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Abstract. We study the scalar-tensor-tensor non-Gaussian signal in an inflationary
model comprising also an axion coupled with SU(2) gauge fields. In this set-up, metric
fluctuations are sourced by the gauge fields already at the linear level providing an
enhanced chiral gravitational waves spectrum. The same mechanism is at work in
generating an amplitude for the three-point function that is parametrically larger than
in standard single-field inflation.
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Introduction

A period of accelerated expansion in the early universe, inflation has been hypothesized
[1] in order to solve a number of puzzling initial conditions in the standard hot bigbang cosmology. Already in its simplest formulation, that of a scalar field minimally
coupled to gravity, inflation can resolve such issues and provides a mechanism by which
quantum fluctuations at early times are swept up by inflation to become the primordial
seeds for structures to form in the universe.
The spectacular advances in observational cosmology in recent decades have refined the allowed range for viable inflationary models. A nearly scale-invariant spectrum of primordial adiabatic scalar fluctuations are required for agreement with observations with only small non-Gaussianities (e.g. for local non-Gaussianity the bispectrum amplitude is constrained to fnllocal . O(10) [2]). These constraints notwithstanding, the inflationary paradigm can accommodate a rich particle content. An observational window on inflation is then automatically also a precious portal to high energy
physics and a very special one at that; it provides access to beyond-standard-model
energy scales that can be as high as 1014 GeV, well out of the reach of earth-bound
particle colliders. Extra field content is not just an interesting possibility for inflation,
it is also a natural one. To give just one example, in supersymmetric theories, unless
supersymmetry is broken at scales much higher than the Hubble scale, E  H, the
inflationary vacuum energy will break supersymmetry so that some of the resulting
particles will have masses m ∼ H. Even if such massive fields are long lost to us
today, cosmological observables (e.g., the squeezed configuration of the bispectrum)
can carry the imprint of their early dynamics so that one can engage in cosmological
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archeology and search for such fossils [3]. Interestingly, information on the spin, mass
and coupling of these particles can still be accessible today [4].
Given the plethora of inflationary setups still compatible with observational bounds,
one may rely on future cosmological probes to identify the most compelling scenarios,
as well as the requirement of a theoretically robust implementation of inflation. The
latter includes navigating the perils of the so-called η-problem; in the absence of a
sufficiently powerful symmetry, the inflaton potential will receive loop corrections of
the form V0 (φ/MP )n making its mass too large (m ∼ H) to sustain a sufficiently long
expansion.
An approximately shift-symmetric potential can significantly ameliorate the ηproblem as in the well-known case of natural inflation [5]. In this context (see [6] for
a review on the subject), the axion potential receives non-perturbative contributions
from the gauge sector resulting in a left-over discrete shift symmetry for the field
φ → φ + 2πf , with the dimensionful quantity f regulating the periodicity. Known
string-theory constructions [7] suggest the constraint f < MP ; this hierarchy is further
motivated by the fact that quantum gravity is expected to break all global symmetries.
Given that observationally viable inflation via a single axion requires f > MP , in order
to operate in an under-control inflationary regime one may couple the axion to other1
sectors so as to effectively lower f .
One such example is that of an axionic inflaton directly coupled to gauge fields via
the least-irrelevant shift-symmetric operator φF F̃ . There exists a vast literature [9] on
what remains a very active subject, and includes the possibility of F F̃ being standard
model gauge fields thus providing a natural reheating scenario (see e.g. [10]). In light
of the axion-gauge coupling, an entire class of axion inflation models share intriguing
potential signatures: a chiral gravitational wave signal, and in particular one that
can grow at smaller scales (blue spectrum)2 . It is worth pointing out that similar
models have recently been employed in the context leptogenesis via axial-gravitational
anomaly [13].
An intriguing specific realization of axion inflation is known as chromo-natural
inflation (CNI) [14]: here the coupling is to SU(2) gauge fields3 , allowing for isotropic
background solutions ([16, 17] provide a non-exhaustive list of works on the subject).
Further studies [18] showed that the simplest realization of CNI is excluded by Planck
data. This has lead to an extension of the model [19] (see also [20]) that retains all its
original intriguing features; the tension with data is resolved by equipping the scalar
sector with an additional field, now driving inflation. The extra field is not necessarily
an axion and therefore its potential need not be shift-symmetric. Crucially, detectionlevel gravitational waves at CMB scales can be generated already at sub-Planckian
values for the axion field-excursion, thereby reducing the effect of loop corrections on
1

Another intriguing possibility is to have multiple axions [8].
Other classes of inflationary scenarios endowed with non-standard gravitational waves production
mechanisms include, e.g., scalar spectator fields with a small sound speed [11] and modified gravity
models [12].
3
See [15] for a very recent analysis pointing out one extra advantage that comes with the use of
an SU (2) as opposed to U (1) model in the context of Schwinger pair creation and backreaction.
2
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the inflationary potential. Interestingly, it has recently been shown how both CNI and
its extension can be embedded in supegravity and string theory [21].
We consider in this paper the model introduced in [19]. Remarkably, a scan of
the parameter space of this model reveals regions generating signatures detectable by
both CMB probes and interferometers. The SU(2)-based enhancement of gravitational
waves can lead to detectable hEBi, hT Bi signals for upcoming CMB probes and may
be searched for using existing interferometers (and a cross-correlation thereof4 ) [22]. It
has recently been shown that this setup supports large tensor non-Gaussianities [23]
and we will show here that the same is true for the scalar-tensor-tensor correlation.
It is interesting to point out that this specific observable, the scalar-tensor-tensor
bispectrum, has received attention in the context of other models that also exhibit a
non trivial chirality of the signal. A case in point is Chern-Simons gravity [24, 25]. The
effect on CMB observables of parity-violation in the tensor sector was also the subject
of studies in [26] and [27–30]. We refer the reader to the works above and references
therein for further literature on the subject.
This paper is organized as follows: in Section 2 we review the model and its
predictions at the level of the power spectra; in Section 3 we present the calculation of
the scalar-tensor-tensor bispectrum and discuss our findings on its shape and amplitude
with an eye on perturbativity bounds inherited also from the scalar-sector; conclusions
are in Section 4. More details about the calculations can be found in the Appendices.

2

The model

As mentioned above, our model includes spectator fields (i.e. fields providing a subleading contribution to the total energy density during inflation), including an axion
field χ and an SU(2) gauge field Aaµ , in addition to the inflaton sector,
Z
S=


2
MPl
1
1 a aµν λ χ a aµν
2
R + Lφ − (∂χ) − U (χ) − Fµν F
+
F F̃
, (2.1)
d x −g
2
2
4
4f µν
4

√



a
where Lφ is the inflaton Lagrangian, Fµν
≡ ∂µ Aaν − ∂ν Aaµ − g abc Abµ Acν and the definition
√
a
F̃ aµν ≡ µνρσ Fρσ
/(2 −g) has been used.
The background equations of motion and the linear perturbation analysis were
first presented in [19]. In this section, we review the main results and identify the
model parameters that will appear in the bispectrum computation. The background
for the gauge field can be chosen as Aa0 = 0, Aai = δia a(t)Q(t). The scalars Q and χ
have coupled equations of motion. Under minimal assumptions on the parameters and
in a regime of slow-roll for the fields, the effective potential for Q is minimized by


Q=

−f Uχ
3gλH

4

1/3
.

(2.2)

Cross-correlations among signals from different interferometers or from different constellations
making up the same interferometer (as in the case of an advanced design of LISA or BBO discussed
in [22]) would be necessary in order to detect circular polarization.
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From the same equations of motion it also follows that
λ
1
χ̇ ' mQ +
,
2f H
mQ

(2.3)

where the parameter mQ ≡ g Q/H is to be interpreted as the mass, in units of Hubble,
of the gauge field fluctuations. Einstein’s equations lead to the following relation among
slow-roll parameters:
H ≡ −Ḣ/H 2 = φ + χ + B + E ,

(2.4)

with
φ ≡

φ̇2
χ̇2
g 2 Q4
(HQ + Q̇)2
;

≡
;

≡
;

≡
. (2.5)
χ
B
E
2
2
)
)
(2H 2 MPl
(2H 2 MPl
(HMPl )2
(HMPl )2

The metric tensor fluctuations (hij ) are linearly sourced by the tensor perturbations of the gauge field. The latter experience (near horizon crossing) a growth in
one of their two polarizations that is controlled by mQ ; as a result, the corresponding
helicity in the gravitational waves is enhanced. This non-zero chirality can be understood as a consequence of the parity-breaking nature of the gauge-field background.
The expression for the sourced power spectrum is given by
Phs = B

H2
F2 ,
π 2 MP2 l

(2.6)

where F = F(mQ ) (a detailed derivation can be found in [19]). The transient instability
of the gauge field tensor fluctuations can be understood as an energy transfer from the
rolling axion.
The SU (2)-sensitive contribution to the power spectrum of gravitational waves
(GW) can be larger than the one from vacuum fluctuations and within reach of upcoming experimental probes5 ; the model predicts chiral gravitational waves that would
be observable for a sizable portion of its parameter space [22]. Our set-up serves as
an explicit example of the fact that detectable GW may be generated even at a relatively low value for H, thus breaking the one-to-one r ↔ H correspondence between
the tensor-to-scalar ratio and the energy scale of inflation (see [34] for more about the
lower bound on H in this context).
The tensor power spectrum in Eq. (2.6) is characterized by a broad (depending on
model parameters) feature, a distinctive scale dependent “bump” that results from the
background evolution of the axion-gauge field system, i.e. from the time-dependence,
within the F function, of mQ (t) ≡ g Q(t)/H [19] (see also Appendix A of [22] for an
analytical approximation of the power spectrum as a function of scale, valid around
the peak value and for 3 ≤ mQ ≤ 7). From this feature originates the fact that there is
5

These include, for example, the ground based CMB-S4 [31] and planned space missions for CMB
polarization anisotropies such as LITEBIRD [32], as well as space-based interferometers such as LISA
[33].
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in this model ample room for a blue tensor spectral index, crucial for direct detection
by interferometers. Having lifted the burden of driving inflation from the axion (in
order to recover compatibility with data [18]), in the extended model one may enhance
sourced gravitational waves on different scales by sampling the parameter space and
acting on the coupling between the fields.
Moving on to the power spectrum of curvature fluctuations, this will depend on
the precise form of Lφ and, naturally, also on the specific dynamics one may postulate
for the post-inflationary evolution of the spectator sector. The axion (δχ) and gauge
field scalar fluctuations are directly coupled with one another (and only gravitationally coupled to the inflaton fluctuations). We note that these modes will
√ undergo a
tachyonic instability [18] starting in the sub-horizon regime unless mQ ≥ 2. We will
confine our analysis to such viable region of the parameter space.
Both the inflaton field and scalar fluctuations of the spectator sector contribute
to curvature perturbations. The authors of [19] chose to be as agnostic as possible
on the details of Lφ . It is nevertheless necessary to ensure that the field φ is the one
driving inflation and that furthermore there exists a hierarchy among the slow-roll
parameters with φ ' max . The latter condition ensures that the spectral index can
satisfy existing observational constraints. Under such conditions the power spectrum
of curvature perturbation is dominated by the inflaton contributions and is only mildly
affected by the axion and gauge fields. However, for a more careful analysis, see Section
3.2.

3

STT bispectrum from Chern-Simons interactions

The χ F F̃ interaction of Eq. (2.1) supports a transient growth in one of the SU (2)
tensor polarizations that propagates to the corresponding helicity in the GW power
spectrum. This mechanism is also in place for higher-order correlation functions. The
GW bispectrum for the theory in Eq. (2.1) has been calculated in [23], where it was
shown that the SU (2) contribution to tensor non-Gaussianity can be significantly larger
than the one of standard single field inflation.
It is intuitively clear that, because the growth of the sourcing mode function
occurs (only) near horizon crossing, the bispectrum shape will very much resemble the
equilateral one, although there are some subtle differences with respect to the exact
equilateral template. In an analogous fashion, one expects also mixed tensor-scalar
correlators to receive the most sizable contributions from the gauge sector in equilateral
configurations. The axion δχ is sourced by gauge tensor fluctuations via Chern-Simons
interactions while in turn the curvature perturbation ζ receives contributions from δχ.
Scalar non-Gaussianity is constrained on large CMB scales by, for example, fnllocal .
O(10) and fnlequil . O(50) (respectively for the local and equilateral shapes [2]). These
bounds will soon improve thanks to upcoming large-scale structure observations and
new CMB polarization data. The ongoing development of new interferometers with
improved sensitivity to the stochastic background of primordial GW [33] will also help
us place stronger constraints on tensor and mixed non-Gaussianity. Non-Gaussian ob-
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servables are invaluable as a probe of the production mechanism of primordial GW
and, more broadly, the inflationary particle content [3].
In what follows, we shall focus on the the (χ, t)-mediated hh h ζi bispectrum contribution, where we define t as the transverse and traceless part of the gauge field
fluctuations, δAai ⊃ tai . The presence and form of the Chern-Simons interaction suggest that this one observable is particularly sensitive to the effects of gauge fields. A
typical contribution of this kind is represented6 in the diagram of Fig. (1), which we
evaluate in details in the remaining of this section.

Figure 1. Black dotted lines represent the metric tensor h ; red lines stand for the gauge
field tensor perturbation t ; the solid black line indicates the curvature perturbation ζ (χ) .
The green vertex arises from the Chern-Simons contribution to δχ t t. The yellow vertex (to
be understood according to the caveat stressed above) arises from the quadratic mixing term
h t in the Lagrangian.

We will henceforth work with comoving fields, Ψij ≡ a MP l hij /2, and u ≡ a δχ. The relation between the comoving curvature perturbation ζ and the axion field fluctuations,
δχ is given, at leading order in χ̇/φ̇, by
 
Uχ H
χ
ζ =
δχ ,
(3.1)
Vφ φ̇
where Uχ ≡ ∂χ U and Vφ ≡ ∂φ V . The scalar-tensor-tensor bispectrum then reads
  
4
H
Uχ
χ
hhp (τ ) hq (τ ) ζk (τ )i = − 3
hΨp (τ ) Ψq (τ ) uk (τ )i .
(3.2)
2
a (τ )MP l Vφ
φ̇
3.1

Perturbative solutions

Tensor perturbations are expanded in Fourier space as
Z
d3 k ik·x X λ
Tij (x, t) =
e
eij (k̂) Tkλ (t) ,
(2π)3
λ=R,L
6

(3.3)

It is important to note here that the diagram in Fig. 1 is meant as a pictorial reminder of the fields
and interactions in play but should not be intended as the exact in-in formalism representation of the
calculation. This is because the presence of the two-fields vertex in yellow requires a specific hierarchy
(2)
(2)
between the interaction it represents and the rest of the quadratic action: δLyellow  Lrest . Such
inequality is not satisfied at all times therefore a consistent calculation entails either diagonalizing the
system to avoid quadratic interactions or the use of Green’s functions methods. We adopt the latter.
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(1)λ

(2)λ

where Tkλ (t) = Tk (t) + Tk (t) + . . . , and dots indicate higher-order terms in the
perturbative expansion. In the equation just above T is a placeholder for Ψij as well
as for tij . This expansion will be convenient in light of the Green’s function method,
which we adopt throughout this manuscript7 . Similarly, for the scalar field we have
Z
d3 k ik·x
e uk (t) ,
(3.4)
u(x, t) =
(2π)3
(1)

(2)

with uk (t) = uk (t) + uk (t) + . . . . To lowest order in the perturbative expansion, one
finds
(1) (2) (1)
(2) (1) (1)
(1) (2)
(3.5)
hΨp Ψq uk i = hΨ(1)
p Ψq uk i + hΨp Ψq uk i + hΨp Ψq uk i .
We are interested in the non-Gaussianity arising from the gauge field effect on the
metric tensor perturbations. The latter are linearly sourced by the SU (2) tensor fluctuations, with one helicity acquiring a larger amplitude than the other, as reviewed in
Section 2. We will focus here on the leading helicity mode, setting Ψ = ΨR from now
on.
Formally, the equation of motion for the metric tensor fluctuations reads
OΨ Ψk = SkΨ ,

(3.6)

where OΨ is the operator describing the homogeneous equation of motion, OΨ Ψk = 0,
while S Ψ acts as a source due to self-couplings as well as to interactions with other
fields. The solution to (3.6) at ith order takes the form
Z τ
(i)
(i)Ψ
dτ 0 GkΨ (τ, τ 0 ) Sk (τ 0 ) ,
Ψk (τ ) =
(3.7)
∞

(i)Ψ

where GkΨ is the Green’s function of Ψ and Sk the source term, expanded at the same
order. The leading-order terms relevant for the diagram in Fig. 1, and included in the
expansion (3.5), are
Z
(1)
[Ψ(1) ·t(1) ] 0
Ψk (τ ) = dτ 0 GkΨ (τ, τ 0 ) Sk
(τ ) ,
(3.8)
Z
(2)
[t(2) ]
Ψk (τ ) = dτ 0 GkΨ (τ, τ 0 ) Sk (τ 0 ) .
(3.9)
[Ψ(1) ·t(1) ]

The quantity Sk
originates from the quadratic interactions between tensor modes
[t(2) ]
in the metric and the fluctuations of the gauge fields. Sk is the source term for Ψ due
to the second order perturbation in the gauge field, specifically the one corresponding
to the terms δχ t2 in the cubic Lagrangian. More explicitly, for the gauge field one has
Ot tk = Skt ,
7

(3.10)

Alternatively, one may switch to a different basis to decouple, up to second order, SU (2) fields
from standard tensor modes and then employ the in-in formalism. The two approaches are equivalent.
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and
(i)
tk (τ )

Z
=

(i)t

dτ 0 Gkt (τ, τ 0 ) Sk (τ 0 ) ,

(3.11)

where Gkt is the Green’s function for t. The relevant contribution to t(2) is given by8
Z
(2)
[t(1) ·u(1) ] 0
tk (τ ) = dτ 0 Gkt (τ, τ 0 ) Sk
(τ ) .
(3.12)
The linear order t(1) is sourced by Ψ(1) . However, it can be shown that the homogeneous
solution for t is a good approximation for the full 1st order solution up to late times
[19]. This approximation works well because the transient growth experienced by one
of the polarizations of gauge field fluctuations is inherently due to the coupling to
the axion field, which is already manifest at the level of the homogeneous equation of
motion for the gauge field.
Once free fields are quantized, the corresponding sourced fields inherit the same set
of creation/annihilation operators. Indicating tλk as the solution to the homogenous
equation of motion for the SU (2) tensor modes, one may write the field operator as
(1)λ

λ
∗
tk (τ ) = aλk tλk (τ ) + aλ†
−k [tk (τ )] ,

(3.13)

2†
where [aλk11 , aλ−k
] = δλ1 λ2 δ (3) (k1 + k2 ).
2

Given the equation of motion for the scalar field, Ou uk = Sku , one derives
Z
(i)
(i)u
uk (τ ) = dτ 0 Gku (τ, τ 0 ) Sk (τ 0 ) ,

(3.14)

with Gku the Green’s function for u. With u(1) the free-field, the expression for u(2) is
given by
Z
(2)
[t(1) ·t(1) ] 0
uk (τ ) = dτ 0 Gku (τ, τ 0 ) Sk
(τ ) ,
(3.15)
[t(1) ·t(1) ]

where Sk

is, once again, obtained from the cubic Lagrangian in δχ t2 .
(1)

(1)

(2)

Let us begin by focusing on hΨp Ψq uk i. To derive u(2) , one expands the ChernSimons interaction to third order
Z

λ
(3)
d4 x − g a Q δ χ̇ (tij )2 + 2 δχ ṫia 0ijk ∂j tka .
(3.16)
SCS =
2f
8

The one detailed in Eq. (3.12) is expected to be the leading contribution to the second-order
tensor fluctuations of the gauge fields. There exist also metric tensor contributions to t(2) , however
the coupling λ/f is typically much stronger than gravitational interactions.
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The corresponding equation of motion for u reads (more details on the derivation can
be found in Appendix A)

Z 3 X
00 
a
λ
d k2
00
2 2
2
uk + a mχ + k −
uk =
eλ1 (k̂1 )eλij2 (k̂2 )
a
2f
(2π)3 λ λ ij
1 2
n h √
× aH g E MP l tλk11 tλk22
dtλk11 λ2 o
d λ1 λ2  i
+ mQ
−2 k2
.
(3.17)
t t
t
dt k1 k2
dt k2
The Green’s function for u in the limit of negligible mass for the axion and in the
regime kτ → 0, is given by
Gku (τ, τ 0 ) =

θ(τ − τ 0 )
(k τ 0 cos kτ 0 − sin kτ 0 ) .
k3 τ τ 0

(3.18)

Notice that, in the massless limit for the axion, one has Gku = GkΨ . The final expression
(2)
[t(1) ·t(1) ]
for uk is given by Eq. (3.15), with Sk
equal to the right-hand side of Eq. (3.17).
Combining Eqs. (3.8) and (3.15), after summing over all permutations, one obtains the
final result


Z
−λ R
0
0
0
R
(1)R (1)R (2)
3 (3)
eij (−p)eij (−q) dτ GpΨ (τ, τ ) Dp (τ )
hΨp Ψq uk i ' (2π) δ (p + q + k)
2f
Z
Z
n
00 Ψ
00
00
000 u
000
0
00
000
× dτ Gq (τ, τ ) Dq (τ ) dτ Gk (τ, τ ) A(p, q, τ , τ , τ )
o
0
00
000
0
00
000
+ B(p, q, τ , τ , τ ) + C(p, q, τ , τ , τ ) ,
(3.19)
where Dp is the differential operator defining the quadratic mixing between√ tensor
2 
modes of the metric and tensor perturbations of the gauge field, Dp (τ ) ≡ mQBτ ∂τ +
√
2 B
(mQ
τ2

+ p τ ) (see also Eq. (B.2)). Note that in writing Eq. (3.19) we defined
n
√
2
0
00
000
0
00
000
000
A(p, q, τ , τ , τ ) ≡ E g MP l 000 Re tp (τ )t∗q (τ )t∗p (τ )tq (τ )
(3.20)
τ
o
0
00
000
000
+2 tp (τ )tq (τ )t∗p (τ )t∗q (τ ) ,

n
h 0 000
i
0
00
000
0
00
000
000
0
000
B(p, q, τ , τ , τ ) ≡ −H mQ Re tp (τ )t∗q (τ ) tp∗ (τ )tq (τ ) + t∗p (τ )tq (τ )
io
h 0 000
000
000
0
000
0
00
+2 tp (τ )tq (τ ) tp∗ (τ )t∗q (τ ) + t∗p (τ )tq∗ (τ ) ,

(3.21)

n
0
00
000
000
0
00
0
000
000
C(p, q, τ , τ , τ ) ≡ −2 H τ Re tp (τ )t∗q (τ ) q tp∗ (τ )tq (τ )

(3.22)

0

00

0

000

000

+tp (τ )t∗q (τ ) p tq (τ )t∗p (τ )
0

00

0

000

000

+2 tp (τ )tq (τ ) q tp∗ (τ )t∗q (τ )
o
0
00
0
000
000
+2 tp (τ )tq (τ ) p tq∗ (τ )t∗p (τ ) ,
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where “Re” stands for real part and the index R on the mode function for the gauge
fields has been dropped for simplicity.
Before proceeding any further, one ought to point out that the amplitudes stemming
from the three contributions in Eq. (3.5) are all parametrically similar to one another
(see Eq. B.8). However, the structure of the contributions with Ψ(2) in Eq. (3.5) is
different from those with u(2) in that they entail a double time-integral rather than
products of independent integrals (see Appendix B for the explicit expressions). Nevertheless, for the reasons outlined above, we expect a similar shape, i.e. with a peak
in the equilateral configuration. In the remainder of the section we focus on the u(2)
contribution, but we stress that the discussion on the final results applies to both
contributions.
3.2

Amplitudes and shapes

We report in Fig. 2 the three contributions, (3.20) through (3.22), to the scalar-tensortensor bispectrum for a sample set of parameters. The sum of the three terms is also
shown. As anticipated, the shape profile peaks in the equilateral configuration.
Let us now move on to the bispectrum amplitude. It is instructive to report here the
three contributions labelled A, B, C:
3  

Uχ B
H
(1) (1) (2)χ
(3.23)
hh h ζ iA, B, C ∼
√ IA, B, C
MP l
Vφ
φ
Z
2 Z

Ψ
u
×
G ·t
G ·t·t ,
where
IA ≡

λg

√

E MP l
,
f

IB ≡

mQ λ H
,
f

IC ≡

λH
.
f

(3.24)

Before elaborating further on the magnitude of the bispectrum, we take a quick detour
to discuss the power spectrum contributions arising from the same interactions, i.e.
hζ (2)χ ζ (2)χ i. This is a one-loop correction to the tree-level scalar power spectrum. The
consistency of the perturbative expansion rests on the fact that such contribution, as
well as those at higher loops, is sub-leading with respect to the tree-level observable.
This fact will also be reflected on the bispectrum. Using Eqs. (3.20)-(3.22), one finds
that the amplitude of the bispectrum (3.23) can be expressed in the following form
1/2
(3.25)
hh(1) h(1) ζ (2)χ iA, B, C ∼ Phs Pζtree · ∆2
where we have defined Pζtree as the scale-invariant tree-level power spectrum of curvature fluctuations and ∆2 as the correction introduced by the loop, i.e. hζ (2)χ ζ (2)χ i '
Pζtree · ∆2 . In deriving (3.25), the expression for Phs from Eq. (2.6) has been used.
Parametrizing the scalar-tensor-tensor non-Gaussianity as fnl ≡ Bhhζ /Pζ2 , one obtains
!1/2
s
2
P
∆
SU(2)
h
fnl
∼ r2 · tot
.
(3.26)
Ph
r2 Pζtree
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Figure 2. Plot of the contributions to (pqk)2 Bhhζ arising from the A, B and C terms in
Eq. (3.23) (upper panels and lower left panel), and plot of the total (pqk)2 Bhhζ (lower right
panel). The following set of parameters has been chosen in generating the plots above:
mQ = 3.45, B = 3 × 10−5 , φ = 3 × 10−3 , χ = 3 × 10−8 , f = 10−2 MP l , g = 10−2 . We
considered these particular values for the parameters for the sake of comparison with the
existing literature. However, for a parameter region that has been filtered through the lenses
of perturbativity bounds see Section 3.2 and Appendix C. Naturally, we expect that the
shape, unlike the amplitude, does not depend on the choice of these parameters.

One may verify that, for ∆2 < 10−5/3 , the parameter space of the model supports a
one-loop contribution to the scalar power spectrum that is subdominant with respect
to the tree-level contribution. Under the same condition, the scalar non-Gaussianity
arising from these interactions remains below the upper bounds from Planck for the
amplitude associated with the equilateral template and a sizable Phs & Phvacuum is
allowed (see Appendix C for more details).
It is useful at this stage to compare the result in (3.26) to the scalar-tensor-tensor nonGaussianity in standard single field inflation. From [35], and using the above definition
for fnl , one finds fnlstandard ∼ r2 . On the other hand, the parameter space of the model
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Figure 3. Same as Fig. 2, except for choosing as variables k/q and p/q (scalar fluctuation
and one of the tensor fluctuation modes respectively).

we have been studying allows for a bispectrum as large as
fnlgauge ∼

103 standard
f
.
r nl

(3.27)

In deriving (3.27), which represents the maximum tensor-tensor-scalar amplitude the
model allows, we have maximized the right-hand-side of Eq. (3.26) by setting Phs '
Phtot , i.e. considering a tensor power spectrum dominated by the sourced contribution, and taking the upper limit allowed by the bounds on the scalar bispectrum9 ,
i.e. ∆2 = 10−5/3 . Using the results of Appendix C, one can verify that these conditions are easily satisfied by taking, for instance, mQ ' 2 and B ' (a few)χ = 7×10−3 .
The perturbativity bound notwithstanding, the scalar-tensor-tensor non-Gaussianity
from SU(2) gauge fields shows a remarkable enhancement with respect to the standard
9

Notice that Eq. (3.26) was been derived under the assumption that the scalar power spectrum is
dominated by its tree-level contribution. This is entirely compatible with the chosen value of ∆2 (see
also Appendix A for more details).
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result.
3.3

Tensor-scalar-scalar bispectrum

For the sake of completeness, we provide below an estimate of the SU(2) contribution
to the tensor-scalar-scalar (tss) three-point function of the model. We leave a more
thorough treatment to future work. There are two relevant diagrams contributing to
the tss bispectrum that originate from the Chern-Simons interaction and from metric
tensor-gauge field interactions:

Figure 4. Black dotted lines stand for propagators of the metric tensor perturbation h ;
red lines represent the gauge field tensor perturbation t ; the solid black line indicates the
curvature perturbation, ζ χ . The green vertex stems from the Chern-Simons contribution to
the δχ t2 interaction, the yellow vertex from the quadratic Lagrangian in h t (usual caveats
apply), the blue and the red vertices from the cubic Lagrangian respectively in h t2 and t3 .

Let us call (a) the diagram on the left and (b) the one of the right of Fig. 4. We report
below the estimate for the corresponding amplitudes:


2

H
H
mQ
(a)
1loop (ii)
1loop
Bhζζ ≈ Pζ
c
,
(t · t) ' Pζ
(t · t) ' Pζ1loop Phs
mQ
MP l
MP l
B
(3.28)
(b)
Bhζζ

≈

Pζ1loop

(Phs )1/2

' Pζ1loop Phs mQ

c

(i)

(t · t · t) '

Pζ1loop

(Phs )1/2

m2Q
√
B

mQ
(t · t) ,
B



H
MP l


(t · t · t)
(3.29)

where the coefficients c(i) and c(ii) are the coupling constants characterizing the cubic
Lagrangian for tensor fluctuations (see Eqs. (5)-(7) of [23]). In Eqs. (3.28)-(3.29) we
also used the fact that the SU(2)-sourced tensor power spectrum, Phs , is proportional
to two (integrated) t mode-functions.
Introducing fnl ≡ Bhζζ / (Pζ )2 , one finds
 s  2
Ph
∆ mQ
(a)
fnl ∼ r
,
total
B
Ph
 s  2 2
∆ mQ (t · t)
Ph
(b)
fnl ∼ r
,
total
B
Ph
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(3.30)
(3.31)

where Pζ1loop ≡ Pζtree ∆2 . The amplitude above are to be compared with the result
from standard single field inflation [35]
fnlstandard ≈ r .

(3.32)

Taking the limiting values ∆2 = 10−5/3 , Phs = Phtotal and setting (t · t) ∼ e3.6 mQ , the
amplitudes in Eqs. (3.30)-(3.31) become
(a)

mQ
≈ 100 · r ,
B
m2Q e3.6 mQ
≈ 107 · r ,
∼ 10−2 r ·
B

fnl ∼ 10−2 r ·
(b)

fnl

(3.33)
(3.34)

where in the last step the sample values mQ = 3, B = 10−4 have been used to provide
a concrete comparison with the standard case. We pause here to stress that, unlike for
the scalar-tensor-tensor bispectrum, the results in this subsection are to be considered
estimates and need to be confirmed by a full calculation. Since this observable is not
the main focus of the paper, we leave a more thorough analysis to future work.

4

Conclusions

The model studied here belongs to an important class of theories characterized by a
sourced gravitational waves signal in excess of tensor vacuum fluctuations. The analysis
of the dynamics and the signatures of similar set-ups represents a cautionary tale
against the temptation to immediately read off the inflationary energy scale directly
from the value of the tensor-to-scalar ratio. The distinctive signatures of the SU(2)equipped model [19] includes a blue or otherwise bumpy chiral gravitational waves
power spectrum to a level accessible by upcoming observations [19, 22], along with
enhanced tensor non-Gaussianity [23]. Mixed tensor-scalar non-Gaussianities are just
as important. These provide additional predictive power, which is crucial to help
constrain the model parameters.
In this paper we derive predictions for the scalar-tensor-tensor bispectrum and
focus in particular on the effects of the axion-SU(2) fields coupling. We find that the
three-point function is significantly enhanced with respect to its counterpart in the
minimal inflationary scenario. Our focus has been on the impact on observables of a
controlled growth in the gauge tensor modes near horizon crossing. Given that this
dynamics is essentially localized at the horizon, the resulting shape function is expected
to peak in the equilateral configuration. This is indeed the outcome of our analysis, as
shown in Figs.(2-3).
The work presented here can be extended in a number of directions. It would
be important to generate forecasts detailing the constraining power that upcoming
experiments will have on mixed non-Gaussianity. A full analysis of the shape function
also entails the comparison with existing templates in order to help distinguish this
class of models from other scenarios.
Our results call for detailed studies of the scalar sector of the theory resulting
from the choice of a specific inflaton Lagrangian, Lφ . Perhaps most importantly, for a
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complete characterization of this and similar models it is essential to study the postinflationary evolution of the axion and the gauge fields.
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A

Derivation of the second-order equation of motion for u

The equation of motion in real space, considering only the relevant source term, reads



00 

λ d
dtia 0ijk
a
00
2
2 2
2
u=
g a Q tij + 2
 ∂j tka ,
(A.1)
u + a mχ − ∂ −
a
2f dt
dt
where ∂ 2 ≡ δ ij ∂i ∂j , m2χ ≡ d2 U/dχ2 |χ=χ̄ and 0 ≡ d/dτ .
In momentum space one finds



Z 3 Xn
00 

a
λ
d k2
d
00
λ1
λ2
λ1 λ2
2 2
2
uk + a mχ + k −
uk =
eij (k̂1 )eij (k̂2 )
g a Q tk1 tk2
a
2f
(2π)3 λ λ
dt
1 2

+ eλia1 (k̂1 )eλka2 (k̂2 ) 2 0ijk i k2j

dtλk11 λ2 o
t
,
dt k2

(A.2)

where k1 ≡ k − k2 . Using the relation i ijk ki eλj` = ±keλk` , where + is for λ = L and
− is for λ = R, and the definitions for E and mQ , one arrives at Eq. (3.17).

B

hΨ(2) Ψ(1) u(1) i computation
(2)

(1) (1)

We present here our derivation of the contribution from hΨq Ψp uk i to the scalartensor-tensor correlation:
  
4
Uχ
H
(1)χ
(1)
(2)
(1)
(1)
hΨ(2)
hhq (τ )hp (τ )ζk (τ )i = − 3
q (τ )Ψp (τ )uk (τ )i , (B.1)
2
a (τ )MP l Vφ
φ̇
where
Ψ(1)
p (τ )

Z

0

=

0

0

0

0

dτ Gp(Ψ) (τ, τ ) Dp (τ )t(1)
p (τ ) ,

−∞
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(B.2)

and
1
uk (τ ) = − √
(1 + ikτ )e−ikτ .
2 k3τ

uk (τ ) = ak uk (τ ) + a†k u∗k (τ ) ,
(1)

The metric fluctuation to second order reads
Z
0
0
0
0
(2)
Ψq (τ ) = dτ GqΨ (τ, τ ) Dq (τ )t(2)
p (τ ) ,

(B.3)

(B.4)

where
0
t(2)
q (τ )

Z

τ

0

=

00

0

00

00

dτ Gqt (τ , τ )Jq(t) (τ ) ,

(B.5)

−∞
(t)

and Gqt is the Green’s function for the gauge field tensor fluctuations. Jq is the source
term appearing in the second-order equation of motion for the gauge field, specifically
the one due to the δχ · t · t Chern-Simons interaction:



2
00
−1
2
2
tq + k + 2 1 + mQ + kτ 2mQ + mQ
tq = Jq(t) ,
(B.6)
τ
where 0 indicates the derivative w.r.t. conformal time τ and



Z 3
λ R
d k1 X λ
gQ
0
(t)
λ
λ0
 (k̂1 )
± k1 tk1 δχk2 + (q ± k1 ) tk1 δχk2 .
Jq ≡ − αβ (−q̂)
f
(2π)3 λ=L,R αβ
Hτ
(B.7)
Here k2 = q − k1 and ± correspond, respectively, to λ = L, R. After performing the
Wick contractions, one arrives at (for one permutation)


λ
(1)
(2)
(1)
3 (3)
hΨ̂q (τ )Ψ̂p (τ )δ χ̂k (τ )i = (2π) δ (q + p + k) −
f
Z τ1
Z τ
×
dτ1 GqΨ (τ, τ1 )Dq (τ1 )
dτ2 Gqt (τ1 , τ2 )
−∞

−∞

#2 Z

"

τ
(p + q)2 − k 2
dτ3 GpΨ (τ, τ3 )Dp (τ3 )
4pq
−∞

h  gQ
0
R∗
×
− p δχk (τ2 )δχ∗k (τ )tR
p (τ2 )tp (τ3 )
Hτ2
i
∗
R0
R∗
+ (q − p) δχk (τ2 )δχk (τ )tp (τ2 )tp (τ3 ) .
(B.8)

× a(τ )

C

Bounds from perturbativity and from scalar non-Gaussianity

We estimate here the one-loop power spectrum arising from the same interactions
contributing to the tensor-tensor-scalar bispectrum analyzed in this paper:
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Figure 5. Diagrammatic representation of Pζ1loop arising from the Chern-Simons interaction.
Red lines represent the gauge field tensor perturbation, t, solid black lines represents the
curvature perturbation, ζ. The green vertex arises from the Chern-Simons contribution to
δχ · t · t.

One finds (schematically)
Pζ1loop


'

H
√
φ MP l

2 

Uχ
Vφ

2
(IA + IB + IC )

2

Z

2
G ·t·t ,
u

(2)χ

(C.1)

(2)χ

where IA, B, C were introduced in Eqs. (3.24) and we defined hζk ζq i ' (2π)3 δ (3) (k +
q)(k 3 /2π 2 )Pζ1loop (k). Let us now take a closer look at the parameters in the model to
put (C.1) in a more explicit form. To this aim, we will make use of Eqs. (2.2)-(2.3),
which we report below

Q=

−f Uχ
3gλH

1/3
,

λ
1
.
χ̇ ' mQ +
2f H
mQ

(C.2)

We also remind the reader that mQ ≡ g Q/H. In the slow-roll regime for Q, one finds
E ≈ B /m2Q . From (C.2) and from the definition of the slow-roll parameters (see Sec. 2)
√
2
2
it follows that (λ MP l /f )2 = (mQ + m−1
Q ) /χ . One also finds g = (mQ H)/( B MP l ).
From the field equations, assuming a standard background equation of motion for the
inflaton, one also has
r
Uχ
λ MP l E B
≈
.
(C.3)
Vφ
f
φ
Equipped with all of the above, one finds Pζ1loop ≈ Pζtree · ∆2 where, schematically, we
define ∆2 = (∆A + ∆B + ∆C )2 , with

2 (

1,
i = A, B
B
H
2
(C.4)
mQ + m−1
×
∆i ≈ 104 · e3.6 mQ ·
Q
−1
χ φ
MP l
mQ , i = C
It is straightforward to verify that the bound from scalar non-Gaussianity, i.e. from
(2)χ (2)χ (2)χ
hζk ζq ζp i ∝ (Pζ1loop )3/2 , is given by ∆2 . 10−5/3 . In deriving the latter bound we
considered current Planck constraints on equilateral non-Gaussianity. The saturation
of this bound, which is slightly more stringent than the perturbativity bound on the
power spectrum, corresponds to the amplitude reported in Eq. (3.27).

– 17 –

One can easily verify that the perturbativity bound from the tensor power spectrum are weaker than those from scalars. Using Eqs. (B.4)-(B.5) and (B.7), and the
aforementioned bounds from scalar non-Gaussianity, one arrives at


hh(2) h(2) i
φ χ
−1
. 10
,
(C.5)
hh(1) h(1) i
2B
2
where hh(2) h(2) i ∼ (1/MPl
)hΨ(2) Ψ(2) i and hh(1) h(1) i is the sourced tree-level tensor
power spectrum from Eq. (2.6). Given the aforementioned hierarchy among the slowroll parameters in (C.5), the sourced one-loop power spectrum is a few orders of magnitude smaller than the tree-level one.
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