and is produced by heating 

limestone and a small amount of clay to temperatures of about 15000C. This temperature 

is just enough to fuse the limestone and the clay together without liquefying them. The 

resulting paste óclinkerô consists of tiny granules that are ground and mixed with gypsum 

(hydrated calcium sulphate) to produce Portland cement.  

Portland cement is made up of several compounds but calcium silicates (C3S and C2S ) 

make up more than ¾ of its total mass (Aitcin, 1998). When it comes into contact with 

water cement forms a paste that acts as a binder for the other constituents of concrete. 

This cement paste is formed as the anhydrous silicate compounds react with water during 

the process of hydration. An example of the hydration process is represented by the 

chemical equation below in which a calcium silicate hydrate (C-S-H) product is formed: 

2C3S + 6H        C3S2H3 + 3CH (2.1) 

The usual chemistry notation is used in the above equation where C is calcium oxide 

(CaO) and S is silicon dioxide (SiO2). C-S-H is the main product that is responsible for the 

development of strength in concrete. As they are formed, these products gradually occupy 

the space left by the water being used up during hydration. Any spaces left unoccupied 

after hydration will remain as voids or capillary pores. A higher ύȾὧ ratio makes more 

water available for hydration leading to more crystalline products. As a result of their 
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relatively angular shape and large size, crystals result in more voids or pores being 

formed within the cement paste. On the other hand, less crystalline products associated 

with lower ύȾὧ result in less voids or pores within the cement paste. Due to the fact that 

strength within the hydrated cement paste is generated mainly by Van der Waals forces of 

attraction, the less crystalline the hydration products the stronger they will be (Taylor, 

1997).  It follows then that the strength of the hydrated cement paste is mainly influenced 

by its porosity which is in turn dependent on the relative volumes of water, cement and 

entrapped air as follows (Neville, 2012): 

Ὢ Ὧ    (2.2) 

where Ὢ  is the compressive strength of the hydrated paste, ὧ, ύ and ὥ are the volumes of 

the cement, water and air respectively, and Ὧ is a constant. The term in brackets in Eq. 

2.2 is a proportion representing a materialôs porosity and therefore has no units. The 

constant k has the same units as compressive strength Ὢ  and depends on the type of 

cement.   

Dividing the top and bottom terms of Eq.2.2 by ὧ reduces the expression to: 

Ὢ Ὧ
ϳ ϳ

   (2.3) 

Hence to increase compressive strength, porosity has to be reduced by lowering as much 

as possible the water/cement (ύȾὧ) ratio and the entrapped air in the fresh cement mix. 

However, because the air content is relatively small (1-2%), Eq.2.3 is commonly reduced 

to: 

Ὢ Ὧ
ϳ

    (2.4) 

When the w/c ratio is reduced, the cement particles come closer together in the fresh 

cement mix reducing porosity and thereby increasing compressive strength. Hence 

achieving the lowest possible ύȾὧ is crucial in producing both high strength concrete 

(HSC) and ultra high performance concrete (UHPC). In addition to pores, hydration results 

in a contraction in volume of its products of up to 10% producing many micro-cracks in the 

process (Taylor, 1997). The extent of this micro-cracking can be reduced by lowering the 

w/c ratio to achieve a reduction in the quantity of anhydrous silicates being hydrated. In 

normal concrete the ύȾὧ ratio is relatively high so that the hydration process results in the 

formation of pores and micro-cracks within the cement paste at the interface between 

cement particles and aggregates. The paste at this interface is referred to as the 

interfacial transition zone, ITZ (Fehling et al., 2015). With the pores and micro-cracks 

within it, this ITZ is therefore the weakest link in normal concrete where failure would first 
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occur. In UHPFRC however, with the very low ύȾὧ ratio (<0.3), pores and micro-cracks 

resulting from hydration are significantly reduced. 

In addition to reducing the water requirement, in UHPFRC the ύȾὧ ratio is further reduced 

by the very high cement content. The effect of increasing the cement content while at the 

same time reducing the available water is that not all the cement particles will be 

hydrated. The un-hydrated cement in UHPFRC is responsible for its self-healing 

properties. It reacts with any water finding its way through micro-cracks to close them thus 

further enhancing the materialôs durability (Aitcin, 1998). Several studies have indicated 

that cement types CEM I and CEM II 42.5 or 52.5 are suitable for producing UHPFRC 

(Karihaloo and De Vriese, 1999).  

In order to reduce the cost of UHPFRC and enhance its sustainability, several studies 

have successfully reduced the cement content by replacement with pozzolanic industrial 

by-products such as Granulated Blast Furnace Slag (GBFS) and Pulverised Fuel Ash 

(PFA) (Le, 2008). These cement replacement products have also been found to enhance 

resistance of the material against chemical attacks. Incorporation of these products which 

also have the same óbindingô effect as cement therefore requires that reference should 

now made to a more inclusive water/binder ratio (w/b) rather than just w/c.     

2.2.2  Super-plasticisers  

While lowering the w/c ratio increases compressive strength it also leads to reduced 

workability. This happens because the surface of cement particles have an electrical 

charge that attracts oppositely charged water particles resulting in flocculation whereby 

some water is trapped between cement particles (Neville, 2012). This means that the 

trapped water is not available for lubrication necessitating the addition of water in excess 

of the quantity required to hydrate all the cement particles. This excess water makes the 

hydrated cement paste more porous thereby weakening the mechanical properties of 

concrete. Addition of chemical admixtures can reduce flocculation by neutralising the 

electrical charges on the surface of cement particles and so enhance the dispersal of 

water within the mix. Unlike in normal concrete where ordinary organic plasticisers can be 

used as the admixture, in UHPFRC super-plasticisers have to be used because they have 

synthetic molecules that are more effective in dispersing water particles thereby enabling 

a significant reduction in the amount of water added. Super-plasticiser molecules are 

adsorbed into the surface of cement particles by Van der Waals forces where they cause 

electrostatic repulsion between cement particles thereby reducing flocculation (Aitcin, 

1998).  It is the addition of super-plasticisers that enables the achievement of a very low 

w/b ratio (<3%) and hence a very high compressive strength. In UHPFRC, 

polycarboxylate-based polymers have been found to be more efficient than the sulfonate-

based polymer (Soutsos et al., 2005) 
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2.2.3  Aggregates 

In UHPFRC, homogeneity is significantly enhanced by eliminating coarse aggregates 

while only retaining fine aggregates. This is because the size, shape and texture of coarse 

aggregates encourage local water retention thereby preventing its uniform dispersion 

throughout the mix. As a result, the ITZ tends to have a higher ύȾὧ ratio than the rest of 

the cement paste which in turn produces more pores and voids. In UHPFRC, however, 

the combination of low w/c ratio and fine aggregates further reduces defects in the ITZ. In 

addition to enhancing water dispersion within the mix, fine aggregates have fewer inherent 

pores and defects hence are much stronger. Silica sand is normally used as the fine 

aggregate in UHPFRC because of its high silica content and lack of impurities. Hence  

both its physical and chemical properties are valuable in enhancing both homogeneity and 

strength (Fehling et al., 2015).  

2.2.4  Silica fume 

Though retention of only fine aggregates enhances homogeneity of UHPFRC, particle 

size distribution is still not ideal leaving some voids within the matrix which are filled by the 

addition of silica fume. Silica fume consists of ultra-fine silica (SiO2) particles that are a by-

product of the process of producing silicon metal and alloys. With diameters of 0.1-0.2 m˃ 

they are about 100 times smaller than the average cement particles (Aitcin, 1998). Due to 

this fine nature, silica fume particles can fill the voids between the larger cement particles 

that have been de-flocculated by the action of a superplasticiser (Fig.2.1). These particles 

are also spherical in shape, a property that is thought to enhance its lubrication effect and 

rheology within the fresh concrete mix (Neville, 2012).  

 

Figure 2.1: The effect of silica fume in filling voids  (Bache, 1981) 

Hydration of Portland cement produces a large amount of lime (Ca(OH)2) which can be 

easily leached out by water and make the cement paste even more porous (Aitcin, 1998). 

Silica is very reactive and can combine with this lime at room temperature in the presence 
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of water to produce calcium silicate hydrate (C-S-H) similar to that produced when 

Portland cement is hydrated. Therefore the addition of silica fume produces a very dense 

microstructure that has a very strong bond between aggregates and the hydrated cement 

paste. 

2.2.5  Fibres  

 The above enhancements to the microstructure of UHPFRC result in an ITZ virtually free 

of defects (Fehling et al., 2015). As the bond between the cement paste within the ITZ and 

other inclusions is very strong, the ITZ is no longer the weakest link. While the enhanced 

micro-structure leads to higher strengths, it is the addition of fibres to the matrix that 

significantly improves the ductility of UHPFRC. They do this by bridging micro-cracks 

within the matrix thereby maintaining load transfer in cracked zones. Because of the very 

strong bond between the cement paste and the fibres within the ITZ, short straight fibres 

(6-15mm long) can be used unlike in other types of concrete where longer fibres are 

required with modification in their shape or texture to enhance their mechanical anchorage 

within the matrix (Bentur and Mindess, 2007).This is explained further in section 2.4.1. 

Short straight fibres also have less negative effects on workability compared to deformed 

ones. The absence of coarse aggregates enables much higher fibre dosages to be 

incorporated within the matrix without óballingô during mixing further enhancing ductility 

(Le, 2008). 

Fibres are very effective in enhancing the mechanical properties of UHPFRC due to their 

significant adhesive and frictional bonds with the matrix within the ITZ. Enhancement by 

fibres in the mechanical properties of UHPFRC takes effect initially during the pre-

cracking stage where they suppress initiation and propagation of cracks thereby 

increasing first crack load. However, the crack-bridging action at the post-cracking stage 

is the main reason for incorporating fibres in UHPFRC. At this stage fibres within 

UHPFRC can do the following (Bentur and Mindess, 2007): 

¶ Transfer stresses and loads across cracks in the matrix thereby increasing ultimate 

strength. This is referred to as strain/deflection hardening because the stress/flexural 

load continue to increase with strain/deflection beyond first crack. 

¶ Provide energy absorption mechanisms through de-bonding and pull-out as fibres 

bridge cracks even during strain softening when stresses decrease with strain beyond 

first crack.  

 

The above two processes have been described in detail by Bentur and Mindess ( 2007). 

Their approach has been adopted in this study whereby the fibre-matrix stress transfer 

and crack bridging for straight and smooth fibres is analysed by considering the shear 

stresses that develop across the fibre-matrix interface. Based on this analysis, efficiency 
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of short and randomly oriented fibres in UHPFRC can be predicted. In the following 

section only aspects relevant to this study are reviewed in relation to mechanisms 

involved in stress transfer which are the basis for predicting the stress-strain curve and 

mode of failure of UHPFRC. 

2.3  UHPFRC stages of deformation  
The materialôs stages of deformation can be described with reference to its tensile/flexural 

response (Fig.2.2). 

 

Figure 2.2: Typical tensile curve for UHPFRC (Benson and Karihaloo, 2005) 

 

2.3.1  Phase I - Linear elastic behaviour  

Prior to any cracking, stress transfer is predominantly elastic so that there is compatibility 

in the displacements between the fibre and matrix (Bentur and Mindess, 2007). The shear 

stress developed at the interface distributes the external load between the fibres and 

matrix which have different moduli of elasticity. As a result, the strains in the fibres and 

matrix stay the same at the interface (Fig.2.3a). This elastic shear stress transfer is 

responsible for determining the elastic range and first crack of UHPFRC. The distribution 

of this stress along the fibre-matrix is not uniform. The shear stress distribution at the 

interface and the tensile stress distribution in the fibre are shown in Fig.2.3b. The 

maximum shear stress is found at the ends of the fibre and it is in these regions that 

stress is transferred from the matrix to the fibre wherein tensile stress gradually increases.  
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Figure 2.3: Schematic description of a fibre embedded in a matrix, and the deformation and stress fields around it: (a) 
geometry of the fibre and the deformation in the matrix around the fibre prior to and after loading; (b) elastic shear 
ǎǘǊŜǎǎ ŘƛǎǘǊƛōǳǘƛƻƴ ŀǘ ǘƘŜ ƛƴǘŜǊŦŀŎŜ όˍύ ŀƴŘ ǘŜƴǎƛƭŜ ǎǘǊŜǎǎ ŘƛǎǘǊƛōǳǘƛƻƴ ƛƴ ǘƘŜ ŦƛōǊŜ όˋύ (Bentur and Mindess, 2007) 

 

Fibres also increase the first cracking stress through crack suppression in cases where 

there are existing defects (e.g. pores or micro-cracks) in which stress concentrations 

could be induced under tensile loading (Bentur and Mindess, 2007). According to the 

prediction of Romualdi and Batson (1963) surrounding fibres through their interfacial 

shear bond stresses apply opposing ópinchingô forces which reduce the stress 

concentrations at crack tips  (Fig.2.4). As a result a higher stress would now be required 

to initiate cracking within the matrix. This stress has been found to be inversely 

proportional to the spacing between fibres. The fibre spacing is in turn influenced by the 

fibre content, geometry, orientation and bond with matrix. Hence a higher fibre content, 

interfacial frictional shear strength and fibre aspect ratio would lead to a higher first 

cracking stress. 

 

Figure 2.4Υ wŜǇǊŜǎŜƴǘŀǘƛƻƴ ƻŦ ǘƘŜ ΨǇƛƴŎƘƛƴƎ ŜŦŦŜŎǘΩ ŀƴŘ ƛƴǘŜǊŦŀŎƛŀƭ ǎƘŜŀǊ ǎǘǊŜǎǎ ŘƛǎǘǊƛōǳǘƛƻƴ  ōŜǘǿŜŜƴ ŦƛōǊŜǎ ƛn 
suppressing crack propagation in a matrix (Romualdi and Batson, 1963) 

 



 

16 
 

2.3.2 Phase II - Strain hardening  

Fibres also respond to the onset of first cracking in order to prevent or stop the cracks 

from propagating in an unstable manner. This is also referred to as crack stabilisation. 

This response is the result of the bridging action of fibres on micro-cracks which prevents 

their growth and coalescence (Karihaloo and Wang, 2000a).This fibre bridging action 

involves stress being transferred by frictional slip of the fibres. In addition to this action 

some stress is transferred within the matrix in front of the advancing crack through 

aggregate interlock (Fig.2.5). The density of the micro-cracks increases with increasing 

tensile/flexural loading until it reaches a saturation level at peak. The extent of strain 

hardening is determined by both the microstructure of the cementitious matrix and the 

volume fraction and bond strength of the fibre (Bentur and Mindess, 2007). 

 

 

Figure 2.5: Idealized representation of an advancing crack in a fibre reinforced cement (from Wecharatana and Shah 
(1983)) 

2.3.3  Phase III - Tension softening  

When the strain hardening capacity has been exhausted (i.e. tensile/flexural strength of 

the composite has been reached), some of the fibres begin to de-bond from the matrix 

resulting in the localisation of deformation along the eventual failure plane (Karihaloo and 

Wang, 2000b). The localisation is seen in the opening of the cracks along this plane but 

without their actual coalescence. The increased deformation is due to progressive de-

bonding of fibres under decreased applied loading resulting in the opening and growth of 

fragmented cracks. The de-bonding occurs when the shear stress due to applied load 

exceeds the shear strength of the interface. At this point frictional slip becomes the means 

of transferring stress across the interface during which relative displacements take place 

between the fibre and the matrix (Bentur and Mindess, 2007). This frictional shear stress 
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transfer is a major influence on the post-cracking stage when fibre-bridging action takes 

place across cracks. This mode of stress transfer determines the ultimate strength and 

deformation of UHPFRC. 

The main difference between the stress-transfer pre- and post-cracking is that whereas in 

the former the maximum shear stress at the interface occurs at the ends of the fibre 

(Fig.2.3b), in the latter the maximum shear stress occurs where the fibre enters the matrix 

(Fig.2.6). The fraction of fibres that remain elastically bonded to the matrix progressively 

decreases during this phase until all the fibres have de-bonded resulting in the 

coalescence of crack fragments to form a through crack. Thereafter, the residual tensile 

carrying capacity is determined entirely by the frictional contact between the fibres and the 

matrix until the fibres are completely pulled out of the matrix and failure occurs. 

 

 

Figure 2.6: Stress distribution in a fibre and concrete matrix under uniaxial tension (Markovic, 2006) 

 

2.4 Factors affecting fibre efficiency  
While a fibre can accommodate the transfer of tensile stress equal to its tensile strength, 

in practice the influence of several factors on fibre efficiency determines the actual value 

of stress that is transferred. Therefore strength efficiency can be defined as the ratio of the 

average stress transferred along the fibre relative to its tensile strength (Bentur and 

Mindess, 2007). How efficiently the tensile stress will be transferred to the fibres will 

depend on the value of shear stresses that will develop at the interface. The development 

of these shear stresses is dependent on the combined effects of fibre length, orientation 

and content.  
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2.4.1   Effect of fibre length  

Based on the stress transfer mechanism discussed above, the minimum length of a fibre 

needed for build-up of a stress equal to its strength „  is defined as the critical fibre 

length, ὒ (Fig.2.7). However, this stress is not uniform along the fibre length but varies 

from 0 at the ends to a maximum in the middle (Fig.2.6). This tensile stress within the fibre 

is built up from the shear stress developed at the fibre interface which also varies from 0 

to a maximum value. ὒ is therefore obtained by equating the average load transferred 

along the length of a fibre of radius r  to its tensile load capacity as follows: 

ςʌὶὒ  ʌὶ„             (2.5) 

where r is the fibre radius, †  is the maximum shear stress and „  is the fibre tensile 

strength. In the above expression, the term in brackets is the average stress transferred 

along the fibre. It is assumed that variation in the stress is linear according to Fig.2.7. 

Simplifying Eq. 2.5 gives 

ὒ                        (2.6) 

If fibre length is less than ὒ then the embedded length is not enough to generate a stress 

equal to the fibre strength (Fig.2.7). The stress in the fibre will reach its yield or tensile 

strength only if the length of the fibre exceeds ὒ. In fact to obtain strength efficiency 

above 90%, the fibre needs to be 4-5 times longer than its critical length (Bentur and 

Mindess, 2007). This can be achieved by controlling the geometry of the fibre (higher 

aspect ratio) or by enhancing the fibre-matrix interaction (i.e. higher †  for the case of 

frictional bond). 

Eq.2.6 is also useful in explaining why the fibres in normal FRC are often deformed or 

surface textured to induce mechanical anchorage while in most UHPFRC mixes this is not 

necessary. Typical interfacial shear strength in UHPFRC is 5 times or more than that in 

normal FRC  (Tjiptobroto and Hansen, 1993) and the example below aims to illustrate the 

significance of this difference in determining the common use of straight smooth fibres in 

UHPFRC rather than deformed ones. 
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Figure 2.7: Relationship between fibre length and transferred stress (Adapted from Bentur and Mindess ( 2007)) 

 

In theory  „  would be equal to the tensile strength of the fibre which is here taken to be 

about 1000MPa. This value is typical of steel fibres used in many FRC mixes (Le et al., 

2008). Taking as an example steel fibres of diameter d = 0.3mm in a FRC mix with a 

typical interfacial shear stress  †  of 1MPa (Tjiptobroto and Hansen, 1993), Eq. 2.6 would 

give an ὒ of 150mm. A fibre with these dimensions would have a fibre aspect ratio (ὒȾὨ) 

of 500. However, in practice the fibre aspect ratio needs to be less than 100 to achieve 

sufficient workability and uniform distribution. The fibre considered above can be brought 

to within the required aspect ratio by either reducing its length and/or increasing its 

diameter. Typically, fibres used in FRC are less than 50mm long. In this case by reducing 

the fibre length (ὒ) to 30mm an upper bound aspect ratio of 100 is obtained. Re-arranging 

Eq. 2.6 then enables an estimate of the tensile stress that can be transferred by the new 

fibre length as follows: 

„                   (2.7) 

A value of 200MPa is obtained from Eq. 2.7 which is well below the assumed fibre tensile 

strength of about 1000MPa. In addition to several simplifying assumptions in the above 

calculation, production and other factors often cause the tensile stress values that can be 

transferred by the interfacial shear stress to be much less than that obtained in this 

estimate. Thus in order to complement the ability of interfacial shear stress to transfer 

stress to the fibres in normal FRC, fibres are deformed or surface coated in order to 

induce additional mechanical anchorage. 



 

20 
 

In UHPFRC however, the fibre-matrix bond strength has already been significantly 

enhanced by modification of the microstructure to minimise defects within the ITZ. Hence 

typical interfacial shear strength values of UHPFRC are 5-7.5MPa (Tjiptobroto and 

Hansen, 1993). Inserting the lowest †   value of 5MPa and the same fibre radius as in the 

above FRC example into Eq. 2.6 gives ὒ in the order of 30mm. The fibre aspect ratio 

obtained is also within the upper limit of 100 required for workability. In fact a typical fibre 

diameter used in UHPFRC is less than 0.2mm enabling the use of even shorter fibres 

which would still be able to transfer stress values in the order of their tensile strength. 

Therefore straight and smooth fibres can be used adequately without any need to induce 

additional mechanical anchorage by deforming or altering their surface texture. It also 

means that relatively short fibres (typically 6-15mm long) can be used while maintaining a 

high aspect ratio (typically 50-100) therefore providing a significant advantage in 

workability (Fehling et al., 2015).  The above observations were confirmed in tests carried 

out by Yoo et al. (2016)  to compare flexural properties of a UHPFRC mix incorporating 

straight smooth fibres with that having deformed fibres. They found that for the same fibre 

aspect ratio, the flexural strength of the mix with smooth fibres was the same as that with 

deformed fibres. They attributed this observation to the high frictional bond strength due to 

the dense ITZ which made any improvements in bond strength from the deformed shape 

insignificant.  

2.4.2   Effect of fibre orientation  

The ideal fibre orientation for UHPFRC is where the fibres are aligned to the maximum 

principal stress. In practice this is rarely achieved despite adoption of casting methods 

aimed at influencing fibre alignment for example relative to direction of flow. In most cases 

where the process of mixing aims at achieving a uniform fibre distribution and random 

orientation, fibres that are not parallel to the load direction will be less efficient in 

contributing to the mechanical properties i.e. strength and toughness.  

Orientation of fibres in relation to the load direction reduces their efficiency in contributing 

to the elastic modulus at the pre-cracked stage and to strength post-cracking. It is 

reasonable to assume that a fibreôs orientation remains constant when considering its 

contribution to the elastic modulus within an un-cracked region (Fig.2.8a). After cracking 

however, some fibres will develop local bending around the crack resulting in flexural 

stresses in the fibres and local compressive stresses in the matrix (Fig.2.8b). This dowel 

action will lead to increased pull-out resistance which may make up for the reduction in 

fibre efficiency caused by fibre orientation angle. This dowel action has been observed to 

increase with increasing fibre content (Fehling et al., 2015). 
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Figure 2.8: The intersection of an oriented fibre with a crack assuming (a) constant fibre orientation in un-cracked 
region; (b) local fibre bending around the crack (Adapted from Bentur and Mindess ( 2007)). 

Qsymah et al. (2017) investigated the effect of fibre orientation on the elastic modulus of 

UHPFRC using µXCT images of 20mm UHPFRC cube samples to characterise the 

overall orientation of fibres (Fig.2.9). The orientation angle of each fibre with respect to a 

global axis (x, y or z) was calculated based on the coordinates of its centreline. By 

calculating an overall orientation factor based on the above angles, it was observed that a 

majority of the fibres in their UHPFRC specimen tended to align along one of the axes 

(fibre volume ratio of 60:40:20 for x, y, z axis respectively) in Fig.2.9. The elastic modulus 

was observed to be slightly more along the dominant x-axis compared to the y and z axes. 

The differences in elastic moduli between the most and least dominant axis were 

observed to be less than 5%. 

 

Figure 2.9: 3D image of steel fibres (Qsymah et al., 2017) 
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In order to investigate the effect of fibre orientation through numerical modelling, the µXCT 

images were converted to 3D FE meshes. For computational efficiency, the fibres were 

replaced by 1 D truss elements embedded in the mortar along the coordinates of the fibre 

centreline as described above. By fixing the fibre orientation to 00 relative to the most 

dominant axis while leaving it random relative to the other two axes, the difference in the 

elastic moduli increased significantly to 34% between the most and least dominant axis. 

The casting method is generally acknowledged to have a significant influence on the 

orientation that the fibres finally assume in the UHPFRC specimen or structure. Several 

studies on UHPFRC beams have indicated that fibres tend to align to the direction of flow 

(Le, 2008; Wille and Parra-Montesinos, 2012). However, Barnett et al. (2010) found that in 

round panels fibres aligned perpendicular to the direction of flow. In addition, fibres will be 

aligned parallel to the formwork surfaces thus producing a skin layer with different 

properties to the rest of inner material. This can introduce a size effect in relatively smaller 

specimens where this skin layer forms a significant proportion of the cross-sectional area. 

2.4.3   Effect of fibre content  

As mentioned in section 2.3.1, increasing fibre content results in a higher first crack load 

by enhancing the crack suppression mechanism. Higher fibre content also enhances the 

post-cracking bridging action of the fibres by increasing the pull-out resistance through a 

dowel action when inclined fibres cross a crack (Fig.2.8b). This effect partly counteracts 

the reduction in efficiency from non-alignment of fibres with load direction. Applying the 

rule of mixtures to a UHPFRC mix, the load at first cracking can be written as (Bentur and 

Mindess, 2007): 

Ὁ ‐ὠ  ὲὉ‐ὠ   (2.8) 

where ὲ represents total efficiency factors relating to fibre length and orientation.  

Ὁ ȟ ‐ȟ ὠ   and  Ὁȟ‐ȟ ὠ   are the elastic moduli, strain and volume content of the matrix 

and fibres respectively. As this load on the composite is transferred to the fibres at first 

cracking, the load capacity of the fibres must be able to bear it in order for failure not to 

occur i.e.  

ὲ„ὠ Ὁ ‐ὠ  ὲὉ‐ὠ  (2.9) 

where „ is the fibre strength.  

The fibre volume needs to be high enough for Eq.2.9 to be satisfied. When that happens 

then first cracking does not lead to failure but to a transfer of load from the matrix to the 

bridging fibres (Fehling et al., 2015). Further loading would only result in more cracks 

referred to as multiple cracking.   
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Therefore a critical fibre volume (ὠ ) can be defined such that fibre contribution to 

strength will only be significant when ὠ ὠ . Critical fibre volume for short fibres has 

been found to be a function of fibre aspect ratio and fibre-matrix bond. For measured †  

values 1-10Mpa and typical fibre aspect ratios 50-100, the critical fibre volume is between 

1-3% (Bentur and Mindess, 2007). In contrast to normal fibre reinforced concrete (FRC) 

where these represent maximum fibres volumes that can be used, in UHPFRC fibre 

volumes higher than these can be easily attained due to enhancements in its internal 

structure. Typical fibre contents for UHPFRC are in the range 2-6% (Barnett et al., 2007a). 

This is the main reason for the considerably higher strain or deflection hardening in 

UHPFRC compared to normal FRC (Fig.1.2). Strain hardening occurs when increased 

tensile loading is required to cause further strain after the first crack. Similarly, deflection 

hardening is defined in bending such that increased flexural loading is required to produce 

increased deflection after the first crack. 

Three types of stress-crack width curves for UHPFRC are presented by AFGC-SETRA 

(2013) for use in classifying UHPFRC in terms of the degree to which they exhibit strain 

hardening (Fig.2.10). For strain hardening to occur, the post-cracking tensile strength of 

the composite must be higher than the tensile strength of the matrix (i.e. stress at first 

crack). A strain hardening UHPFRC mix will also display deflection hardening in bending 

(Naaman  and Reinhardt, 2015). A strain softening UHPFRC can also still be deflection 

hardening in bending as long as its residual post-cracking tensile stress is greater than 

about 1/3 that of the tensile strength of the matrix (Bentur and Mindess, 2007) as per Fig. 

2.13. It also therefore follows that the critical volume required for deflection hardening is 

less than that required for strain hardening. 

 

 
 

 

 
 

 
Figure 2.10: Examples of tensile constitutive law for UHPFRC a) strain-hardening b) low strain-hardening c) strain 
softening material (AFGC-SETRA, 2013) 

 

a b c 
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Figure 2.11: Schematic description of strain softening, strain hardening and deflection hardening in FRC composites 
(Bentur and Mindess, 2007) 

 

2.5  Mechanical properties of UHPFRC 

2.5.1 Tensile strength  

In a brittle material such as concrete the tensile strength is observed to decrease with 

increased porosity, and with increased size and non-homogeneity of the material grains 

(Aitcin, 1998). For UHPFRC, as discussed in section 2.2, significant enhancements in 

relation to both reduced porosity and increased homogeneity result in relatively high 

tensile strengths. Due to the fact that the ITZ in UHPFRC is very strong and compact, the 

strength of the fibre-matrix bond is significantly increased. Therefore the enhanced 

capacity for load transfer from the matrix to the fibres results in an increase of the elastic 

region and corresponding load capacity in tension (Le, 2008).   

According to AFGC-SETRA (2013), the tensile strength of UHPFRC is typically above 7 

MPa. Though challenging, some attempts have been made to determine UHPFRCôs 

tensile strength by direct tensile tests. In a method involving the use of dog-bone 

specimens of UHPFRC with 2% fibre content, Hassan et al. (2012) obtained an average 

direct tensile strength value of 9.07 MPa. Graybeal and Baby (2013) on the other hand 

tested prismatic specimens in a method employing tapered aluminium plates fixed to the 

sides of the specimens for enhanced grip. In their analysis of the tensile response, they 

distinguished between the average strength at first crack (5.91-9.09 MPa for 2% fibre 

content) and maximum tensile strength (8.56-11.56 MPa for 2% fibre content). 

Due to the difficulty of conducting reliable direct tensile tests the tensile response is 

commonly obtained by inverse analysis of flexural tests adjusted for scale effects (AFGC-

SETRA, 2013). Using this approach, Chanvillard and Rigaud (2003) obtained average 

tensile strength values of 10.8 MPa from four point bending test of UHPFRC with 2% fibre 

content . 
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2.5.2  Compressive strength  

The extremely low porosity of UHPFRC is the main source of its very high compressive 

strength. Reduction of its maximum grain size through retention of only fine aggregates 

and the infilling of any voids by silica fume produces a very compact microstructure which 

further increases its compressive strength. Compressive strength is much higher than 

tensile strength because while only a few cracks need to be propagated to cause failure 

by applied tensile stress, failure by compressive stress only occurs after a critical number 

of tensile cracks have been joined together (Aitcin, 1998).  

The compressive strength of UHPFRC subjected to a post-set heat treatment at 900C has 

been observed to vary between 150 and 250 MPa (Richard and Cheyrezy, 1994). The 

reaction of cementitious materials (Eq. 2.1) is accelerated by high temperature producing 

more calcium silicate hydrates (C-S-H). The result is that the microstructure of the 

concrete matrix is enhanced even further significantly increasing the compressive strength 

of UHPFRC (Richard and Cheyrezy, 1995). Based on tests to cylindrical specimens, 

Graybeal (2007) obtained average 28 day compressive strength values of 126 and 193 

MPa on standard cured and heat-treated specimens respectively. On the other hand, 

Kazemi and Lubell (2012) tested 50mm cube UHPFRC specimens with 2-5% fibre content  

air-cured at ambient temperature and obtained compressive strength values of 147-174 

MPa. 

As for tensile strength, the increased bond strength between the fibres and the cement 

paste also enhances load carrying capacity. However, studies indicate that only fibre 

volumes equal to or greater than 2% have a significant influence on compressive strength. 

For example compared to an identical mix without fibres, compressive strength was 

observed to increase by about 15% at a fibre content of 2.5% by volume (Fehling et al., 

2015). The other effect of fibres is that the failure of UHPFRC in compression is not as 

explosive as that of HSC for example because the steel fibres in UHPFRC hold the 

cracked pieces together (Le, 2008). 

2.5.3   Flexural strength  

The flexural strength „  is normally used to represent the bending capacity of a beam. It is 

based on the ultimate bending moment of a beam under loading (ὓ ) applying simple 

bending theory. Therefore the flexural strength is calculated as follows for a beam: 

„ φὓ ὦὬϳ    (2.10) 

where ὦ and Ὤ are cross-sectional width and height respectively. 

The flexural strength is equal to the ultimate tensile strength only in a perfectly elastic 

material with a linear elastic stress distribution (Bentur and Mindess, 2007). Hence in a 

perfectly elastic material failure will occur once the load reaches the elastic limit. However, 
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UHPFRC can continue to carry additional load even after it cracks under tensile stress 

due to stress redistribution whereby the neutral axis moves up the stress block with a 

corresponding change in shape of the tensile stress distribution to rectangular (Fig.2.12). 

Therefore the load-deflection curve of UHPFRC continues to rise beyond the elastic limit 

so that  „ will be greater than its tensile strength. It is the enhanced ductility of UHPFRC 

that increases its load bearing capacity represented by its flexural strength („ . Additional 

fibres that do not increase the ultimate tensile strength can still increase „ by enhancing 

post-cracking ductility. The value of  „  will depend on both the ultimate tensile strength 

and the post-cracking ductility of UHPFRC.  

 

Figure 2.12: Comparison of tensile and flexural behaviour of ideally elastic and ideally elasticςplastic materials a) 
tensile stress-strain response b)stress and strain distribution in bending c) Flexural loadςdeflection curves (Bentur 

and Mindess, 2007) 

Richard and Cheyrezy (1994) report results of early studies done in France with UHPFRC 

flexural tensile strength values of between 50-102 MPa depending on the type of hot-

curing applied and the amount of steel fibres used (from 2% to 6% by volume). Barnett et 

al. (2007a) also tested specimens of UHPFRC with similar fibre contents under both three 

and four point bending tests and found flexural tensile strength values ranging between 

15-41MPa. Le (2008) investigated the properties of UHPFRC through testing and FEA 

modelling as part of a study to assess its viability for production of paving flags. He reports 

values of flexural strength between 10-40 MPa depending on fibre dosage, size and heat 

treatment of the specimens. Fibre content has been shown to be a major influence on 

flexural strength of UHPFRC (Yoo et al., 2013).  
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Expressions of the form of Eq. 2.11 below have been used to estimate flexural strength by 

taking into account both matrix and fibre contributions in accordance with the rule of 

mixtures (Bentur and Mindess, 2007). 

„ ὃ„ ρ ὠ ὄὠὒὨϳ                                            (2.11)  

In the above equation „  is the flexural strength of the matrix, ὒ and Ὠ are the fibre length 

and diameter respectively. The first term on the right hand side of Eq. 2.11 relates to the 

matrix contribution to the composite flexural strength and ὃ is a dimensionless constant. 

The second term on the right hand side of the same equation is the fibre contribution to 

the overall strength. ὄ is a constant with a stress dimension associated with the fibres. 

Since failure in FRC mainly occurs through failure of the interfacial shear bond well before 

the fibre strength is reached, ὄ would normally be a function of this shear strength.  

Dividing each side of Eq. 2.11 by the term ὠὒὨϳ   reduces it to a linear form convenient 

for plotting as follows:     

„ ὠὒὨϳϳ ὃ„ ρ ὠ ȾὠὒὨϳ ὄ            (2.12) 

Regression analyses of flexural strength values of FRC from experimental data have 

shown close correspondence to the above equation (Fig.2.13). Eq. 2.11 has been 

successfully applied to UHPFRC by Kang et al. (2010) who showed that for a constant 

fibre aspect ratio (ὒȾὨ) the flexural strength increases linearly with fibre volume content 

between 1-5% (Fig.2.14). 

 

 

Figure 2.13: Correlation between composite flexural strength and matrix strength based on equation 2.12   (Bentur and 
Mindess, 2007) 
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.  

Figure 2.14: Variation of flexural strength with fibre volume content (Kang et al, 2010) 

 

2.5.4  Fracture Energy (or toughness)  

Fracture energy refers to the energy required to create a unit area of crack and is 

represented by the area below the stress-separation (ů-ɤ) curve. Fracture energy as 

commonly measured (for example by RILEM (2002) procedure), utilises the three point 

bending test on a notched specimen because the tensile stress field near the notch has 

been observed to be similar to that in a tensile test specimen (Baģant and Planas, 1998). 

Because of the prominent role performed by fibres, the fracture energy of UHPFRC refers 

to the energy required for crack opening rather than just crack formation (Spasojeviĺ, 

2008). The fibre-bridging action across fibres enables load transfer within cracked zones 

thus significantly enhancing the materialôs post-peak response. Richard and Cheyrezy 

(1994) reported fracture energy values of between10-40 KJ/m2 obtained from the area 

under the Load-Deflection curve up to a deflection of 1/150 of span. This approach has its 

origins from the Japanese standards for testing fracture toughness of FRC (JSCE-SF4). 

The results they obtained were dependent on the type of hot-curing applied and the 

amount of steel fibres used (from 2% to 6% by volume). Barnett et al. (2007a) also tested 

specimens of UHPFRC with similar fibre contents under both three and four point bending 

tests and found fracture energy values of between 18-55KJ/m2 depending on the 

specimen size. Le (2008) on other hand found that fracture energy values varied between 

19-38KJ/m2.  
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2.6  Size effect 
Size effect refers to a phenomenon in which the strength of a structure is observed to 

depend on its size. Classical theories such as limit analysis in which material failure is 

based on stress or strain criteria ignore this size effect in their prediction of a structureôs 

load capacity (Baģant and Planas, 1998). However, this is not a true reflection of concrete 

and other brittle or quasi-brittle structures in which structural strength has been observed 

to decrease as the size increases and vice versa (Mier, 2013). 

2.6.1  Sources of size effect  

The sources of size effect which may be of practical significance to concrete include 

(Baģant and Planas, 1998): 

1. Boundary layer (wall) effect 

This arises because the concrete layer (about the size of maximum aggregate) adjacent 

to the walls of the formwork has less large aggregates but more cement and mortar than 

the inner concrete. This boundary layer which is therefore stronger is a bigger proportion 

of the cross-section of smaller structures in which they produce a more noticeable size 

effect. In FRCs such as UHPFRC, this wall effect has been attributed to fibres adjacent to 

the formwork aligning parallel to it therefore forming a stronger layer on the surface of the 

structure (Barnett et al., 2007a) .  

2. Diffusion phenomena   

This arises because diffusion half-times are proportional to the square of the size of 

structure. So for example, hydration heat produces higher temperatures in thicker 

members. Also the diffusion process (heat conduction or pore water transfer) changes the 

material properties and produces residual stresses which can induce inelastic strains and 

cracking. Drying for example can produce tensile cracking in the surface layer of the 

concrete. Due to the different drying times and stored energies, the extent and density of 

cracking may differ between small and large members resulting in differences in 

response. 

3. Statistical size effect 

This is caused by randomness of material strength. Application of Weibullôs theory in 

which failure occurs in the weakest link of a chain means that failure in a concrete material 

would occur at a point with the minimum strength. The statistical size effect arises 

because the larger the size of the structure the higher the likelihood of encountering a 

point with a lower strength. While this theory was previously thought to explain most size 

effects in concrete, a better understanding of the mechanics of failure of concrete 

structures has proved it inapplicable. Unlike in metals where growth of a micro-crack into 

a macro-crack could be enough to cause failure, concrete structures fail only after a large 

stable growth of crack zones (Mier, 2013). The resulting stress redistributions and strain 
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energy release then produce a more dominant size effect relative to any statistical size 

effect. In addition, just before failure this stable crack growth would normally be localised 

in a small zone so that random strength values outside of this zone would not have any 

effect. 

4. Fracture mechanics size effect 

The fracture mechanics size effect is caused by the fact that larger structures release 

more strain energy per unit crack extension compared to smaller ones. Hence crack 

propagation and failure in larger structures would be expected to occur at lower nominal 

stresses. Brittle materials exhibit a stronger size effect because they have no mechanism 

to restrict crack growth with the resulting strain energy released being used to further 

propagate cracks. Ductile materials on the other hand can inhibit crack propagation by 

dislocation for example whereby adjacent layers of atoms are able to slide relative to each 

other first before the onset of fracture. Concrete size effect response lies between that of 

purely ductile materials which exhibit no size effect and that of pure brittle materials that 

have a strong and constant size effect as shown if Fig.2.17  (Baģant and Planas, 1998). 

2.6.2  Quantification of fractu re mechanics size effects 

Following from the definition mentioned previously, an assessment of size effect on a 

structure is based on quantifying the variation of its strength with size. The strength of a 

structure normally refers to its nominal stress at peak load. The nominal stress „ refers to 

the load per unit cross-sectional area as follows: 

„ ὅ                                 (2.13) 

where ὖ is the applied load, ὦ the thickness of the structure, Ὀ the characteristic 

dimension of the structure or specimen (such as depth or span), and ὅ  a coefficient 

introduced for convenience. Where 2D similarity is intended in experimental tests, then ὦ 

needs to be the same for all specimen sizes which also minimises size effect from 

diffusion phenomena (Baģant and Planas, 1998) mentioned previously. The coefficient ὅ  

can be chosen to make Eq.2.13 consistent with any relevant theory. For example for a 

simply supported beam of span Ὓ and depth Ὤ loaded at mid-span by load ὖ, „  may be 

chosen to coincide with the elastic bending formula for the maximum normal stress in the 

beam and the beam depth as the characteristic dimension (Ὀ Ὤ) so that: 

„ ὅ                (2.14) 

where      

ὅ ρȢυ                            (2.15) 
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From Eq. 2.15 above, ὅ  depends on the span-to-depth ratio so that size effect can only 

be consistently defined by considering geometrically similar specimens or structures of 

different sizes, with geometrically similar notches or initial cracks. Without geometrical 

similarity, the size effect would be contaminated by the effects of varying structure shape. 

2.6.3  The size effect equation  

That the fracture mechanics size effect is caused by larger structures releasing more 

strain energy per unit crack extension than smaller ones can be illustrated by an example 

of two sizes of geometrically similar notched specimens (Fig.2.15). Therefore for 

geometrical similarity between the two specimens, the notch to depth ratio is the same 

( ) as is the depth to span ratio ( ). In both specimens the crack is extended by 

the same length Ў  from the notch tip: 

 

Figure 2.15: Illustration of size effect by geometrically similar notched specimens 

The energy required to extend the crack per unit length is the same in both specimens. 

This is the fracture energy (Ὃ) which can be considered a material property. However, 

when the crack extends by Ў , the strain energy that is released can be reasonably 

considered as coming from the shaded area defined by the dashed diagonal lines in 

Fig.2.15. Assuming that the failure modes are also geometrically similar, the shaded area 

in the larger specimen is also larger but with the same slope. More strain energy is 

released from the larger shaded area in the larger specimen than in the smaller specimen 

by the same extension of crack. This is the source of the fracture mechanics size effect 

according to Baģant and Planas (1998).  

Where there is no notch, the same argument about geometrical similarity of the failure 

modes can be applied whereby for the same crack extension a longer crack band is 

formed in the larger specimen at failure than in in the smaller specimen (Fig.2.16). The 

strain energy per unit volume released by extending the crack band of length ὥ by Ў  

when a nominal stress „  corresponding to the peak load is applied is given by   . This 

additional strain energy can be reasonably assumed to be released from the hatched strip 

in Fig.2.16. 

The area of the hatched strip is given by: 
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ὬЎ ςὯz ρ
ςὥ Ў ρ

ςὥ ὬЎ ςὯὥЎ ρ
ςЎ         (2.16) 

Assuming the term Ў  is small enough to be ignored, the nominal stress „  can be 

obtained by equating the strain energy released by the hatched strip of thickness ὦ to that 

required to extend the crack as follows: 

ὦὬЎ ςὯὥЎ ὋὦЎ                 (2.17) 

 

„
Ў

                                       (2.18) 

The above is the size effect equation which Baģant and Planas (1998) re-write for 

convenience as follows: 

„
ϳ

                      (2.19) 

where Ὢ is the tensile strength of the material and ὄ is a dimensionless constant such that  

ὄὪ                        (2.20) 

In the above equation Ὃ is the fracture energy, E the elastic modulus and Ὤ the width of 

the structure band front considered to be independent of structure size. Ὀ   is a constant 

with a length dimension such that: 

Ὀ                         (2.21) 

 

Ὀ  depends on the structure shape through the constant Ὧ but is independent of the 

structure size if the structures are geometrically similar (Ὀὥϳ  is constant). Eq. 2.19 

provides a basis for quantifying size effect in structures of different materials. This can be 

done, for example, using bi-logarithmic plots of nominal strength against structure or 

specimen depth (Fig. 2.17). Size effect in concrete is observed to be transitional between 

that of classical failure strength theory (no size effect) and that of purely brittle behaviour 

predicted by LEFM (strong size effect).  
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Figure 2.16: Size effect schematic based on crack band approach according to .ŀȌŀƴǘ ŀƴŘ tƭŀƴŀǎ όмффу) 

 

 

 

 

Figure 2.17: Size effect on strength on a bi-logarithmic plot (Adapted from .ŀȌŀƴǘ ŀƴŘ tƭŀƴŀǎ όмффу)) 

 

2.6.4  Size effect in UHPFRC  

While research of the size effect on flexural strength of normal concrete has received a 

great deal of attention, Mahmud et al. (2013) observed a serious lack of sufficient and 

reliable experimental data in relation to UHPFRC on this aspect. This may be due to the 

high cost of testing of a large range of sizes required for proper establishment of size 

effects. 

Size effect in concrete 
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However, of the limited studies of size effect reported for UHPFRC, there are significant 

inconsistencies with some finding a significant size effect ((Le, 2008)) and others little 

(Spasojevic et al. (2008);Wille and Parra-Montesinos (2012)). 

An experimental study by Le (2008) involving three point bending tests on notched 

specimens of UHPFRC with 2% fibre content indicated the existence of a size effect on 

flexural strength. On the other hand, based on UHPFRC specimens with 0-5% fibre 

content, Yoo et al. (2013) found a definite size effect at 0% fibre content which decreased 

with increased fibre content so that at 2% fibre content the size effect was negligible. 

In both studies cited above, however, the range of specimen depths used (50-150mm) 

was too narrow to definitively establish the existence of size effect. Mahmud et al. (2013) 

used a wider range of specimen depths (30-150mm) and concluded that there was little 

size effect on the beam nominal strength of UHPFRC specimens due to the materialôs 

high ductility. However, the specimens used were geometrically similar only in their 

notch/depth ratio but not in their overall span/depth ratio. Baģant and Planas (1998) state 

that in order to properly investigate size effect, both the depth to span ratio and the notch 

to depth ratio need to be kept constant to avoid contaminating the results with shape 

effects. 

A more recent study by Yoo et al. (2016) found a significant size effect on flexural 

properties of UHPFRC including flexural strength. However, they argued that this size 

effect was due to a variation in the fibre distribution characteristics within the specimens 

tested. By analysing high resolution photographs taken at crack surfaces, their study 

seemed to indicate that the observed size effect was due to poor fibre orientation in larger 

specimens in which the influence of the formwork surfaces (also called skin or wall effect) 

was less. By carrying out further tests, they found that UHPFRC beam specimens with 

similar fibre distribution characteristics were significantly less sensitive to size effects. 

However, these additional tests were limited to 3 UHPFRC specimens of depths 50,100 

and 150mm all with 2% fibre content. 

 

 

 

 

 



 

35 
 

Chapter 3 ɀ Concrete Fracture Models  

3.1 Introduction  
UHPFRC, like other types of concrete is a composite material whose properties and 

behaviour are mainly influenced by the characteristics of its constituents and their 

interaction with each other at different scales.  Models for concrete can be formulated at 

four scales namely the microscale, mesoscale, macroscale and structural scale (Fig.3.1) 

as proposed by Mier (2013). 

 

Figure 3.1: Scales for modelling concrete (Mier, 2013) 

At the microscale, models describe the structure of the hardened cement paste in terms of 

material science of hydration products for example. Mesoscale models assume concrete 

to be heterogeneous with cement paste, aggregates, pores and water as its constituents. 

On the macroscale, models consider concrete to be homogeneous and rely on input of 

mechanical properties also measured at the same scale. Finally, structural scale models 

are concerned with the structural response of a concrete structure or element. The 

interaction between the above levels can also be represented by multiscale models which 

acknowledge the influence of lower scales on higher scales and propose suitable 

parameters to link appropriate length scales.  

The models discussed in this chapter are at the macroscale as are the experiments to 

determine the input material properties. However, in the previous chapter a review of 

UHPFRC properties included explanations of the mechanisms and interactions of its 

constituents at lower scales (microscale and mesoscale). This is in line with the rationale 

that properties observed at a macroscale can be explained by interactions at the levels 

below. 

3.2  Fracture  zone models 
UHPFRC has been developed by taking advantage of advances in concrete technology 

and material science in such a way as to achieve enhanced resistance to fracture failure. 
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Therefore fracture mechanics provides a logical framework within which to propose 

models to explain the observed experimental facts and to provide additional insight into 

the behaviour of UHPFRC. However, linear elastic fracture mechanics (LEFM) 

approaches adopt the concept of stress singularity which applied to a material with cracks 

and subjected to load results in infinite stresses at the crack tips. This is contrary to real 

materials in which the area directly in front of the crack (also called fracture or cohesive 

zone) would already be partially damaged significantly reducing the stresses therein 

(Petersson, 1981). In concrete materials, these stresses decrease with increasing strain 

resulting in a response within the fracture zone referred to as strain softening. 

In practice, the size of the fracture zone relative to the rest of the material or structure 

determines whether or not linear elastic fracture mechanics can be used reliably. For most 

concrete materials and structures, the relative size of the fracture zone has been 

observed to be significant and hence requires approaches other than LEFM that take the 

influence of this zone into consideration (Baģant and Planas, 1998). Non-linear Fracture 

Mechanics (NFM) can be used to propose a theoretical framework for the modelling of this 

zone and of its influence on the overall behaviour of materials such as UHPFRC. The 

development of the fracture zone at the microscale is extremely complex. However, at the 

macroscale, understanding of crack propagation can be enhanced by modelling the strain 

localisation within the fracture zone using simpler criterion. 

 Elices and Planas (1989) have proposed a framework for classifying concrete models 

based on the damage mechanisms occurring within and outside the fracture zone (Fig. 

3.2). In their framework, softening takes place in the fracture zone as the bulk material 

outside of this zone unloads. Localisation criteria specify the shape and size of the 

fracture zone. Hence for a fracture model to be complete it must describe a materialôs 

behaviour within both the fracture zone and the bulk material, and also prescribe the 

localisation criteria to be adopted.    

In theory, damage can occur within both the fracture zone and the bulk material in the 

form of stiffness (Fig.3.2A-b) and/or stress degradation (Fig.3.2B-c). Stiffness degradation 

is where unloading occurs to the origin whereas stress degradation results in irreversible 

strain. General damage refers to where both types of degradation take place (Fig.3.2 A-a 

and B-a). Despite the fact that unloading in the bulk material has to accompany strain 

localisation most models assume an elastic behaviour within the bulk material (Fig.3.2A-

c). This is because of the observation that including dissipation within the bulk in many 

cases only results in a small refinement in accuracy. Similarly, due to the fact that 

displacements within the fracture zone in concrete materials are monotonic , there is little 

practical difference between adopting any of the damage mechanisms (Baģant and 

Planas, 1998). 
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Figure 3.2: Model classification (Elices and Planas, 1989) 

Though strain localisation is most realistically represented as a gradual process (Fig.3.3), 

simpler criteria are adopted whereby it is assumed to occur either within a band (Baģant 

and Oh, 1983) or along a line (Hillerborg et al., 1976) (Fig.3.4). The main difference 

between these two approaches is not in their concept but in their mathematical 

formulation (Elices and Planas, 1989). 

 

Figure 3.3: Modes of strain localisation a) smooth arbitrary shape b) within a band  c) into a crack line (Elices and 
Planas, 1989). 

 








































































































































































































































































































































































